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Abstract. A unit speed curve y = y(s) in a Riemannian manifold N is called
a circle if there exists a unit vector field Y(s) along y and a positive constant k
such that Vyy/(s) = kY(s), V,Y(s) = —ky/(s). The main purpose of this article is to
investigate the fundamental relationships between circles, maximal tori in compact
symmetric spaces, and immersions of finite type.
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1. Introduction. A unit speed curve y = y(s) in a Riemannian manifold N is
called a circle if there exists a vector field Y(s) of unit vectors along y and a positive
constant k such that V X(s) = kY(s), Vs Y(s) = —kX(s), where X(s) denotes the unit
tangent vector of y and V the covariant differentiation along y at each point y(s).
The number 1/k is called the radius of the circle y.

Let M be a Riemannian manifold. All isometries /(M) of M form a Lie group.
Let Gy, be the connected component of /(M) that is compact if M is compact. A
Riemannian manifold M is called homogeneous if G acts transitively on M. Denote
by Ky the isotropy subgroup at a point o in M. We have M = G,,/K,,. Very often,
we simply denote G, and K, by G and K, respectively.

A curve y in M = Gy;/Ky, is called a homogenous curve if it is the orbit of a
point under the action of a one-parameter subgroup {¢,} of G,;. The linear isotropy
representation of M is the orthogonal representation of K over the tangent space
T, M at o defined by K — O(T,M) : ¢ —(¢.),, where (¢.), denotes the differential
of the isometry ¢ at 0. A homogeneous Riemannian manifold is said to be isotropy-
irreducible if its linear isotropy representation is irreducible. Let (, ) denote the
Adg(K)-invariant inner product on M = G/K. Let g and f be the Lie algebras of G
and K, and g = f @ m the Cartan decomposition of g. M is called naturally reductive
if ((Z, X1, Y)+(X.[Z, Y],,) =0, for X, Y, Z € m, where [, ],, is the m-component
of the Lie bracket in g.

The purpose of this article is to investigate the fundamental relationships
between circles, maximal tori in compact symmetric spaces, and immersions of finite
type. Our main results are the following.

(a) An isometric immersion of a compact irreducible symmetric space M into
Euclidean space is of finite type if and only if it carries maximal tori of M into sub-
manifolds of finite type.

*Dedicated to Professor Koichi Ogiue on the occasion of his sixtieth birthday.
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(b) If an isometric immersion of a compact rank one symmetric space carries
circles into curves of finite type, then it is of finite type.

(c) If x: M — "™ is a finite type isometric immersion of a compact irreducible
symmetric space, then M is of rank one if and only if, for some r > 0, x carries
circles with radius r into curves of finite type.

(d) Every finite type isometric immersion of a compact irreducible homogeneous
space carries homogeneous curves into curves of finite type.

(e) A finite type isometric immersion of a (flat) torus carries every circle of the
torus into a curve of infinite type.

2. Submanifolds and curves of finite type. In this section we review briefly some
basic facts on submanifolds of finite type. (For the details, see [1,3,4,12].) Let M be a
compact Riemannian manifold and let f be a nonconstant function in C*°(M). Then
one can make the following spectral resolution (or decomposition): f'= fo + Y o) fis
Afi = Aifi. The set T(f) = {i > 0 : f; # 0} is called the type of f. The function f'is said
to be of finite type if T(f) is a finite set; and f'is of infinite type if T(f) is an infinite
set. Moreover, f'is said to be of k-type if 7(f) contains exactly k elements. The upper
order u.0.(f) and the lower order 1.0.(f) of f are defined respectively by u.o.(f) =
sup 7(f) and l.o.(f) = min 7(f). The same can be repeated for vector-valued differ-
entiable functions on M. In particular, we can define the notions of type, order,
finite type, infinite type, k-type, upper order and lower order for isometric immer-
sions of a compact Riemannian manifold into Euclidean space.

Let ¥ : ' — E” be an isometric immersion of a closed smooth curve of length
277 into ™. Denote by s the arc length of S'. For a periodic function f = f{(s) with
period 2mr, f(s) has a Fourier series expansion given by

ﬂs)z%—l—i(ajcos(j;)—i-bjsin (?)), (2.1)
j=1

where ag is a constant and a;, b; are the Fourier coefficients.
In terms of Fourier series expansion, we have the following result. See [3].

PROPOSITION 2.1. Let y : S' — E" be a closed smooth curve of length 2mr in E™.
Then y is of finite type if and only if the Fourier series expansion of each coordinate
function of y has only finite nonzero terms.

Proposition 2.1 can be restated as follows.

PROPOSITION 2.2. Let y : S' — [E" be a closed smooth curve of length 2mr in E™.
Then y is of finite type if and only if each coordinate function of y is an algebraic
polynomial in cos s and sin s.

Proof. This follows from Proposition 2.1, the facts that cos(ns) and sin(ns) are
algebraic polynomials of degree # in cos s and sin s, and every algebraic polynomial

of degree n in cos s and sin s can be expressed as a function of finite type. O

Let 7" denote the (flat) torus E*/A7», where A7» is a lattice of E*. The dual
lattice of Az» is given by A%, ={ue€E": (u,v) € Z for any ve Ap}. For each
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x € A%, we define f, on E” by f(y) = > where y € E” on the right is regarded
as a vector. Then f, defines a function on 7", also denote by f, satisfying
Afc = 472||x||*f. Thus, u.(y) = cos(2rx(y)) and v(y) = sin(27x(y)) are eigenfunc-
tions of the Laplacian with eigenvalue A = 472||x||> for each x e A%,. By an
r-dimensional subtorus T" (r > 2) of an n-torus 7", we mean a compact totally
geodesic submanifold of dimension r in 7”.

We need the following lemma.

LEMMA 2.3. Let ¢ : T" — E™ be a finite type isometric immersion of a T" into E".
Then ¢ maps every subtorus T" of T" into a submanifold of finite type.

Proof. It suffices to prove that the restriction to a subtorus 7" of an eigenfunc-
tion of the Laplacian A”" is an eigenfunction of A”". However, this is clear because
any linear map E" — R which takes integer values on Ar» also takes integer values
on the sublattice Apr C Apn. O

3. Homogeneous curves of finite type. If M is a naturally reductive homogeneous
Riemannian manifold, then every geodesic of M is homogeneous [11, p. 313]. On the
other hand, not every circle in a naturally reductive homogeneous Riemannian
manifold is homogeneous. In fact, every circle of a homogeneous Riemannian
manifold M is homogeneous if and only if M is either a Euclidean space or a sym-
metric space of rank one [9].

Let x: M = G/K — E" be a G-equivariant isometric immersion of a compact
Riemannian homogeneous manifold. Then there is a Liec homomorphism o of G into
I(E™) such that x(g(p)) = o(g)(x(p)), for every g € G and p € M.

LEMMA 3.1. Let x: M = G/K — E" be a G-equivariant isometric immersion of
a compact homogeneous Riemannian manifold M = G/K into E". Then x carries
every homogeneous curve in M into a curve of finite type. In particular, x carries every
geodesic in a compact naturally reductive homogeneous Riemannian manifold into a

curve of finite type.

Proof. Let y be a homogeneous curve in M = G/K and let x: M — E" be a
G-equivariant isometric immersion. Then x(y) is homogeneous. Thus A, H,, A}%H},,
..., A”FUH,, are linearly dependent, where A, = —d?/ds* and H, = d*y/ds* is the
mean curvature vector of y. Hence, there is a nontrivial polynomial P of degree
m + 1 such that P(A,)H, = 0. Therefore x(y) is a curve of finite type [6].

The second statement follows from the fact that geodesics in a natural reductive
homogeneous Riemannian manifold are homogeneous. O

For each eigenvalue A of the Laplacian on a compact irreducible homogeneous
space M, let ¢1, ..., ¢, be an orthonormal basis of the eigenspace with eigenvalue
A, where m, is the multiplicity of A. We define a map v, : M — E™ by
V() = (¢ /m3) (@1 (), .. ., m, (1)), where ¢; is a positive number. For a suitable
constant ¢, > 0, the map ¥, defines an isometric minimal immersion of M into
the unit hypersphere Sgl'“l(l) centered at the origin of E™. Thus, by a result of
Takahashi, each such vy, is a 1-type isometric immersion. If A; is the i-th nonzero
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eigenvalue of the Laplacian of M, then y; = y, is called the i-th standard immersion
of M. It is known that each standard immersion of M = G/K is G-equivariant.

Let ¢, : M — E™, i=1,...,k, be k standard isometric immersions of a com-
pact irreducible homogeneous Riemannian manifold M. Suppose a,,,...,a, are
constants satisfying a,l + -+ all =1. Let D(a,,, ..., a,;) denote the immersion of
M into EY, N = m; + - - - + my, defined by D(ay,, ..., a,) = (an¥y,, ..., a, ¥, ). Then
D(ay,, ..., a,,\) is an isometric immersion which is called a standard diagonal immer-
sion. Standard diagonal immersions of M = G/K are G-equivariant, too.

THEOREM 3.2. Let x : M — E™ be a finite type isometric immersion of a compact
irreducible homogeneous Riemannian manifold M. Then x carries every homogeneous
curve in M into a curve of finite type.

Proof. Let x : M — E"™ be a finite type isometric immersion of a compact irre-
ducible homogeneous Riemannian manifold M into E”. Without loss of generality
we may assume that the center of mass of x in E” is chosen to be the origin of E™.
Assume that the type of x is given by T(x) = {11, t2, ..., t}.

Let {¢ .. d)m } be an orthonormal basis of the eigenspace V;, with eigenvalue

.. Then the posmon vector field of M in E” takes the form

k

x=) (aief +- o+, 8l ), (3.1)

i=1

where a{, cee, a}nl e a’l‘, R af;/ are vectors in E”’. Consider a standard diagonal
. . . . k. .
isometric immersion D(cy,, ..., ¢, ) of M whose type is the same as the type of x.

Then D = D(cy,, ..., ¢;,) takes the form

D = (Ctlbthﬁtll ey Ctlbflqslt’lll,l Yo ey ct/\»bt/(djll}\ y o (/t/ bfk¢m, ) (32)

for some positive numbers b, ..., b;,. Choose a standard basis {¢, ..., ey} of EV.
Consider the linear map L : EY — E"” defined by
1 1
L(cybrer) =ay, ..., L(c,]b,le,m]) =y s
. _ Kk _ k
L(C[thl\ Em’l+.4.+m//\71 +1) = al s ey L(cll\bfkémzl+'"+mrk) = amlk s

L(qu-&-----&-ln,k-i—l) = =Len)=0.

Then x = Lo D(cy,, ..., c;). Since a standard diagonal immersion of M is G-equi-
variant, D(cy,, ..., ¢,) is G-equivariant. Thus the restriction of D(c;,, ..., ¢;) to each
homogeneous curve y of M is equivariant. Hence, by Lemma 3.1, the diagonal
immersion D(cy,, ..., ¢; ) maps every homogeneous curve in M into a curve of finite
type. Thus, the Fourier series expansion of D(cy,, ..., c,)(y) must consist of only
finitely many nonzero terms, by Proposition 2.1. Because x is the composition of
D(cy,, ..., c;,) followed by a linear map L, the Fourier series expansion of x(y) must
consist of only finitely many nonzero terms, too. Therefore, x must carry homo-
geneous curves in M into curves of finite type. O

https://doi.org/10.1017/S0017089502010054 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010054

IMMERSIONS OF FINITE TYPE 97

4. Maximal flat tori and finite type immersions. We need the following lemma
from [4,7].

LEMMA 4.1. Let x : M — E" be an isometric immersion of a compact irreducible
symmetric space. Then x is of finite type if and only if x carries each geodesic of M into
a curve of finite type.

A maximal flat torus of a compact symmetric space is a complete flat totally
geodesic submanifold of maximal possible dimension [8]. The following result is a
natural extension of Lemma 4.1.

THEOREM 4.2. (1) Let x: M — E" be a finite type isometric immersion of a
compact irreducible symmetric space. Then x maps every complete irreducible totally
geodesic submanifold of M into a submanifold of finite type.

(2) An isometric immersion x : M — E" of a compact irreducible symmetric space
is of finite type if and only if it carries every maximal flat torus T" of M into a sub-
manifold of finite type.

Proof. (1) Let B be a complete irreducible totally geodesic submanifold of a
compact irreducible symmetric space M. If dim B =1, the result follows from
Lemma 4.1. If dim B > 2, then B is also a compact irreducible symmetric space.
Since x : M — E" is of finite type and geodesics of B are geodesics of M, x carries
each geodesic of B into a curve of finite type. Therefore, the restriction of x to B is
an isometric immersion of finite type by Lemma 4.1.

(2) Assume x: M — E" is an isometric immersion of a compact irreducible
symmetric space that carries every maximal flat torus into a submanifold of finite
type. Suppose y = yp(s) is a geodesic in M. Then y is contained in a maximal flat
torus of M, say T", where r = rank(M). Assume 7" = E"/A for some lattice A. Since

the restriction of x to 7" is of finite type, there is a finite subset F = {uy, ..., ui} of
Spec(T") such that each coordinate function of x|z : 7" — [E™ is a linear combina-
tion of the eigenfunctions associated with the eigenvalues {u1, ..., us}. Put

S:[xeA* : ||x||2=% forsomej:l,...,k]

and let N be the cardinal number #S. Assume S = {(a}, ..., d}),i=1,..., N}. Then
each coordinate function ¢4 of ¢ : T" — [E" takes the following form:

N . .
oa=3 [bAicos (hZa_jy,») + cqisin (2nza_;ﬁyj)], A=1,....m (41
i=1 j=1 )

for some constants by, c4;. Without loss of generality, we may assume that the
geodesic y is defined by yi(s) =y, yy€R, for j=1,...,r. Then we obtain
04 = Zfi 1[b.4; cos(2mris) + c4; sin(2arys)], ri = Z;‘=1 y_/a; which implies that y(s) is of
finite type. Since y is an arbitrary geodesic in M, x: M — E" is of finite type, by
Lemma 4.1.

Conversely, assume x is a finite type isometric immersion of a compact irre-
ducible symmetric space M. If rank(M) = 1, then Lemma 4.1 implies that x carries
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maximal flat tori into submanifolds of finite type. If rank(M) > 2, Lemma 4.1
implies that x carries geodesics of 7" into curves of finite type. In order to prove that
T" is a submanifold of finite type via x, it suffices to prove that every infinite type
isometric immersion of 7" carries some geodesics in 7" into curves of infinite type.
This can be done as follows.

Assume 7" is isometric to E"/A for some lattice A in E". If ¥ : T" — E" is an
infinite type isometric immersion, then there is a coordinate function of v, say v
whose upper order is co. Assume i, takes the form:

Y1 =Y [bacosm Y ap)) + casin@r Y apy),
i=1 j=1

aeN* J J
where a = (ay, ..., a,), a € A*, and b, ¢, are constants. Since the upper order of ¥
is 0o, there is a subset W of A* such that b,, ¢, are not both zero for each « € W and
W satisfies sup,cy |lall = co. Hence, there exists an i€ {l,...,r} such that
supazew(ai)2 = oo. Without loss of generality, we may assume i = 1. Consider the
geodesic in 7" which is induced from the unit speed curve y(s) = (s,0,...,0) in E’

via wp : " — T". The first coordinate function of the curve ¥(y) is then given by
(Yo y) = epslbacosmays) + ¢, sin(2ma;s)]. Since sup,. W(a1)2 =o0 and b, ¢,
are not both zero, for any a € W, the curve ¥ o y is thus of infinite type. O

5. Circles in homogeneous spaces. Let 72 = F>/A be a 2-torus, where A is
generated by (27, 0) and (0, 27). Then T2 is isometric to the product of two circles.
Let 5 : E> — T2 be the projection. Consider the isometric immersion of E? into E*
defined by ¥ : F* 5 (u, v)—(cosu, sinu, cos v, sinv) € E*. Then v induces an iso-
metric imbedding ¢ : T2 — E*. If y is the circle of radius r defined by y(s) =
(rcos(s/r), rsin(s/r)), then y = m,(y) is a circle of radius r in 72. Clearly, ¢ carries y
into the following curve in E*:

voi= eos(rms() (s costsn?) smrsn(3)). 50

Obviously,

cos(rcos(f)) =1- fcos2 (5) —i—ﬁcos“(f) — fcosé(f) +
/) 2! r/ 4 r/ 6 r

is an infinite series which is not an algebraic polynomial in cos(s/r) and sin(s/r).
Hence, cos(r(cos(s/r)) is of infinite type by Proposition 2.2. Thus, ¢ o y is of infinite
type.

REMARK 5.1. Another way to see that cos(rcos(s/r)) is of infinite type is to
apply the theory of holomorphic functions. This can be done as follows.

Let z = exp(is/r). Then 2 cos(rcos(®)) = "2 )2 4 ¢==+2")/2 s a holomorphic
function which has two singular points z = 0, co. Obviously these are essentially
singular points. But trigonometric polynomials are precisely those analytic functions
having 0, co as singular points for which these points are not essentially singular
points. Thus, cos(rcos(s/r)) must be of infinite type.
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For a general finite type torus, we have the following result.

THEOREM 5.1. Let ¢ : T" — E" be a finite type isometric immersion of an n-torus
T". Then ¢ carries each circle in T" into a curve of infinite type.

Proof. Since every circle y in 7" is contained in a 2-dimensional subtorus 7% of
T", we only need to prove the result for n = 2 according to Lemma 2.3.

Let ¢: 7> — ™ be a finite type isometric immersion. Then there is a finite
subset F = {u1, ..., s} C Spec(T?), so that each coordinate function of ¢ is a linear
combination of eigenfunctions associated with the eigenvalues {u, ..., ux}.

Put S={xe A* : ||x|]*> = ,14,-/47t2 for some j=1,...,k}. Then S is a finite set
because the multiplicity of each eigenvalue in {u1, ..., ux} is finite. Denote the car-
dinal number #S by N. Assume S = {(a;, b;),i =1, ..., N}. Then each coordinate
function 4 (4 =1,...,m) of ¢ : T> — E" takes the following form:

N
wa(yi, ) = Z [CAiCOS(27T(aiy1 + biy2)) + di sinQ2n(a;y; + biyz))] (5.2)

i=1

for some constants c;, d4;. Let y = y(s) be a circle with radius r in 72. Without loss
of generality, we may assume y is obtained from the circle (rcos(s/r), rsin(s/r)) via
7a : E?> — T2. The A-th coordinate function of ¢(y) in E” is then given by

(poy)y= XN: {CA,'COS (2nr<a,- cos(i) + b; sin(%)))
i=1
+ dy;sin <2nr<ai cos(é) + b; sin(é))) }

Since ¢ is isometric, there is at least one coordinate function, say (¢ o y);, that is not
a constant. Thus, (¢ o y), takes the form

(poy) = é {c,» cos (2nr<a,- cos(i) + B sin(;)))
+ d;sin (271}’(01,- COS(;) + Bisin (;))) ]’

where ¢, ..., ¢y, d, ..., dy are constants, not all zero, and «y, ..., ay,, Bi, ..., B, are
constants satisfying &7 + 87 # 0. From (5.4) we obtain

(poy), = i Z {(—1)" (i;gjk C[(Oli cos (;) + Bisin (;))%

k=0 i=1 (5.5)

+ (—l)k%di@[cos (;) + Bisin (;))%H}.

(5.3)

(5.4)

Since N is finite, the function

u(s) = :.;(—1)" (2(’23:)? XN; ci(ai cos (;) + Bisin (,f))y” (5.6)
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is not an algebraic polynomial in cos(s/r) and sin(s/r) unless u(s) = 0 identically.
Similarly,

0= T G oo () e () )
k=0

is not an algebraic polynomial in cos(s/r) and sin(s/r) unless v(s) = 0 identically.
Because (po y), is assumed to be nonconstant, at least one of u(s) and v(s) is of
infinite type, by Proposition 2.2. Thus, ¢ o y is of infinite type. O

As an application of Theorems 3.2, 4.2 and 5.1, we have the following result.

THEOREM 5.2. Let x : M — E™ be a finite type isometric immersion of a compact
irreducible symmetric space. Then we have

(1) x carries each circle in every compact rank one totally geodesic submanifold
of M into a curve of finite type,

(2) x carries each circle of every maximal torus of M into a curve of infinite type
whenever rank(M) > 2.

Proof. (1) Assume that N is a compact rank one totally geodesic submanifold of
M. Since every circle y in N is a homogeneous curve in N by [9] and the group I(N)
of isometries on N is a subgroup of /(M) by [5], y is a homogeneous curve in M.
Hence, by Theorem 3.2, x carries y into a curve of finite type.

If x: M — E" is a finite type isometric immersion of a compact irreducible
symmetric space, then Theorem 4.2 implies that x carries each maximal torus 7" of
M into a submanifold of finite type. Hence, by Theorem 5.1, x carries every circle of
T into a curve of infinite type. O

6. Isometric immersions which send circles to finite type curves. Letx: M — E" be
an isometric immersion of a compact Riemannian manifold. It is proved in [10] that
if, for some r > 0, x carries every circle with radius r in M into a circle (i.e., a 1-type
curve) in E", then M is a Riemannian sphere and x is the first standard imbedding of
the sphere.

THEOREM 6.1. (1) Let x : M — [E™ be a finite type isometric immersion of a com-
pact irreducible symmetric space. Then M is of rank one if and only if, for some r > 0,
X carries each circle with radius r in M into a curve of finite type.

(2) If x: M — E" is an isometric immersion of a compact rank one symmetric
space which carries circles in M into curves of finite type, then x is of finite type.

Proof. Statement (1) follows from Theorem 3.2, statement (2) of Theorem 5.2,
and the fact that every circle in a compact rank one symmetric space is a homo-
geneous curve.

To prove statement (2), let us assume x : M — E” is an isometric immersion of
a compact rank one symmetric space which carries circles into curves of finite type.
We want to prove that x is a finite type immersion. We divide our proof into three
cases.
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Case 1. M = S". First, we prove the result for n = 2. Without loss of generality,
we may regard S? as the unit sphere in E* defined by 2 4 13 +u3 = 1.

In order to prove that x : S — E" is of finite type, it suffices to prove that every
infinite type isometric immersion of S? carries some circles with radius » < 1 in S?
into some curves of infinite type. This can be done as follows.

Recall that the i-th nonzero eigenvalue of the Laplacian A on S? is given by
A; = i(i+ 1) with multiplicity m; = 2i+ 1. Moreover, it is also known that the
restriction to S? of a harmonic homogeneous polynomial of degree i in uy, uy, us is
an eigenfunction with eigenvalue A;. Conversely, if f'is an eigenfunction on S? with
eigenvalue A;, then there is a unique harmonic homogeneous polynomial P of degree
iin uo, u1, u such that fis the restriction of P to S? [2, pp. 159-162].

If x=(x1,...,X,) is an infinite type isometric immersion of S? into E”, then
there is an x4, where 4 = 1, ..., m, whose spectral decomposition contains infinitely
many nonzero terms. Hence, x4 is an infinite series in u, u;, u that is not an alge-
braic polynomial in ug, u, u;. Put

_ § fo, it i
X4 = Aigiyiy U Uy Uy (61)

Then at least one of uy, 11, up has power which approaches to co. Without loss of
generality, we may assume that the power of u; goes to infinity, i.e.

sup {l] L Qiiyiy ?é 0} = OQ.

Now, consider a circle y of S of radius r < 1 given by the intersection of S? with the
plane defined by uy = ~/1 —r2. We put u; = rcos(s/r), u = rsin(s/r). Substituting
these equations into (6.1) yields

P /S8 A
X4 = E iy T2 cos” (—) sin” (—) (6.2)
r r

Since sup {7 : a;,;,;, # 0} = 00, (6.2) cannot be an algebraic polynomial in cos(s/r)
and sin(s/r). Thus x(y) must be a curve of infinite type by Proposition 2.2. Hence, if
the immersion of S? carries circles into curves of finite type, it is of finite type.

Next, assume 7 > 2 and x: 8" — " carries circles into curves of finite type.
Then x carries circles in a totally geodesic 2-sphere S of S” into curves of finite type.
Thus, by applying the result we have just proved, the restriction of x to every totally
geodesic S? is of finite type. Hence, by Lemma 4.1, x carries geodesics in S? into
curves of finite type. Because every geodesic in §” is contained in some totally
geodesic S, it follows that x carries each geodesic in S” into a curve of finite type.
Hence, x is of finite type by Lemma 4.1.

Case 2. M = RP"(n > ?2). Let w:S" — RP" be the projection from S” onto
RP". Then the i-th eigenspace V; associated with the i-th nonzero eigenvalue of the
Laplacian on RP" consists of those functions f for which fo 7w belongs to the 2i-th
eigenspace of S”.

If x : RP> — ™ is an isometric immersion of infinite type, then there is an x
whose spectral decomposition contains infinitely many nonzero terms. Hence, if we
express x4 in the form of (6.1), then at least one of the powers of ug, u;, u, must
approach oco. Hence, by applying the same argument as given in case (1) for S%, we
know that x carries some circles in RP? into curves of infinite type. Consequently, if
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x: RP> — [ carries every circle with radius r into a curve of finite type, then x
must be of finite type. Therefore, x must carry each geodesic in RP? into a curve of
finite type, by Lemma 4.1.

Next, let us assume that n» > 2 and x: RP" — E” is an isometric immersion
which carries every circle in RP" into a curve of finite type. Then x carries every
circle in a totally geodesic RP? of RP" into a curve of finite type. Hence, by applying
the result we have just proved for RP?, we conclude that the restriction of x to the
totally geodesic RP? is of finite type. Hence, it carries every geodesic in the totally
geodesic RP? into a curve of finite type. Since every geodesic in RP" is contained in
some totally geodesic RP?, x carries every geodesic in RP" into a curve of finite type.
Consequently, by applying Lemma 4.1 again, we conclude that x : RP" — E"” is of
finite type.

Case 3. M = CP", HP" or the Cayley plane OP?. Let 8 be a given geodesic in M.
Then B is contained in a totally geodesic CP', HP' or the Cayley line OP' of
CP", HP" or OP?, respectively. Recall that CP', HP' and OP! are k-spheres S* with
k = 2,4 or 8, respectively. Clearly, a circle with radius r in S is also a circle in M
with the same radius. Hence, if x : M — E" carries every circle with radius r in M
into a curve of finite type, then the restriction of x to S* must carry each circle with
radius » in S¥ into a curve of finite type. Therefore, by case (1), we know that
x : S¥ — E" is an immersion of finite type. Hence x carries geodesic B into a curve
of finite type, by Lemma 4.1. Because 8 can be chosen to be any geodesic in M, x
carries each geodesic in M into a curve of finite type. Consequently, x : M — E” is
of finite type by Lemma 4.1. O

ACKNOWLEDGEMENTS. The author is grateful to the referee for several valuable
suggestions.

REFERENCES

1. C. Baikoussis, F. Defever, T. Koufogiorgos and L. Verstraelen, Finite type immer-
sions of flat tori into Euclidean spaces, Proc. Edinburgh Math. Soc. (2) 38 (1995), 413-420.

2. M. Berger, P. Gauduchon and E. Mazet, Le spectre d’une variété riemannienne
(Springer-Verlag, 1971).

3. B.-Y. Chen, Total mean curvature and submanifolds of finite type (World Scientific, 1984).

4. B.-Y. Chen, J. Deprez and P. Verheyen, Immersions, dans un espace euclidien, d’un
espace symeétrique compact de rang un a géodésiques simples, C. R. Acad. Sci. Paris, Sér. I
Math. 304 (1987), 567-570.

5. B.-Y. Chen and T. Nagano, Totally geodesic submanifolds of symmetric spaces,
Duke Math. J. 44 (1997), 117-129; B.-Y. Chen and T. Nagano, Totally geodesic submanifolds
of symmetric spaces, 11, Duke Math. J. 45 (1978), 405-425.

6. B.-Y. Chen and M. Petrovic, On spectral decomposition of immersions of finite type,
Bull. Austral. Math. Soc. 44 (1991), 745-755.

7. 1. Deprez, Immersions of finite type of compact homogeneous Riemannian manifolds,
Doctoral Thesis (Katholieke Universiteit Leuven 1988).

8. S. Helgason, Differential geometry, Lie groups and symmetric spaces (Academic Press,
1978).

9. K. Mashimo and K. Tojo, Circles in Riemannian symmetric spaces, Kodai Math. J.
22 (1999), 1-14.

10. K. Nomizu and K. Yano, On circles and spheres in Riemannian geometry, Math.
Ann. 210 (1974), 163-170.

11. B. O’Neill, Semi-Riemannian geometry (Academic Press, 1983).

12. L. Verstraelen, On submanifolds of finite Chen type and of restricted type, Results
Math. 20 (1991), 744-755.

https://doi.org/10.1017/50017089502010054 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010054

