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ELLIPTIC CURVES WITH A TORSION POINT

TOSHIHIRO HADANO

0. Introduction

Let E be an elliptic curve defined over the field Q of rational numbers,

then the torsion subgroup of the Mordell-Weil group E(Q) is finite and

it is known that there exist the elliptic curves whose torsion subgroups

E(QY are of the following types: (1), (2), (3), (2,2), (4), (5), (2,3), (7),

(2,4), (8), (9), (2,5), (2,2,3), (3,4) and (2,8). It has been conjectured

from various reasons that E(Qy is exhausted by the above types only.

If E has a torsion point of order precisely n, then it is known that E

has an w-isogeny, that is to say, an isogeny of degree n.

In the present paper if E has a torsion point of order n > 1, we

consider by the elementary calculation whether the p-isogenous curve Ef

to E possesses a torsion point of order n again, where p is a prime

that divides n. Since this problem is obvious for n = 2, we may assume

n ^ 3 henceforth. As the Weierstrass normal models with a torsion point

have been obtained by Nagell, Bergman etc., we can give their isogenies

by the explicit forms. By transforming well these forms, we can solve

the above problem in many cases, moreover, we calculate the conductor

of such curves in case that n = 3, 5, for example.

1. n = 3

In this case as a minimal model for a curve E, we can take

E:y2 + axy + by + x3 = 0

with a,b e Z (: rat ional integers), b > 0 which a r e neither p\a nor p3\ b

for any pr ime p. The discriminant Δ of E is

and the torsion group is {(0,0), (0, —6), oo}. Then the 3-isogenous curve

E' to E is given by a model
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(1.1) Ef:y2 + axy + by + x3 + habx — a?b + lb2 = 0

and the discriminant A' is

J ' = -&(α3 + 27δ)3.

Now we consider whether the equation (1.1) can be transformed to

the form

(1.2) y2 + Axy + By + xz = 0

with A, 5 e Z. Transforming both (1.1) and (1.2) into Weierstrass models

y2 + x3 + g2x + g3 = 0 (g2, g3 e Q), and comparing with the coefficients and

the discriminants of both equations, we have

(1.3) α(α3 - 2166) = A(AZ + 245)

(1.4) α6 + 540α36 - 233662 = A6 + 36A3S + 216B2

(1.5) 6(α3 + 27δ)3 = 53(A3 + 275) .

Then we can put

A3 + 275 - czz , 6 - d32

with c,d,zeZ, cφO and d > 0 (z: positive cubic-free), so from (1.3)

and (1.5)

(1.6) A3 = &z - 275 , do? = Be - 27d*z .

From (1.4), hence,

(c2 + 27d2)(5 + c2dz + 9cd2z + 27d*z)(B - c2dz + 9cd2z - 27d*z) = 0

and so, 5 = d(±c2 - 9cd ± 21d2)z.

From (1.3) and (1.6), then it follows that

= C4=9d, 5 = d(±c2 - 9cd ± 27d2)

a = ± c — 3d , δ = d3 .

Hence we have

THEOREM 1.1. Tfte S-isogenous curve to an elliptic curve y2 + axy

+ by + xz = 0 tt iίfe α torsion point of order 3 has a rational point of

order 3 if and only if b is a cubic number tz with t > 0. Moreover the

3-isogenous curve is given by

f + (a - 6t)xy + (a2 - Sat + 9t2)ty + xz = 0 .

https://doi.org/10.1017/S0027763000017748 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000017748


ELLIPTIC CURVES 101

With regard to the degenerate reduction of such curves we have

THEOREM 1.2. Let E be an elliptic curve, minimal at all primes,

of the discriminant Δ, and the conductor N. Assume that both E and

the 3-isogenous curve Er have a torsion point of order 3 i.e. E:y2 +

axy + tzy + x* = 0. Then we have, for any prime p dividing Δ,

P = 3:

ordp N =

orά3N = \2

13

if 3%a

if 31 a and ord3 Δ ^ 6

if ord3 Δ = 3 or 5 .

Proof. We may take

E:y2 + axy + thj + xz = 0

Δ = -t\az + 27ί3) , j = α3(α3 + 24£3)3J-1 (=/-invariant)

with a, t e Z, (a, t) = 1 and t > 0. And we know that ordp N = 1 if and

only if ordp Δ = —ordpj for any prime p (Serre [4, p. 306]). Now the

proof completes by means of the following Lemma 1.3.

LEMMA 1.3. The 3-parts of the conductor of the minimal model

y2 + axy + by + xz — 0

are as follows:

( i ) v(a)=O, v(b)=O

v(a)=O, v(b)>0

(ii) v(a)=l, a=Saf

a'=l(mod3), 6ΞΞ1,— 2 (mod 9)

α'ΞΞ-l(mod3), b = - 1 , 2 (mod 9)

a '=l(mod3), 6=4 (mod 9)

a' = - 1 (mod 3), b ~ - 4 (mod 9)

i;(α'3 + δ ) = l

v(α/3+6)=2
v (ct'3 -f- 6)—3

^(ίx'3-)- 6 ) = = s ^ 4

v{b)=l

v(b)=2, b=W
α/^6/(mod3)
α'Ξδ'CmodS)

Neron type

A

B

1 C1

i Cl

C3

C4

C5s-3

C3

C6

C β

v{Δ)

0

3v(δ)

3

q
o

4

5

6

3+s
6

9

9

v{N)

0

1

3

o
Δ

4

3

2

2

4

3

3

0

-3v(δ)

3

q
o

2

1

0

3-s

3

3

3+3*(α'3+8&')
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(iii) v(b)^2
&ΞΞ±l,±4(mod9)
6 = ±2 (mod 9)
v(b)=l
v(b)^2

Neron type

Cl

C2

C3

C6

v(Δ)

3

3

7

11

v(N)

3

2

5

5

Sv(a)

3v(ά)

3t;(α)-l

3v(ά)-2

, where v( ) = ord3 ( ).

The proof is due to Koike [2].

2. n = 5

In this case as a model for a curve £7, by transforming an equation

of Nagell [3, §2] we can take

(2.1) E: t + ab2y + x3 - \{a2 + Gab + b2)x2 + ^ab\a + b)x = 0

with α, b e Z, (α, 6) = 1 and a > 0. The discriminant J of £7 is

J = -α5&5(α2 + llab - &2)

and the torsion group is {(0,0), (0, —ab2), (ab9 —\ab(a + &)), (ab, %ab(a — &)),

oo}. Then the 5-isogenous curve Ef to E is given by a model

(2.2)
E'\y2 + ab2y + x3 - Gab + b2)x2

- 9b2)x

- 15α&3 - b*) = 0- ab(a4 -

by the method of Velu [6] and the discriminant Δf is

A' = -abia2 + l lαδ - 62)5 .

Now we consider whether the equation (2.2) can be transformed to

the form

y2 + AB2y + x3 - \{A2 + GAB + B2)x2 + \AB\A + B)x = 0

with A,B e Z, (A, B) = 1 and A > 0. By means of the same calculation

as 1, we have

(2.3)
α4 - 228α36 + 494α2δ2 + 228α63 + 64

= A4 + 12A3B + 14AIB2 - 12AB3 +

(2.4) ab(a2 + llab - b2)5 = A5B5(A2 + 11AB - B2) .

Then we can put
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ABr = a2 + llab - b2 , abrδ = A2 +

with r e Q. From these and (2.3)

{s2 + (r5 + 5r4 + 15r3 + 25r2 + 25r

where s = a/b e Q. So by a substitution r + l = torr — l = t above

equation is equivalent to

(2.5) s2 + it' + 5ί2 + 5)sί = 1 .

Thus to find A,B (or α, 6) satisfying (2.3) and (2.4) is reduced to finding

all the rational solutions of a diophantine equation (2.5). Trivial solu-

tions (s,t) = (±1,0) of above equation (2.5) result in AB = ±11, which

is no more than a familiar curve

(2.6) y2 + y + x3 + x2 = 0 , Δ = - 1 1 , N = 11 .

And it may be conjectured that the 5-isogenous curve to an elliptic curve

with a torsion point of order 5 has a rational point of order 5 if and

only if a curve (2.6) is.

Remark. In case that both a and b are odd, the equation (2.1) may

be a minimal model for E and in case that the parities of a and b are

distinct, for example, if a is odd and b is even, the minimal model of

Z-coefficients of (2.1) is as follows

y2 + axy + ab2y + x* - £(6α + b)bx2 + \ab\2a + b)x = 0

and the 5-isogenous curve is as follows

%f + aXy + aWy + x* _ -L(6α + b)bx2 + |α&(10α2 - 18αδ - 9b2)x

- ab(aA - lOa'b - 5a2b2 - 15αδ3 - &4) = 0 .

With regard to the degenerate reduction we have

THEOREM 2.1. Let E be an elliptic curve given by (2.1) with a

torsion point of order 5 and N be the conductor of E. Then we have>

for any prime p dividing Δ>

p ^ 5 = > ord p N = 1

f l if 5 | α or δ\b

[2 if 5^α and

https://doi.org/10.1017/S0027763000017748 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000017748


104 TOSHIHIRO HADANO

Proof. At first we have Δ = -aδb%a2 + llab - δ2),

j = (α4 + 12α3δ + 14α2δ2 - 12αδ3 + WfΔ-1 .

If either p\a, p\b or p\a, Pib, it follows that ord p Δ = — ord p ; .

Therefore we have ordpiV = 1 in these cases. If p\a and pi,&, then

p\(a2 + llab - δ2). Hence

α4 + 12a'b + Ua2b2 - 12ab3 + δ4

= (α2 + llab - b2)(a2 + ab + 4δ2) + 5δ3(& - l la) = 0

(modp) if and only if 5&3(& — llα) = 0 (modp). So because of b(b — llα)

= a2 *ξ 0 (mod p), we have

α4 + 12α36 + 14α2δ2 - 12ab3 + 64 = 0 (mod 2?) if and only if p = 5 .

Thus we complete the proof.

3 w = 7

In this case as a minimal model for a curve Z?, by transforming

an equation given by Nagell [3, §4], we can take

E: y2 - (a2 - 3ab + b*)xy + ab\a - b)3y + xz - ab\a - b)x2 = 0

with α, b e Z, (a, b) = 1 and α > 0. The discriminant J of S is

J = α7δ7(α - b)Ί(a? - 8a2b + 5ab2 + bz)

and the torsion group is {(0,0), (0, -~ab2(a - 6)3), {ab\a — 6), 0), {ab\a - b),

-a2b\a - &)), (-α&(α - &)2, α262(α - δ)2), (-α&(α - δ)2, -α 2 δ(α - δ)3), co}.

(cf. Tate [5, p. 195]). Then the 7-isogenous curve Ef to E is given by

a model

E':y2 — (a2 — Sab + b2)xy + ab\a — bfy + xz - αδ2(α - b)x2

- 5ab(a - δ)(α5 + α4δ - 6α3δ2 + 8α2δ3 - 6αδ4 + δ5)^

+ ab(a - δ)(α9 + 9α8δ - S2a7b2 + 70α6δ3 - 167α5δ4

+ 281α4δ5 - 252α3δ6 + l l lα 2 δ 7 - 23αδ8 + δ9) = 0

by the method of Velu [6] and the discriminant Δ' is

Δ' = ab(a - δ)(α3 - 8α2δ + 5αδ2 + δ3)7 .

Beyond these we discuss nothing for n = 7 by reason of a complication

of the calculation.
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4. n = 4,8,16

In these cases the models are given in Bergman [1], so we consider
only the 2-isogenous curves here. Then we have the diagrams below by
the elementary (but troublesome a little) calculation.

E{2) or £r(

Z? ( 8 )

Ew < E{i>2) > E{2>2) > E{2) E(4>2) > E(4)

I I
E(2) Ei2>2) > E(2)

i
£ r ( 2 ) ,

where E{) denotes a curve that the torsion subgroup is of type ( ) and
-* denotes the 2-isogeny among them. And we can easily determine
from the coefficients of its model whether it is E{2) or EU).

5. n = 6

In this case the curve has a torsion point of order 2 and of order
3, as the model, minimal at all prime p ψ 2, we have

Ex:y
2 - 2(α + b)xy + 2ab2y + xz = 0

with α, b e Z, (α, &) = 1 and t h e discr iminant

J x = 24α366(2α - &)2(α + 4&) .

The 2-isogenous curve

E2:y
2 + 2(α - 2&)α;7/ + 4α26ι/ + %3 = 0

J 2 = -28αβ&8(2α - 6)(α + 4δ) 2
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has a torsion point of order 2 and of order 3 again.
The 3-isogenous curves to E19 E2 are as follows:

E3: f + x3 - (a2 - lOab - 2b2)x2 - (2α - bfbx = 0

Δ3 = 2W(2α - b)\a + 4δ)3 ,

E,: y2 + xz + 2{a2 - 10α5 - 2b2)x2 + a(a + kbfx = 0

b)\a + 46)6

respectively.
Thus these curves E3 and Z74 have a torsion point of order 2 and 2-iso-
genous to each other, that is to say,

I
3 3

2

where denotes the isogeny of degree k.

6. n = 12

In this case the model is given in Bergman [1], so we consider only
the 2-isogenous and 3-isogenous curves here. Then we have as 4

,2

Ei2) or E

7. ^ = 10

In this case the curve has a torsion point of order 2 and of order
5, as the minimal model by transforming an equation given by Bergman
[1], we have
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Ex: t + a2b\a - b)(a + b)2y + xz - \(a* - 2a?b - 5a*b2 + 7a2b*

+ 2ab5 + ¥)x2 + ia2b\a - δ)(α + δ)2(α3 - a2b - ab2 - b")x = 0

with a,b eZ, (a, b) = 1 and the discriminant

Δx = aloblo(a - b)\a + b)\a2 + ab - b2)\a2 - Aab - b2) .

The 2-isogenous curve

E2:y
2 + ab\a + b)\a - b)"y + xz - \{a? - 2abb + 7aΨ + 12a*b3 + 7a2bA

- 10a¥ + bQ)x2 + \ab\a + b)\a - b)\az + a2b + 3ab2 - b')x = 0

Δ2 = aδbδ(a - b)ι\a + δ)10(α2 + ab - b2)(a2 - 4α& - b2)2

has a torsion point of order 2 and of order 5 again. The 5-isogenous
curves to E19E2 are as follows:

E3: y2 + x* - \{a2 + 62)(α4 + 22α3& - 6a2b2 - 22abbz

+ ab(a2 + ab - b2fx = 0

3 = α262(α - 6)(α + δ)(α2 + ab - bψ(a2 - 4α& - 62)5 ,

74: f + X3 + i (a? + b2)(a* + 22a3b - 6a2b2 - 22ab3 + W

+ -±r(a + b)(a - b)(a2 - Aab - b2fx = 0

4 = ab(a - δ)2(α + &)2(α2 + ab - b2)\a2 - 4αδ - 62)10

respectively.
Thus these curves E3 and £74 have a torsion point of order 2 and 2-iso-
genous to each other, that is to say,

^ 1

5 5
2 v

8. n = 9

In this case as a model, transforming an equation given by Nagell
[3, §5], we have

E1:y> + (α3 - Sab2 + bz)xy + azb\a - bfy + xz = 0

with α, & e Z, (α, 6) = 1 and the discriminant
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Then the 3-isogenous curve E2 to Ex has a torsion point of order 3 from
1, so there exists the 3-isogenous curve E3 to E2, that is,

E2:ιf + (α3 - 6α2δ + 3αδ2 + bz)xy + ab{a - b)(a2 - ab + b2fy + xz = 0

J 2 = - α 3 δ 3 ( α - δ)3(α2 - ab + δ2)9(α3 + 3α2δ - 6αδ2 + δ3)3 ,

Ez:y
2 + (α3 - 6α2& + 3α&2 + 6 3 ) ^ + ab(a - 6)(α2 - ab + b2)hj

+ x* + 5αδ(α - δ)(α3 - 6a2b + Sab2 + ¥){a2 - ab + &2)3£

- ab(a - b)(a2 - ab + &2)3(α9 - 25α8δ + 145α762 - 384α6δ3

+ 406α5δ4 - 127α4δ5 - 15α3δ6 - 19α2δ7 + 16abs + δ9) = 0

J 3 = _ α δ ( α - δ)(α2 - ab + δ2)3(α3 + 3α2δ - 6αδ2 + δ3)9 .

Thus E2 (resp. E3) do not have a torsion point of order 9 (resp. of
order 3).
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