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HOMOMORPHISMS FROM C(X) INTO CŁ-ALGEBRAS

HUAXIN LIN

ABSTRACT. Let A be a simple CŁ-algebra with real rank zero, stable rank one and
weakly unperforated K0(A) of countable rank. We show that a monomorphism û:
C(S2) ! A can be approximated pointwise by homomorphisms from C(S2) into A with
finite dimensional range if and only if certain index vanishes. In particular, we show that
every homomorphism û from C(S2) into a UHF-algebra can be approximated pointwise
by homomorphisms from C(S2) into the UHF-algebra with finite dimensional range. As
an application, we show that if A is a simple CŁ-algebra of real rank zero and is an in-
ductive limit of matrices over C(S2) then A is an AF-algebra. Similar results for tori

are also obtained. Classification of Hom
�

C(X), A
�

for lower dimensional spaces is also

studied.

0. Introduction. The original purpose of the paper is to show that every homo-
morphism û from C(S2) into a UHF-algebra can be approximated pointwise by homo-
morphisms from C(S2) into the UHF-algebra with finite dimensional range, i.e., for any
¢ Ù 0 and any finitely many f1, f2, . . . , fn 2 C(S2), there are mutually orthogonal projec-
tions p1, p2, . . . , pm (in the algebra) and points ò1, ò2, . . . , òm 2 S2 such that

û(fi) �
mX

j≥1
fi(òj)pj

 Ú ¢, i ≥ 1, 2, . . . , n.

Since AF-algebras are regarded as non-commutative zero dimensional spaces, the above
result is expected. This approximation problem and some closely related problems have
been considered for some time (see [ExL3] for example). However, it is much more
difficult than one might have first thought given the fact that until very recently it was
not even known that UHF-algebras have the property (FN). (Recall that a CŁ-algebra A
has the property (FN), if every normal element x 2 A can be approximated by normal
elements (in A) with finite spectrum ([Bl1] and [Ln10]).)

If we replace UHF-algebras by general simple AF-algebras A, monomorphisms û:
C(S2) ! A may not be approximated by homomorphisms from C(S2) into A with finite
dimensional range. In fact, it is shown in [EL] that a map û: C(S2) ! A may induce
an injective map on K0, if K0(A) has nonzero infinitesimal elements. These maps are
certainly not approximated by homomorphisms from C(S2) into A with finite dimensional
range. Therefore we have to understand why the absence of infinitesimal elements in
K0(A) should make the approximation possible.
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964 HUAXIN LIN

There are several related problems. For example, what can one conclude if we replace
2-sphere by 2-torus, or if we replace UHF-algebras by more general simple CŁ-algebras
with real rank zero? It turns out that the latter question related to CŁ-algebra extension
theory. We also found that these problems have interesting connection with the classi-
fication theory of CŁ-algebras of real rank zero. (The results in this paper are also used
to study almost commuting unitaries.) In this paper we will study homomorphisms from
C(X) into CŁ-algebras, where X is a lower dimensional compact metric space. When A
has nonzero real rank, a homomorphism û: C(X) ! A is certainly not expected to be
approximated by homomorphisms from C(X) into A with finite dimensional range even
if û induces a trivial map on KŁ. However, some weaker approximation may be possible.

DEFINITION 0.1. Let X be a compact metric space and A be a unital CŁ-algebra.
Suppose that û1,û2: C(X) ! A 
 K are two homomorphisms, where K is the CŁ-
algebra of compact operators on l2. We will write û1 ¾ û2 if for any ¢ Ù 0 and finitely
many elements f1, f2, . . . , fm 2 C(X) there are homomorphisms †1,†2: C(X) ! A 
 K
with finite dimensional range and a unitary U 2 (A 
 K )̃ such thatû1(fi) ý †1(fi)� UŁ

h
û2(fi) ý †2(fi)

i
U
 Ú ¢,

i ≥ 1, 2, . . . , m.
Note that since X is compact, C(X) is unital. Therefore there is a projection p 2 A
K

such that imû ² p(A
K )p. So there is a unitary U 2 (A
K )̃ such that UŁûU: C(X) !
Mn(A) for some integer n.

Note also that if a homomorphism †: C(X) ! B has finite dimensional range then
there are mutually orthogonal projections p1, p2, . . . , pk 2 B and points ò1, ò2, . . . , òk 2 X
such that

†(f ) ≥
kX

i≥1
f (òi)pi, f 2 C(X).

It is easy to see that “¾” is an equivalence relation. If û ¾ †, we say û and † are
sau-equivalent (stably approximately unitarily equivalent).

DEFINITION 0.2. Let A be a unital CŁ-algebra and X be a compact metric space. Let
E be the set of those homomorphisms û: C(X) ! A
K which satisfy the following: for
any ¢ Ù 0 and finitely many functions f1, f2, . . . , fn 2 C(X), there are homomorphisms
†1, †2: C(X) ! A 
 K with finite dimensional range such that

kû(fi) ý †1(fi)� †2(fi)k Ú ¢

i ≥ 1, 2, . . . , n. So û 2 E if and only if û is sau-equivalent to a homomorphism with
finite dimensional range.

Denote by Hom
�
C(X), A

�
the equivalence classes of homomorphisms from C(X) into

A 
K modulo E.
Letû1, û2: C(X) ! A
K be two homomorphisms. We define û1+û2: C(X) ! A
K

by
(û1 + û2)(f ) ≥ û1(f ) ý û2(f ), f 2 C(X).
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It is easy to check that Hom
�
C(X), A

�
is a semigroup.

We show that Hom
�
C(X), A

�
is a group whenever X is a finite CW complex in the

plane, X is homeomorphic to S2, or to S1 ð S1. We also discuss the relation of sau-
equivalence with other equivalences. We show that two homomorphisms being sau-
equivalent implies that two maps are stably homotopic, if the space X is a finite CW com-
plex in the plane. For higher dimensional space X, it is possible that two sau-equivalent
unital homomorphisms may not be stably homotopic but they are homotopic as asymp-
totic homomorphisms.

DEFINITION 0.3. Let û: C(X) ! A be a homomorphism. Then û induces two maps:

û(0)
Ł : K0

�
C(X)

�
! K0(A) and û(1)

Ł : K1

�
C(X)

�
! K1(A).

If x is a normal element in A, then x gives a monomorphismû: C
�
sp(x)

�
! A. We denote

by ç(x) the map û(1)
Ł .

When X is a finite CW complex in the plane, we will show that

Hom
�
C(X), A

�
¾≥ hom

�
K1

�
C(X)

�
, K1(A)

�
.

In the case that X ≥ S2, or X ≥ S1 ð S1, classification of Hom
�
C(X), A

�
will also be

given for some special CŁ-algebras A. For example, we show that

Hom
�
C(S2), A

�
¾≥ hom

�
ker d, inf

�
K0(A)

��

and

Hom
�
C(S1 ð S1)

�
¾≥

 
hom

�
K1

�
C(S1 ð S1)

�
, K1(A)

�
, hom

�
ker d, inf

�
K0(A)

��!

for some special CŁ-algebras, where ker d is a subgroup of K0

�
C(X)

�
defined in 2.1.

The paper is organized as follows. Section 1 studies Hom
�
C(X), A

�
for the case that X

is a compact subset of the plane. Most results are more or less known and are taken from
[Ln10, 3]. Section 2 contains the main result. We show that if A is a simple CŁ-algebra
with real rank zero, stable rank one and weakly unperforated K0(A) of countable rank,
then a monomorphismû: C(S2) ! A can be approximated pointwise by homomorphisms
from C(S2) into A with finite dimensional range if and only if

û(0)
Ł (ker d) ≥ 0.

Section 3 shows that results in Section 2 are also valid for the case that X ≥ S1 ð S1. In
Section 4, we study Hom

�
C(S2), A

�
and Hom

�
C(S1 ð S1), A

�
. Finally, in Section 5, we

give applications of these results to the study of classification of CŁ-algebras of real rank
zero. For example, we show that if A is a simple CŁ-algebra of real rank zero which is
an inductive limit of matrix algebras over C(S2) then A is in fact an AF-algebra.

Before we end this introduction, we would like to review several terminologies:
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(1) A CŁ-algebra has real rank zero if the set of selfadjoint elements with finite spec-
trum is dense in the Aa.s, the set of selfadjoint elements of A (see [BP]).

(2) A CŁ-algebra has stable rank one if the set of invertible elements is dense in A
(see [Rf2]). If A has real rank zero, then A has stable rank one, if and only if it
has cancellation (see [BH]).

(3) An ordered group (G, G+) is unperforated if nx ½ 0 for some integer n im-
plies that x ½ 0. (G, G+) is weakly unperforated if nx Ù 0 implies that x Ù 0
(cf. [EHS]).

(4) An ordered group with order unit has countable rank if it has only countably
many extreme states (see [Ln10, 4.7]). (All groups that used in this paper are
countable groups.)

ACKNOWLEDGEMENT. This work was done when the author was visiting SUNY at
Buffalo in 1993. The author would like to thank Lewis Coburn, Toshikazu Natsume,
Catherine Olsen and Jinbo Xia for their hospitality during the visit. He also would like
to thank George Elliott, Guihua Gong and Toshikazu Natsume for some helpful con-
versations. The work is partially supported by a grant from NSF and the Department of
Mathematics, SUNY at Buffalo.

1. Compact subsets of the plane.

LEMMA 1.1 (CF. [EGLP, 2.1], [LR, 8(I)]). For any ¢ Ù 0, there is an integer k
such that for any selfadjoint element x in a unital CŁ-algebra A with kxk � 1 there are
selfadjoint elements y 2 Mk(A) and z 2 Mk+1(A) with finite spectrum sp(y), sp(z) ² sp(x)
such that

kx ý y � zk Ú ¢.

PROOF. The case that sp(x) is an interval follows directly from [LR, 8(i)].
There are m mutually disjoint open intervals I1, I2, . . . , Im ² [0, 1] such that sp(x) ²

[m
i≥1Īi and for any ò 2 Ii there exists ï 2 sp(x) with dist(ò,ï) Ú ¢Û2. Therefore there

are mutually orthogonal projections p1, p2, . . . , pm 2 A such that

pix ≥ xpi and sp(xpi) ² Īi (as an element in piApi), i ≥ 1, 2, . . . , m.

By applying [Ph3, 2.4] or [LR, 8(i)], we obtain an integer k such that there are selfadjoint
elements yi 2 Mk(piApi) and zi 2 Mk(piApi) with finite spectrum in Īi (as an element in
piApi) such that

kxpi ý yi � zik Ú ¢Û2.

So x ý mX
i≥1

yi �
mX

i≥1
zi

 Ú ¢Û2.
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There are selfadjoint elements y 2 Mk(A) and z 2 Mk+1(A) such thaty � mX
i≥1

yi

 Ú ¢Û2
z � mX

i≥1
zi

 Ú ¢Û2

and sp(y), sp(z) ² sp(x). We have

kx ý y � zk Ú ¢.

LEMMA 1.2. Let A be a unital CŁ-algebra. Suppose that

z + (ïp � x) 2 Inv0(A)

and z 2 Inv0

�
(1 � p)A(1 � p)

�
, where z 2 (1 � p)A(1 � p) and x 2 pAp. Then, for any

ò Â≥ ï,
ï(p ý 1)� x ý ò 2 Inv0

�
(p ý 1)M2(A)(p ý 1)

�
.

PROOF. Let z�1 be the inverse of z in (1 � p)A(1 � p). Then z�1 + p 2 Inv0(A). So
(1 � p) + (ïp � x) 2 Inv0(A). Therefore

ã(1 � p) + (ïp � x) 2 Inv0(A)

for any ã Â≥ 0. This implies that

(ïp � x) ý (ï � ò) 2 Inv0

�
(p ý 1)M2(A)(p ý 1)

�
for any ò Â≥ ï.

THEOREM 1.3 (CF. [LN10, 3.13]). Let A be a (unital) CŁ-algebra and x 2 A be a
normal element with ç(x) ≥ 0. For any ¢ Ù 0, there exist an integer k, normal elements
y 2 Mk(A) and z 2 Mk+1(A) with finite spectra sp(y), sp(z) ² sp(x) such that

kx ý y � zk Ú ¢.

Theorem 1.3 is a consequence of the following which will be used in later sections.

THEOREM 1.4 (CF. [LN10, 3.12]). Let Ω be a compact subset of the plane. For any
¢ Ù 0 there exists é Ù 0 satisfying the following: Suppose that B is a unital CŁ-algebra,
A is a unital CŁ-subalgebra of A, x 2 B is a normal element, if p 2 A is a projection and
if pf (x), f (x)p 2 A for any f 2 C

�
sp(x)

�
,

kpx � xpk Ú é, ïp � pxp 2 Inv(pAp) and [ïp � pxp] ≥ 0
�
in K1(pAp)

�
for ï Â2 Ω. Then there is an integer L, normal elements y 2 ML(pAp) and z 2 ML+1(pAp)
with finite spectrum sp(y), sp(z) ² Ω such that

kpxpý y � zk Ú ¢.

PROOF. The proof is essentially contained in [Ln10, 3]. We sketch the proof here.
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LEMMA 1.5 (CF. [LN10, 3.4]). Let

X ≥ fï : jReïj � 1Û2, j Imïj � 1Û2g.

For any è Ù 0, there exist é Ù 0 and an integer k, for any unital CŁ-algebra A and an
element x 2 A with

kRe xk � 1Û2 and k Im xk � 1Û2,

if
kxŁx � xxŁk Ú é,

there are normal element y 2 Mk(A) and normal element z 2 Mk+1(A) with finite spectra
sp(y), sp(z) ² X and

kx ý y � zk Ú è.

The proof of 1.5 is almost identical to that of [Ln10, 3.4]. Instead of using the condition
that the algebra A has real rank zero, we apply 1.1.

LEMMA 1.6 (CF. [LN10, 3.5]). Let X be a compact subset of the plane which is
homeomorphic to the unit disk. For any è Ù 0, there exist é Ù 0 and an integer k, if x is
a normal element with sp(x) ² X in a CŁ-algebra B and A is a CŁ-subalgebra of B, and
if p 2 A is a nonzero projection such that pf (x), f (x)p 2 A for all f 2 C

�
sp(x)

�
,

kpx� xpk Ú é, sp(pxp) ² X,

then there are normal elements y 2 Mk(pAp) and z 2 Mk+1(pAp) with finite spectra
sp(y), sp(z) ² X such that

kx ý y � zk Ú è.

The proof of this lemma is the same as that of [Ln10, 3.5]. The place where the proof
of [Ln10, 3.5] uses [Ln10, 3.4], we use 1.5 here.

We also notice that [Ln10, 3.8] does not need to assume that the algebra A has real
rank zero.

LEMMA 1.7 (CF. [LN10, 3.9]). Let a Ù 0. For any ¢ Ù 0, there exists é Ù 0 satisfying
the following: Suppose that B is a CŁ-algebra, A is a unital CŁ-subalgebra of B and x 2 B
is a normal element with polar decomposition x ≥ uh, where 0 Ú a � h � 1 (so u is a
unitary in B). If p is a projection in A such that

kpx� xpk Ú é, pxp 2 Inv0(pAp) and pf (x), f (x)p 2 A for all f 2 C
�
sp(x)

�
,

and
sp(x) ² X ≥ freií : a � r � 1,�ô � í � ôg,
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then there are an integer k, normal elements y 2 Mk(pAp) and z 2 Mk+1(pAp) with finite
spectrum contained in X such that

kpxpý y � zk Ú ¢.

The proof is essentially the same as that of [Ln10, 3.9]. We notice that here k possibly
depends on A and x. This is because that A is no longer assumed to have real rank zero.
So the length of the path fv(t)g (in the proof of [Ln10, 3.9]) may depend on the element
x and the algebra A.

The following notation is used in 1.8.
Let

X0 ≥
n

z : 0 � Re(z) � 1, j Im(z)j � b
o
n

k[
j≥1

n
z : j(2j � 1)Û2k � zj Ú r

o
,

0 Ú r Ú min(b, 1Û4k), and X ≥ fz� 1Û2 : z 2 X0g. So X is a square with k holes.

LEMMA 1.8 ([LN10, 3.11]). Let Ω be a compact subset of the plane which is home-
omorphic to the subset X described above. For any ¢ Ù 0, there exists é Ù 0 satisfying
the following: Suppose that B is a unital CŁ-algebra and x 2 B is a normal element
with sp(x) ² X and A is a unital CŁ-subalgebra of B. If p is a projection in A such that
pf (x), f (x)p 2 A for all f 2 C

�
sp(x)

�
,

kpx � xpk Ú é,

ïp � pxp 2 Inv(pAp) and [ïp � pxp] ≥ 0
�
in K1(pAp)

�
for ï Â2 X, then there are an integer L, normal elements y 2 ML(pAp) and z 2 ML+1(pAp)
with finite spectrum sp(y), sp(z) ² Y such that

kpxpý y � zk Ú è.

Again, the proof is essentially the same as that of [Ln10, 3.11]. But 2.3 of [Ln10] can
not be directly applied since A may not have real rank zero. So ïpj � pjxjpj may not be
in Inv0(pjApj). However, we can apply 1.2. So

ï(pj ý 1)� pjxjpj ý òj Ð 1 2 Inv0

�
(p ý 1)M2(A)(p ý 1)

�
for some òj 2 Yj. Since we are allowed to have a large integer L, we can choose yj such
that they are mutually orthogonal. Notice that integer L in 1.8 may depend on A and x.

We are now ready to prove Theorem 1.4 as in [Ln10, 3.12].

REMARK 1.9. We notice that in 1.3 the integer k may depend not only on ¢ and
sp(x), but also on A and x, while in [Ln10, 3.13] the integer k depends only on ¢ and
the space sp(x). This happens because if A is not of real rank zero, there is no control
of the exponential length of hereditary CŁ-subalgebras and the map U(A)ÛU0(A) may
not be injective in general. If we assume that the exponential length of hereditary CŁ-
subalgebras of A is bounded, then the integer k in 1.7 depends only on ¢. If we further
assume that U(pAp)ÛU0(pAp) ! K1(pAp) is injective for each projection p 2 A (for
example A has stable rank one), then the integer k depends only on ¢ in 1.8.
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PROPOSITION 1.10. Let X be a compact metric space and A be a unital CŁ-algebra.
Suppose that two homomorphisms û1,û2: C(X) ! A 
K are in E. Then û1 ¾ û2.

PROOF. By 0.2, for any ¢ Ù 0 and f1, f2, . . . , fN 2 C(X), there are homomorphisms
†1,†2: C(X) ! MnL(A) with finite dimensional range and †3,†4: C(X) ! Mn(L+1)(A)
with finite dimensional range such that

kû1(fi) ý †1(fi)� †3(fi)k Ú ¢Û2

and
kû2(fi) ý †2(fi)� †4(fi)k Ú ¢Û2,

i ≥ 1, 2, . . . , N. There is a unitary U 2 M2n(L+1)(A) such that

û1(fi)ý †1(fi) ý û2(fi)ý †2(fi) ≥ UŁ
h
û2(fi) ý †2(fi)ý û1(fi) ý †1(fi)

i
U,

i ≥ 1, 2, . . . , N. So
hû1(fi) ý †1(fi) ý †4(fi)

i
� UŁ

h
û2(fi)ý †2(fi) ý †3(fi)

i
U
 Ú ¢,

i ≥ 1, 2, . . . , N.

COROLLARY 1.11. Let X be a compact subset of the plane and A be unital CŁ-
algebra. Then û: C(X) ! A 
 K is in E if and only if û(1)

Ł ≥ 0. Furthermore, two
homomorphism û1, û2: C(X) ! A 
 K are sau-equivalent if

(û1)(1)
Ł ≥ (û2)(1)

Ł ≥ 0.

PROOF. This follows from 1.3 and 1.10.

LEMMA 1.12. Let A be a unital CŁ-algebra which is not scattered (see [J]) and X be
a finite CW complex in the plane. Then, for any homomorphism

ç: K1

�
C(X)

�
! K1(A),

there is a monomorphism
û: C(X) ! A 
K

such that û(1)
Ł ≥ ç.

PROOF. Let f1, f2, . . . , fn: X ! S1 be continuous functions such that ([f1], [f2], . . . ,
[fn]) form a system of free generators for the (free) abelian group K1

�
C(X)

�
. Suppose

that ç([fi]) ≥ ai (in K1(A)). We will produce monomorphisms û1,û2, . . . ,ûn such that
h
ûi(fi)

i
≥ ai and

h
ûi(fj)

i
≥ 0 for i Â≥ j.

Choose g1, g2, . . . , gn: S1 ! X such that fi Ž gj is homotopic to the identity map for i ≥ j
and to the constant map for i Â≥ j. Let v1, v2, . . . , vn 2 A
K be normal partial isometries
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such that [vi] ≥ ai in K1(A). Since A is not scattered, by [AS, p. 61], there is a selfadjoint
element h 2 A such that sp(h) ≥ [0, 1]. Suppose that X ≥ [m

k≥1Xi, where each Xi is a
path connected component of X. It is well known (see [N, p. 89]) that, for each k, there
is a function Fk 2 C([0, 1]) such that sp

�
Fk(h)

�
≥ Xk, k ≥ 1, 2, . . . , m. Set

x ≥
mM

k≥1
Fk(h).

It is easy to see that sp(x) ≥ X and ç(x) ≥ 0. Define

ûi(f ) ≥ f
�
gi(vi)ý x

�
, f 2 C(X).

So h
ûi(fi)

i
≥ ai and

h
ûi(fj)

i
≥ 0 for i Â≥ j.

Define

û(f ) ≥
nM

i≥1
ûi(f ), f 2 C(X).

Then û is as required.

LEMMA 1.13. Let X be a finite CW complex in the plane and let û: C(X) ! A be
a homomorphism. Then there is û̃: C(X) ! Mn(A) for some integer n such that û(1)

Ł ≥

�(û̃)(1)
Ł .

PROOF. If A is scattered, then A is an AF-algebra (see [Ln2, 5.1] but it is known long
before that). Therefore K1(A) ≥ 0. Consequently, û(1)

Ł ≥ �û(1)
Ł .

In the case that A is not scattered, 1.13 follows immediately from 1.12.

THEOREM 1.14. Let A be a unital CŁ-algebra and X be a finite CW complex in the
plane. Then Hom

�
C(X), A

�
is a group.

PROOF. If A is scattered, K1(A) ≥ 0. By 1.11, Hom
�
C(X), A

�
≥ f0g. Now we

assume that A is not scattered. Let û: C(X) ! A 
 K be a monomorphism. By 1.13,
there is û̃: C(X) ! A 
K such that

(û̃)(1)
Ł ≥ �û(1)

Ł .

It follows from 1.3 that [û ý û̃] ≥ 0 in Hom
�
C(X), A

�
.

The proof of the following is much shorter if we assume that X is a finite CW complex
in the plane.

THEOREM 1.15. Let X be a compact subset of the plane and A be a unital CŁ-algebra.
Suppose that û1,û2: C(X) ! Mn(A) for some integer n. Then û1 is sau-equivalent to û2

if and only if (û1)(1)
Ł ≥ (û2)(1)

Ł .

PROOF. The “only if” part is trivial.
Now we assume that (û1)(1)

Ł ≥ (û2)(1)
Ł . By 1.3 and 1.11, we may assume that A is not

scattered. Let ¢ Ù 0 and f1, f2, . . . , fm 2 C(X) be fixed. There exists é Ù 0 such that

jfi(ò) � fi(ê)j Ú ¢Û2
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whenever dist(ò, ê) Ú é, i ≥ 1, 2, . . . , m. There is a finite CW complex Y in the plane
such that X ² Y and for any ê 2 Y there is ò 2 X with

dist(ò, ê) Ú é.

By the proof of 1.12, there is a monomorphismû0: C(Y) ! A
K such that (û0)(1)
Ł ≥ 0.

Denote by i: X ! Y the embedding. We define

Φj(f ) ≥ ûj(f Ž i) ý û0(f )

f 2 C(Y) and j ≥ 1, 2. So Φj is a monomorphism from C(Y) into A 
 K and (Φ1)(1)
Ł ≥

(Φ2)(1)
Ł . By 1.12, there is a monomorphism Φ̃: C(Y) ! A 
 K with Φ̃(1)

Ł ≥ �(Φ1)(1)
Ł ≥

�(Φ2)(1)
Ł . It follows from 1.11 that

[Φ1 ý Φ̃] ≥ [Φ2 ý Φ̃] in Hom
�
C(Y), A

�
.

Hence [Φ1 ý Φ̃ýΦ2] ≥ [Φ2 ý Φ̃ýΦ2]. Since (Φ̃ýΦ2)(1)
Ł ≥ 0, by 1.3, [Φ̃ýΦ2] ≥ 0.

Therefore Φ1 ¾ Φ2. Let f̄1, f̄2, . . . , f̄n 2 C(Y) such that f̄kjX ≥ fk, k ≥ 1, 2, . . . , n. There
are homomorphisms Ψ1, Ψ2: C(Y) ! A
K with finite dimensional range and a unitary
U 2 (A 
K )̃ such that

Φ1(f̄k) ý Ψ1(f̄k) � UŁ
�
Φ2(f̄k) ý Ψ2(f̄k)

�
U
 Ú ¢Û4,

k ≥ 1, 2, . . . , n. By 1.3, there are homomorphisms †1,†2: C(Y) ! A 
 K with finite
dimensional range such that

kû0(f̄k) ý †1(f̄k) � †2(f̄k)k Ú ¢Û4.

This implies that, for a unitary W 2 (A 
K )̃,
û1(fk)ý †2(f̄k) ý Ψ1(f̄k) � WŁ

�
û2(fk) ý †2(f̄k)ý Ψ2(f̄k)

�
W
 Ú ¢Û2.

Notice that

Ψj(f ) ≥
nX

l≥1
f
�
ò(j)

l

�
p(j)

l , j ≥ 1, 2,

†2(f ) ≥
NX

l≥1
f (êl)ql

for f 2 C(Y), where ò(j)
l , êl 2 Y, j ≥ 1, 2, and q0ls are mutually orthogonal and p(j)

l are
mutually orthogonal for each j. Since for each ê 2 Y there is ò 2 X such that dist(ò, ê) Ú é,
we have homomorphisms Ψ0

1, Ψ0
2: C(X) ! A 
 K with finite dimensional range and a

unitary V 2 (A 
 K )̃ such that
û1(fk) ý Ψ0

1(fk)� VŁ
�
û2 ý Ψ0

2(fk)
�
V
 Ú ¢,

k ≥ 1, 2, . . . , n.
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THEOREM 1.16. Let A be a unital CŁ-algebra and X be a finite CW complex in the
plane. Then there is a bijection

ç: Hom
�
C(X), A

�
! hom

�
K1

�
C(X)

�
, K1(A)

�
.

PROOF. If A is scattered, as in 1.12, we know that K1(A) ≥ 0. So, by 1.3,

Hom
�
C(X), A

�
≥ f0g ≥ hom

�
K1

�
C(X)

�
, K1(A)

�
. Therefore, we may assume that A

is not scattered. The theorem follows from 1.3, 1.12 and 1.15.

REMARK 1.17. One may compare 1.16 with [BDF1, 10]. When A is the Calkin al-
gebra, Theorem 1.16 says the map

ç: Hom
�
C(X), A

�
! hom

�
K1

�
C(X)

�
, Z
�

is bijective. So by certain absorption lemma and a standard quasidiagonal argument, one
could obtain [BDF1, 10] by applying 1.16 (cf. [Ln7]).

REMARK 1.18. In [Ln10, 4.4], we show that purely infinite simple CŁ-algebras and
separable simple CŁ-algebras with real rank zero, stable rank one, weakly unperforated
K0(A) with countable rank have property weak (FN), i.e., a normal element x with ç(x) ≥
0 can be approximated by normal elements with finite spectrum. The stable approxima-
tion discussed in this section is much weaker but is the right one for general CŁ-algebras.

Now we show that if two homomorphisms û1, û2: C(X) ! A
K are sau-equivalent
if and only if they are stably homotopic. The following is a result of Terry Loring [Lor2].

LEMMA 1.19 ([LOR2, THEOREM B]). Let X be a finite CW complex in the plane.
There exist ¢ Ù 0 and f1, f2, . . . , fk 2 C(X) such that whenever û1, û2: C(X) ! A are two
homomorphisms, where A is a unital CŁ-algebra, such that

kû1(fi) � û2(fi)k Ú ¢, i ≥ 1, 2, . . . , k,

then û1 and û2 are homotopic.

PROOF. This is an immediate consequence of Theorem B and Proposition 3.1 of
[Lor2].

THEOREM 1.20. Let X be a finite CW complex of the plane and A be a unital CŁ-
algebra. Suppose that û1, û2: C(X) ! A
K are two homomorphisms. Then the follow-
ing are equivalent:

(1) û1 ¾ û2,
(2) There are two homotopically trivial homomorphisms †1, †2: C(X) ! A 
 K

such that
û1 ý †2 and û2 ý †2

are homotopic,
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(3) (û1)(1)
Ł ≥ (û2)(1)

Ł .

PROOF. The equivalence of (1) and (2) follows from 1.15. That (2) implies (3) is
trivial. We now show that (1) implies (2).

Given ¢ Ù 0 and f1, f2, . . . , fk 2 C(X). By 1.10, there are homomorphisms †1, †2:
C(X) ! A 
K with finite dimensional range and a unitary U 2 (A 
K )̃ such that

û1(fi)ý †1(fi) � UŁ
h
û2(fi) ý †2(fi)

i
U
 Ú ¢, i ≥ 1, 2, . . . , k.

It follows from 1.19 that û1 ý†1 and UŁ(û2 ý†2)U are homotopic. It follows from [M]
that there is a continuous path of unitaries Ut : t 2 [0, 1] in M(A
K ) such that U0 ≥ U
and U1 ≥ 1. Since Ut 2 M(A 
K ),

UŁ
t

�
û2(f ) ý †2(f )

�
Ut 2 A 
 K , f 2 C(X).

This implies that UŁ(û2 ý †2)U and û2 ý †2 are homotopic. Therefore û1 ý †1 and
û2 ý †2 are homotopic. Notice that a homomorphism with finite dimensional range is
homotopically trivial.

2. The 2-sphere S2.
2.1. Let X be a compact metric space. For any projection p 2 C(X, Mk), where Mk

is the k ð k matrices over C, let dim
�
p(x)

�
be the dimension of p(x). So dim

�
p(x)

�
is a

function in C(X). It is easy to see that the map d: K0

�
C(X)

�
! C(X, Z) defined by dim is

a surjective homomorphism. So we have the short exact sequence

0 ! ker(d) ! K0

�
C(X)

�
! C(X, Z) ! 0

Let û: C(X) ! A be a homomorphism, where A is a unital CŁ-algebra.

2.2. Regard S2 as consisting of two copies of D1 and D2 of the unit disk D with the
boundaries identified. So a function in C(S2) is a pair (f , g) of functions f , g 2 C(D) such
that f (z) ≥ g(z), if jzj ≥ 1. Let

P(z) ≥
  

jzj2 z̄(1 � jzj2)1Û2

z(1 � jzj2)1Û2 1 � jzj2

!
,
 

1 0
0 0

!!
.

It is easy to see that P(z) is a projection in C(S2)
M2. Let L be the Hopf line bundle on
S2. Then L can be defined by the projection P. Let û: C(S2) ! A be a homomorphism.
Suppose that û(0)

Ł jker d ≥ 0. If A has stable rank one, there is a partial isometry V 2 M2(A)
such that

VVŁ ≥

 
1 0
0 0

!
and VŁV ≥ P,

where P ≥ û(2)
�
P(z)

�
and †(2): C(S2)
M2 ! M2(A) is the map induced by û. Let [L] Ðû

be the map from C(S2) into PM2(A)P defined by

[L] Ð û(f ) ≥
 
û(f ) 0

0 û(f )

!
Ð P, f 2 C(S2).
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(Note that P commutes with
 
û(f ) 0

0 û(f )

!
. Notice that V[L] Ð ûVŁ defines a homomor-

phism † from C(S2) into A. It is easy to check that

V ≥

 
t1 s1

0 0

!
2 M2(A).

Set
t2 ≥ t1û

�
(z̄, z̄)

�
+ s1û

��
(1 � jzj2)1Û2, 0

��
.

LEMMA 2.3.
(1) tŁ1t1 ≥ û

�
(jzj2, 1)

�
,

(2) tŁ1s1 ≥ û
��

z̄(1 � jzj2)1Û2, 0
��

,

(3) sŁ1s1 ≥ û
�
(1 � jzj2, 0)

�
,

(4) sŁ1t1 ≥ û
��

z(1 � jzj2)1Û2, 0
��

,

(5) t1tŁ1 ≥ †
�
(jzj2, 1)

�
,

(6) tŁ2t2 ≥ û
�
(1, jzj2)

�
(7) tŁ2t1 ≥ û

�
(z, z)

�
,

(8) t1tŁ2 ≥ †
�
(z, z)

�
and

(9) t2tŁ2 ≥ †
�
(1, jzj2)

�
,

(10) s1sŁ1 ≥ †
�
(1 � jzj2, 0)

�
,

(11) t1û
�
(f , g)

�
≥ †

�
(f , g)

�
t1 for all (f , g) 2 C(S2),

(12) s1û
�
(f , g)

�
≥ †

�
(f , g)

�
s1 for all (f , g) 2 C(S2).

PROOF. The first four equations follow immediately from the fact that VŁV ≥ P. We
compute

tŁ2t1 ≥
h
û
�
(z, z)

�
tŁ1 + û

�
(1 � jzj2)1Û2, 0

�
sŁ1
i
t1

≥ û
�
(z, z)(jzj2, 1)

�
+ û

��
(1 � jzj2)1Û2z(1 � jzj2)1Û2, 0

��

≥ û
�
(z, z)

�
and

tŁ2t2 ≥
�
û
�
(z, z)

�
tŁ1 + û

��
(1 � jzj2)1Û2, 0

��
sŁ1
½�

t1û
�
(z̄, z̄)

�

+ s1û
��

(1 � jzj2)1Û2, 0
��½

≥ û(jzj2, jzj2) + û
��
jzj2(1 � jzj2), 0

��
+ û

��
jzj2(1 � jzj2), 0

��

+ û
��

(1 � jzj2)2, 0
��

≥ û
�
(1, jzj2)

�
.

These computations show (7) and (6). For (11), we notice that

t1tŁ1 + s1sŁ1 ≥ 1
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and

V
  

û
�
(jzj, 1)

�
0

0 û
�
(jzj, 1)

� !!VŁ ≥

  
t1û(jzj2, 1)tŁ1 + s1û

�
(jzj, 1)

�
sŁ1 0

0 0

!!
.

So
†
�
(jzj2, 1)

�
≥ t1û

�
(jzj2, 1)

�
tŁ1 + s1û

�
(jzj2, 1)

�
sŁ1

Therefore

†
�
(f , g)

�
t1 ≥

�
t1û

�
(jzj2, 1)

�
tŁ1 + s1û

�
(jzj2, 1)

�
sŁ1
�

t1

≥ t1û
�
(jzj2, 1)

�
û
�
(jzj2, 1)

�
+ s1û

�
(jzj2, 1)

�
û
��

z(1 � jzj2)1Û2, 0
��

≥ (t1tŁ1t1 + s1sŁ1t1)û
�
(f , g)

�
≥ (t1tŁ1 + s1sŁ1)t1û

�
(f , g)

�
≥ t1û

�
(f , g)

�
.

Similarly, we can show (12).
Let pt1tŁ

1
be the range projection of t1tŁ1 in AŁŁ. From (11), we have

t1tŁ1t1 ≥ †
�
(jzj2, 1)

�
t1.

This implies that
t1tŁ1 ≥ t1tŁ1 pt1tŁ1

≥ †
�
(jzj2, 1)

�
pt1tŁ1

.

It follows that pt1tŁ1
commutes with †

�
(jzj2, 1)

�
. Similarly, from (12), we have

s1sŁ1 ≥ s1sŁ1 ps1sŁ1
≥ †

�
(1 � jzj2, 0)

�
ps1sŁ1

and †
�
(1 � jzj2, 0)

�
commutes with ps1sŁ1

, where ps1sŁ1
is the range projection of s1sŁ1 in

AŁŁ. Therefore we have

†
�
(jzj2, 1)

�
pt1tŁ

1
+ †

�
(1 � jzj2, 0)

�
ps1sŁ

1
≥ t1tŁ1 + s1sŁ1 ≥ 1.

Since
†
�
(jzj2, 1)

�
(1 � pt1tŁ1

) + †
�
(1 � jzj2, 0)

�
(1 � ps1sŁ1

) ½ 0,

and
†
�
(jzj2, 1)

�
+ †

�
(1 � jzj2, 0)

�
≥ 1,

we conclude that

†
�
(jzj2, 1)

�
pt1tŁ1

≥ †(jzj2, 1) and †
�
(1 � jzj2, 0)ps1sŁ1

≥ †(1 � jzj2, 0)
�
.

So we have proved (5) and (10). Others follow similar computation.
The proof of Theorem 2.12 is an approximative version of [Ln12, 2.4] (see also

[BDF2, 6.6]). If t1 has a polar decomposition t1 ≥ ujt1j in A, then the condition
û(0)
Ł (ker d) ≥ 0 implies that the unitary u commutes with û

�
C(S2)

�
. So the CŁ-algebra

generated by u and û
�
C(S2)

�
is isomorphic to C(X) for some compact Hausdorff space

X and in C(X) the sphere breaks down. Here we have to use an approximative form of
this idea carefully. We also need an absorption method used in [Ln10].
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LEMMA 2.4. For any ¢ Ù 0, there exists é Ù 0 such that if there is a unitary u 2 A
such that

kujt1j � t1k Ú é,

then
kuŁ†(fi, gi)u � û(fi, gi)k Ú 4k(f , g)k¢.

for all (f , g) 2 C(S2).

PROOF. If é(Ú ¢) is small enough,

kujt1ju
Ł � (t1tŁ1)1Û2k Ú ¢.

Then, by 2.3 (5), uû�(jzj, 1)
�
� †

�
(jzj, 1)

�
u
 Ú 2¢.

By 2.3 (11),uû�(jzjf , g)
�
� †

�
(jzjf , g)

�
u
 � uû�(jzjf , g)

�
� t1û

�
(f , g)

�
+
†�(f , g)

�
t1 � †

�
(f , g)

�
ujt1j


+
†�(f , g)

�
ujt1j � †(jzjf , g))u


Ú k(f , g)k¢ + k(f , g)k¢ + 2k(f , g)k¢

≥ 4k(f , g)k¢.

2.5. Let Z ≥ (z, z) and H ≥ (1 � jzj, jzj � 1). Then C(S2) is generated by Z and H.

LEMMA 2.6. For any ¢ Ù 0, there exists é Ù 0 such that if there is a unitary u 2 A
with

kujt1j � t1k Ú é,

then
kYf (jYj) � û(Z)k Ú ¢ and kjYj � 1 � û(H)k Ú ¢,

where Y ≥ tŁ2u(2 � jt1j) and

f ≥
(

1 if 0 � t Ú 1
t�1(2 � t) if 1 � t � 2

PROOF. It follows from 2.4 that, if é is small enough,(YŁY) � û
�
(2 � jzj, jzj)2

�k(2 � jt1j)uŁt2tŁ2u(2 � jt1j) � (2 � jt1j)tŁ2t2(2 � jt1j)k

Ú 8kujt1ju
Ł � (t1tŁ1)1Û2k.

We also have f
�
û
�
(2 � jzj, jzj)

��
≥ û

��
(2 � jzj)�1jzj, 1

��
andYf

�
û
�
(2 � jzj, jzj)

��
� Z

 ≥ ktŁ2ujt1j � tŁ2t1k Ú é.

Therefore if é is small enough,

kYf (jYj) � Zk Ú ¢ and k jYj � 1 � Hk Ú ¢.

The following lemma is certainly known even though the exact form may not be found
in literature.
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LEMMA 2.7. For any element x in a CŁ-algebra A with kxk Ú r, and an analytic
function f on Dr, where

Dr ≥ fò : jòj Ú rg,

we have
kRe f (x)k � kRe fkDr and k Im f (x)k � k Im fkDr .

PROOF. We may assume that kxk � 1. It is known (see [S]) that there is a CŁ-algebra
B containing A such that there is a projection e 2 B which satisfies the condition that
ea ≥ ae ≥ a for all a 2 A, and there is a unitary u 2 B such that

xn ≥ eune and (xŁ)n ≥ e(uŁ)ne

for all positive integer n. Then

kRe f (x)k �
e�Re f (u)

�
e
 � kRe f (u)k � kRe fkDr .

Similarly,
k Im f (x)k � k Im fkDr .

LEMMA 2.8. For any è Ù 0 and r Ù 0, there exist é Ù 0 and an integer k satisfying
the following: If x is an element in a CŁ-algebra A with kxk � r such that

kxŁx � xxŁk Ú é

then there are normal elements y 2 Mk(A) and z 2 Mk+1(A) with finite spectrum and
kyk, kzk � r such that

kx ý y � zk Ú è.

PROOF. Set
S ≥ fï : jReïj Ú 1Û2, j Imïj Ú 1Û2g.

For any ¢ Ù 0, by the Riemann mapping theorem, there is a conformal mapping f from
Dr+¢Û2 onto S. There is ë Ù 0 such that

f (Dr) ² fò : jRe(ò)j Ú 1Û2� ë, j Im(ò)j Ú 1Û2 � ëg.

It follows from 2.7 that Re
�
f (x)

� � kRe(f )kDr+¢Û2

and Im�f (x)
� � k Im(f )kDr+¢Û2

.

By Lemma 1.4, for any õ Ù 0, if é is small enough, there exist an integer k (which does
not depend on A or x but does depend on r and ¢), and normal elements y1 2 Mk(A) and
z1 2 Mk+1(A) with finite spectra sp(y1), sp(z1) ² S such that

kf (x)ý y1 � z1k Ú õ.

If õ is small enough,
kxý f�1(y1) � f�1(z1)k Ú ¢Û2.

Since sp
�
f�1(y1)

�
sp
�
f�1(z1)

�
2 Dr+¢Û2, by changing the spectrum of f�1(y1) and f�1(z1)

slightly (within ¢Û2), we obtain normal elements y and z as required.
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LEMMA 2.9. In 2.6, there is ë Ù 0 such that if there is a projection q 2 A such that

kqY � Yqk Ú ë,

then there are an integer L, mutually orthogonal projections q1, q2, . . . , qn in ML(qAq)
and mutually orthogonal projections d1, d2, . . . , dm in ML+1(qAq) and points ò1, ò2, . . . , òn

and ê1, ê2, . . . , êm 2 S2 such that
qû(Z)q ý

nX
i≥1

Z(òi)qi �
mX

j≥1
Z(êj)dj

 Ú 2¢

and qû(H)q ý
nX

i≥1
H(òi)qi �

mX
j≥1

H(êj)dj

 Ú 2¢.

PROOF. By 2.3 (7), we have

Y ≥ 2tŁ2u � tŁ2t1 ≥ 2tŁ2u � û
�
(z, z)

�
.

Therefore,
kYŁY � YYŁk ≥ 4ktŁ2uuŁt2 � uŁt2tŁ2uk

≥ 4
tŁ2t2 � uŁ†

�
(1, jzj)

�
u
.

It follows from 2.3 and 2.4 that if é is small enough,

kYŁY � YYŁk is small enough.

Thus if ë is small enough,
k(qYq)ŁqYq� qYq(qYq)Łk

and
kqf (jYj) � f (jYj)qk

are small enough. It follows from 2.8 that for any õ Ù 0, there are complex numbers ãi

and åj with jãij, jåjj � 2, i ≥ 1, 2, . . . , n and j ≥ 1, 2, . . . , m and projections qi and dj as
described such that qYqý

nX
i≥1

ãiqi �
mX

j≥1
åjdj

 Ú õ.

If ë is small enough, then
kqYf (jYj)q � qYqf (jqYqj)k

is small. So if ë is small enough, we have
qYf (jYj)q ý

nX
i≥1

ãif (jãji)qi �
mX

j≥1
åj f (jåjj)dj

 Ú õ.

Therefore qû(Z)q ý
nX

i≥1
ãif (jãij)qi �

mX
j≥1

åjf (jåjj)dj

 Ú ¢ + õ
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and qû(H)q ý
mX

j≥1
(jãij � 1)qi �

mX
j≥1

(jåjj � 1)dj

 Ú ¢ + õ.

We will again identify S2 with two copies of D1 and D2 of the unit disk with the bound-
aries identified. We now map

Ω ≥ fï : jïj � 2g

onto S2. First, we map fï: jïj � 1g to D1. Then we map fï: 1 � jïj � 2g onto D2 by
the formular

ïf (jïj) ≥ ï(2 � jïj)Ûjïj.

It then follows easily that there are òi, êj 2 S2, i ≥ 1, 2, . . . , n and j ≥ 1, 2, . . . , m such
that qû(Z)q ý

nX
i≥1

Z(òi)qi �
mX

j≥1
Z(êi)dj

 Ú 2¢

and qû(H)q ý
mX

j≥1
H(òi)qi �

mX
j≥1

H(êj)dj

 Ú 2¢

if õ is small enough.

LEMMA 2.10 ([LN10, 4.8] AND [EGLP, 4.4]). Let A be a separable simple unital
CŁ-algebra of real rank zero, stable rank one and with weakly unperforated K0(A) of
countable rank. Suppose that û: C(X) ! A is a monomorphism, where X is a compact
metric space. For any è Ù 0, any finitely many f1, f2, . . . , fm 2 C(X) and any integer K Ù

0 there are mutually orthogonal projections p1, p2, . . . , pn in A and ï1,ï2, . . . ,ïn 2 X
such that û(fs) �

�
ys +

nX
i≥1

fs(ïi)pi

� Ú è, s ≥ 1, 2, . . . , m

where ys ≥ (1 �
Pn

i≥1 pi)û(fs)(1 �
Pn

i≥1 pi),


�

1 �
nX

i≥1
pi

�
û(fs) � û(fs)

�
1 �

nX
i≥1

pi

� Ú è, and [pk] Ù K
�
1 �

nX
i≥1

pi

½
,

s ≥ 1, 2, . . . , m, k ≥ 1, 2, . . . , n, and for any ï 2 X, there is ïi such that

dist(ï,ïi) Ú è.

2.11. In Lemma 2.10, let X ≥ S2 and q ≥ 1 �
Pn

i≥1 pi. Suppose that

f1(z) ≥ (jzj2, 1), f2(z) ≥
�
z̄(1 � jzj2)1Û2, 0

�
f3(z) ≥

�
z(1 � jzj2)1Û2, 0

�
, f4(z) ≥ (1 � jzj2, 0)
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and m Ù 4. We also assume that n ≥ 2L and ïi 2 D1, i ≥ 1, 2, . . . , L and ïi 2 D2, i ≥
L + 1, L + 2, . . . , 2L. Set

P0 ≥

 P2L
i≥1 f1(ïi)pi

P2L
i≥1 f2(ïi)piP2L

i≥1 f3(ïi)pi
P2L

i≥1 f4(ïi)pi

!
.

For any õ Ù 0, if ¢ is small enough, then

kP0P � P0k Ú õ and
(P � P0)

 
q 0
0 q

!
� (P � P0)

 Ú õ.

Set

V0 ≥

 PL
i≥1 ïipi +

P2L
i≥L+1 pi

P2L
i≥1(1 � jïij

2)1Û2pi

0 0

!
.

Then

V0VŁ
0 ≥

 
1 � q 0

0 0

!
and VŁ

0V0 ≥ P0.

There is a unitary W 2 M2(A) such that

k1 � Wk Ú 2õ and WŁP0W � P.

Let V̄0 ≥ V0W and WŁP0W ≥ P̄0. Then

kV̄0 � V0k Ú 2õ.

We may assume that

V̄0 ≥

 
t0
1 s0

1
0 0

!
.

Then
k(1 � q)t0

1 � t0(1 � q)k Ú 2õ and k(1 � q)s0
1 � s0

1(1 � q)k Ú 2õ.

Since A has stable rank one, there is partial isometry V1 2 M2(A) such that

VŁ
1V1 ≥ P � P̄0 and V1VŁ

1 ≥

 
q 0
0 0

!
.

We may assume that

V1 ≥

 
t01 s01
0 0

!
.

Since
 

q 0
0 0

!
V1 ≥ V1, we may also assume that

qt01 ≥ t01 and qs01 ≥ s01.

Since (P � P0)
 

q 0
0 q

!
� (P � P0)

 Ú õ,

k(P � P0) � (P � P̄0)k Ú 2õ
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and
V1(P � P̄0) ≥ V1,

we see that V1

 
q 0
0 q

!
� V1

 Ú 4õ.

Therefore,
kt01(1 � q)k Ú 4õ and ks01(1 � q)k Ú 4õ.

Set V0 ≥ V̄0 + V1. Then

V0V0Ł ≥

 
1 0
0 0

!
and V0ŁV0 ≥ P.

We also have

V0 ≥

 
t̄1 s̄1

0 0

!
,

where t̄1 ≥ t0
1 + t01 and s̄1 ≥ s0

1 + s01. From above, we have

kqt̄1 � t̄1qk Ú 6õ.

THEOREM 2.12. Let A be a simple CŁ-algebra with real rank zero, stable rank one,
weakly unperforated K0(A) of countable rank. Suppose that û: C(S2) ! A is a monomor-
phism. If ûŁ

�
ker(d)

�
≥ 0, then for any ¢ Ù 0 and f1, f2, . . . , fn 2 C(S2) there is a homo-

morphism Φ: C(S2) ! A with finite dimensional range such that

kû(fi) � Φ(fi)k Ú ¢,

i ≥ 1, 2, . . . , n.

PROOF. Note since C(S2) is unital, by considering û
�
1C(S2)

�
Aû

�
1C(S2)

�
, we may as-

sume that A is unital. Let Z and H be as in 2.5. Since C(S2) is generated by Z and H, it is
enough to show the case that n ≥ 2, f1 ≥ Z and f2 ≥ H. By applying 2.10, we have for
any è1 Ù 0, g1, g2, . . . , gm 2 C(S2) and an integer K Ù 0 there are mutually orthogonal
projections p1, p2, . . . , pn in A and ï1,ï2, . . . ,ïn0 2 S2 such that

û(gs) �
�

ys +
n0X

i≥1
gs(ïi)pi

� Ú è1, s ≥ 1, 2, . . . , m

where ys ≥ (1 �
Pn0

i≥1 pi)û(gs)(1 �
Pn0

i≥1 pi),


�

1 �
n0X

i≥1
pi

�
û(gs) � û(gs)

�
1 �

n0X
i≥1

pi

� Ú è1,

[pk] Ù K
�
1 �

n0X
i≥1

pi

½
,

s ≥ 1, 2, . . . , m, j ≥ 1, 2, . . . , l and for any ï 2 S2, there is ïi such that

dist(ï,ïi) Ú è1.
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Here we assume that

g1 ≥ Z, g2 ≥ H, g3 ≥ (jzj, 1), g4 ≥ (1, jzj),

g5 ≥ (z̄, z̄), g6 ≥
�
(1 � jzj2)1Û2, 0

�
, g7 ≥ (jzj2, 1),

g8 ≥
�
z̄(1 � jzj2)1Û2, 0

�
, g9 ≥

�
z(1 � jzj2)1Û2, 0

�
, g10 ≥ (1 � jzj2, 0)

and m ½ 10. Let q ≥ 1 �
Pn

i≥1 pi. By 2.11, we may assume that t1 ≥ t̄1 and s1 ≥ s̄1 (s̄1,
t̄1 are as in 2.11) so that t1 and s1 almost commute with q. Since A has stable rank one,
there is an invertible element a 2 A such that ka � t1k is small. Suppose that a ≥ ujaj,
where u is a unitary in A. We may assume that

kujt1j � t1k Ú é (é as in 2. 6).

Furthermore, since kqt1 � t1qk is small, we may also assume that

kqu� uqk

is small. Let Y ≥ tŁ2u(2� jt1j) be as in 2.6. Since kqt1 � t1qk, kqu� uqk and kqt2 � t2qk
are small, we may assume that they are small enough (this requires ¢1 is small enough)
such that

kqY � Yqk Ú ë (ë as in 2. 9).

Now we can apply 2.9. So there are mutually orthogonal projections q1, q2, . . . , qN 2

ML(qAq), d1, d2, . . . , dM 2 ML+1(qAq) and points ò1, ò2, . . . , òN, ê1, ê2, . . . , êM 2 S2 such
that

qû(Z)q ý
NX

i≥1
Z(òi)qi �

MX
j≥1

Z(êj)dj

 Ú 2¢

qû(H)q ý
NX

i≥1
H(òi)qi �

MX
j≥1

Z(êj)dj

 Ú 2¢.

Notice that the number L depends on ¢ alone and K is arbitrary (K does not depend on
¢1), we may assume that L � K. Without loss of generality, one may also assume that
N ≥ n0 and ïi ≥ òi. Since L � K, there is a partial isometry

v 2
�
(1 � q)ý q ý Ð Ð Ð ý q

�
ML+1(A)

�
(1 � q) ý q ý Ð Ð Ð ý q

�

(there are L copies of q) such that

vŁqiv � pi, i ≥ 1, 2, . . . , N,

vŁv ≥
NX

i≥1
p0i , and vvŁ ≥ q ý Ð Ð Ð ý q

(there are L copies of p), where p0i ≥ vŁqiv. Set

u ≥ q ý v.
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Notice that

uŁ
�

ys +
NX

i≥1
gs(ò)qi

�
u ≥

n0X
i≥1

gs(ïi)p0l ý ys, (n0 ≥ N,ïi ≥ òi),

where ys ≥ qû(gs), s ≥ 1, 2 and uuŁ is the identity of ML+1(qAq). Now we have

ys +
MX

i≥1
gs(ïi)pi �

LX
i≥1

gs(ïi)(pi � p0i)� uŁ
� MX

j≥1
gs(êj)dj

�
u
 Ú ¢1 + 2¢,

s ≥ 1, 2. Therefore

û(gs) �
NX

i≥1
gs(ïi)(pi � p0i) ý

MX
j≥1

gs(êj)u
Łdju

 Ú 2¢1 + 2¢

s ≥ 1, 2. Notice that g1 ≥ Z and g2 ≥ H.

REMARK 2.13. The condition ûŁ(ker d) ≥ 0 is also necessary in 2.12. In fact, if û
can be approximated by homomorphisms with finite dimensional range, then

k†(2)(P) � †(2)(P)k

is small, where †: C(S2) ! A has finite dimensional range. Since †(2)(P) is equivalent

to
 

1 0
0 0

!
, û(2)(P) is also equivalent to

 
1 0
0 0

!
. Therefore

û(0)
Ł (ker d) ≥ 0.

DEFINITION 2.14. An element s in an ordered group (G, G+, u) with order unit is said
be an infinitesimal element if ú(s) ≥ 0 for all states ú on (G, G+, u). We denote by inf(G)
the set of infinitesimal elements of G. Clearly, inf(G) is a subgroup. If X is a compact
metric space, then

inf
�

K0

�
C(X)

��
≥ ker d.

Let û: C(X) ! A be a homomorphism. Suppose that K0(A) is an ordered group with unit
(this is always the case if A is unital and stably finite). Then it is easy to see that

û(0)
Ł (ker d) ² inf

�
K0(A)

�
.

COROLLARY 2.15. Let A be a simple AF-algebra with countably many extreme
traces. Then a homomorphism û: C(S2) ! A can be approximated pointwise by ho-
momorphisms from C(S2) into A with finite dimensional range if and only if

û(0)
Ł (ker d) ≥ 0.

PROOF. If û is not injective, then im û ¾≥ C(F), where F is a compact subset of the
plane. So there is a normal element x 2 im û generates im û. So û(0)

Ł (ker d) ≥ 0. It is
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enough to show that x can be approximated by normal elements (in A) with finite spec-
trum. But this follows from [Ln9, Theorem A]. Whenû is a monomorphism, 2.15 follows
from 2.12 and 2.13.

REMARK 2.16. If A is a matroid algebra, or A is a UHF-algebra, then inf
�
K0(A)

�
≥

f0g. Thus every homomorphism from C(S2) into A is approximated by homomorphisms
with finite dimensional range.

REMARK 2.17. Notice that if F is a proper compact subset of S2, then F is homeo-
morphic to a compact subset of the plane. It follows from [Ln10, 4.9] that 2.12 holds for
X ≥ F, if we replace the condition û(0)

Ł (ker d) ≥ 0 by û(1)
Ł ≥ 0.

3. The 2-torus S1 ð S1.

LEMMA 3.1. For any ¢ Ù 0 and a compact subset of the plane X, there are 0 Ú õ Ú

¢, é Ù 0 and d Ù 0 satisfying the following. Let A be a simple CŁ-algebra with real rank
zero, stable rank one, weakly unperforated K0(A) of countable rank, and x be a normal
element in A. If p 2 A is a projection,

kpx � xpk Ú é,

ïp � pxp 2 Inv0(pAp) for ï Â2 X

and põ � p � pd, where põ is the spectral projection in AŁŁ corresponding to

XõÛ2 ≥
n
ò : dist(ò, X) Ú õÛ2

o
and pd is the spectral projection in AŁŁ corresponding to

XõÛ2+d ≥ fò : dist(ò, X) Ú õÛ2 + dg,

then there is a normal element y 2 pAp with finite spectrum sp(y) ² X such that

kpxp� yk Ú ¢.

PROOF. The proof is a combination of 3.12, 4.8 and 4.9 of [Ln10]. Let Ω ≥ X[sp(x).
By functional calculus, we have a homomorphism û: C(Ω) ! C

�
sp(x)

�
! A. We will

use the similar notation used in the proof of 4.8 in [Ln10]. Using the argument of 4.8
of [Ln10], we obtain õ Ù 0 and an one-dimensional CW complex S ² XõÛ2 such that

n
ò : dist(ò, X) ≥ õÛ4

o
² S,

ñú(S) ≥ 0 for every ú 2 ∆ and XõÛ2 n S is a finite union of open subsets O1, O2, . . . , ON,
where

diam(Oi) Ú ¢Û4.

Let BOi be the hereditary CŁ-subalgebra corresponding to the open subset Oi (see the
notation in 4.8 of [Ln10]), i ≥ 1, 2, . . . , N, and let BON+1 be the hereditary CŁ-subalgebra
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corresponding to the open subset sp(x) n X̄õÛ2. As in 4.8 of [Ln10], for any given integer
L, there are projections pi 2 BOi such that

ú(pi) Ù (L + 1)ú
�

1 �
NX

n≥1
pi

�
, i ≥ 1, 2, . . . , N + 1, ú 2 ∆.

There is d Ù 0 such that

ñú(Yd) Ú (1ÛL + 1)ú(pi), i ≥ 1, 2, . . . , N,

where
Yd ≥

n
ò : dist(ò, X) Ú õÛ2 + d

o
n XõÛ2.

If põ � p � pd, p ½ põ ½ pi. So, by 4.3 of [Ln10],
pxp�

 NX
i≥1

ïipi +
�

p �
NX

i≥1
pi

�
x
�

p �
NX

n≥1
pi

�! Ú ¢Û2,

where ïi 2 Oi, i ≥ 1, 2, . . . , N. By 3.12 of [Ln10], there are normal element y0 2
MK

�
(p�

PN
i≥1 pi)A(p�

PN
i≥1 pi)

�
and normal element z0 2 Mk

�
(p�

PN
i≥1 pi)A(p�

Pn
i≥1 pi)

�
with finite spectrum sp(y0), sp(z0) ² XõÛ2+d such that


�

p �
NX

i≥1
pi

�
x
�

p �
NX

i≥1
pi

�
ý y0 � z0

 Ú ¢Û4,

provided that é is small enough (Note é does not depend on A). Notice that K depends
only XõÛ2+d and ¢. Since

(L + 1)ú
�

p �
NX

n≥1
pi

�
Ú ú(pi), i ≥ 1, 2, . . . , N, ú 2 ∆

and L is any given number, as in 4.8 and 4.9 of [Ln10], an absorption argument shows
that there is a normal element y 2 pAp with finite spectrum sp(y) ² X such that


� NX

n≥1
ïipi +

�
p �

NX
n≥1

pi

�
x
�

p �
NX

n≥1
pi

�½
� y

 Ú ¢Û2.

Therefore
kpxp� yk Ú ¢.

LEMMA 3.2. Let X be a locally compact metric space, G ² X be an open subset,

I ≥
n

f 2 C(X) : f (x) ≥ 0 if x Â2 G
o

,

and A be any (unital) CŁ-algebra. Suppose that û: C0(X) ! A is a monomorphism and
ûjI is approximated by homomorphisms from I ! A with finite dimensional range. Then,
for any ¢ Ù 0, õ Ù 0 and f1, f2, . . . , fn 2 C0(X), there exists a projection p 2 A such that

qõ � p � qõÛ4, kpû(fi) � û(fi)pk Ú ¢
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and pû(fi)p �
mX

k≥1
fi(òk)pk

 Ú ¢,

where qõ and qõÛ4 are spectral projections in AŁŁ corresponding to (the homomorphism
û and) the subset

Ωõ ≥
n
ò 2 G : dist(ò, X n G) Ù õ

o
and

ΩõÛ4 ≥
n
ò 2 G : dist(ò, X n G) Ù õÛ4

o
,

respectively, òk 2 Ωõ and fpkg are mutually orthogonal projections in pAp.

PROOF. Let F ≥ X nG. For any positive number d Ù 0, denote by Ωd the setn
ò 2 G : dist(ò, F) Ù d

o
and denote by qd be the spectral projection of û in AŁŁ corresponding to the subset Ωd.

We claim that there exists a projection e 2 A such that

q6õÛ16 � e � qõÛ4.

Let gi 2 C0(X), i ≥ 0, 1, 2, 3, 4 such that

0 � gi � 1, g0(ò) ≥ 0 if ò Â2 ΩõÛ4,

g1(ò) ≥ 0 if ò Â2 Ω5õÛ16, g2(ò) ≥ 0 if ò Â2 Ω6õÛ16,

g3(ò) ≥ 0 if ò Â2 Ω7õÛ16, g4(ò) ≥ 0 if ò Â2 ΩõÛ2,

and g0(ò) ≥ 1 if ò 2 Ω5õÛ16, g1(ò) ≥ 1 if ò 2 Ω6õÛ16, g2(ò) ≥ 1 if ò 2 Ω7õÛ16,
g3(ò) ≥ 1 if ò 2 ΩõÛ2, g4(ò) ≥ 1 if ò 2 Ω3õÛ4. Note gi 2 I, i ≥ 0, 1, 2, 3. For any ë Ù 0,
by our assumption, there are ò1, ò2, . . . , òm 2 G and mutually orthogonal projections
p1, p2, . . . , pm 2 A such that

û(gi) �
mX

j≥1
gi(òj)pj

 Ú ë, i ≥ 0, 1, 2, 3

and û(gkfi) �
mX

j≥1
gkfi(òj)pj

 Ú ë, i ≥ 1, 2, . . . , n, k ≥ 0, 1, 2.

Let p5õÛ16 ≥
P
òj2Ω5õÛ16

pj. We obtain

kû(g0)p5õÛ16 � p5õÛ16k Ú ë.

Thus
kû(g0)p5õÛ16û(g0) � p5õÛ16k Ú 2ë.

Let B0 be the hereditary CŁ-subalgebra generated by û(g0). Then by [Eff, A8], there is a
projection e0 2 B0 such that

ke0 � p5õÛ16k Ú 4ë.
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By [Eff, A8], there exists a unitary v0 2 A such that

kv0 � 1k Ú 4ë and vŁ0p5õÛ16v0 ≥ e0.

To save the notation, without loss of generality, by replacing pj by vŁ0pjv0, we may assume
that p5õÛ16 � qõÛ4.

Now we will use an argument of L. G. Brown (cf. [Bn]). We have
û(g1)p5õÛ16 � û(g1)

 �
û(g1)p5õÛ16 �

mX
k≥1

g1(òk)pkp5õÛ16


+
 mX

k≥1
g1(òk)pkp5õÛ16 �

mX
k≥1

g1(òk)pk


+
 mX

k≥1
g1(òk)pk � û(g1)

 Ú 2ë.

Working now in the unitized algebra B̃0 (with 1 denoting the identity in B̃0), we set

x ≥
�
1� û(g1)

�1Û2
(1 � p5õÛ16). Then

k(1 � p5õÛ16) � xŁxk ≥ k(1 � p5õÛ16)û(g1)(1 � p5õÛ16)k Ú 2ë.

So xŁx is invertible in (1 � p5õÛ16)B̃0(1 � p5õÛ16). Let w ≥ xjxj�1, where the inverse is
taken in (1 � p5õÛ16)B̃0(1 � p5õÛ16). Then

wŁw ≥ 1 � p5õÛ16 and wwŁ ≥ d

are projections in B̃0. Moreover, d 2 (xB̃0xŁ)̄. Since�
1 � û(g1)

�
q6õÛ16 ≥ q6õÛ16

�
1� û(g1)

�
≥ 0,

we conclude that d � 1�q6õÛ16. From a direct computation, one sees that there is b 2 B0

such that w ≥ 1+b. It follows that e ≥ 1�wwŁ ≥ 1�d is a projection in B0. Furthermore,

q6õÛ16 � e � qõÛ4.

This proves the claim.
Let p7õÛ16 ≥

P
òj2Ω7õÛ16

pj. As in the proof of the claim, we have

kep7õÛ16 � p7õÛ16k Ú ë.

As in the proof of the claim, again, we may assume (by considering vŁ1p7õÛ16v1 for a
suitable unitary v1 2 A) that p7õÛ16 � e � qõÛ4.

Now we consider inequalities
û(gi) �

mX
k≥1

gi(òk)pk

 Ú ë and
û(gifj) �

mX
k≥1

(gifj)(òk)pk

 Ú ë,

i ≥ 3, 4, j ≥ 1, 2, . . . . , n. In these inequalities, we may assume that òk 2 Ω7õÛ16 and
pk � p7õÛ16 � e. Set põÛ2 ≥

P
xij2ΩõÛ2

pj. We obtain

kq3õÛ4 � q3õÛ4põÛ2k Ú 2ë and kq7õÛ16põÛ2 � põÛ2k Ú 2ë.
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Note that the claim is true for any õ. By repeating the proof of the claim, we obtain a
projection p0 2 A such that

q3õÛ4 � p0 � q7õÛ16.

We have

kp0põÛ2 � p0k Ú 2ë.

This implies that

kpõÛ2p0põÛ2 � p0k Ú 4ë.

By [Eff, A8], there is a projection e0 2 põÛ2ApõÛ2 such that

ke0 � p0k Ú 8ë.

By [Eff, A8] again, there is a unitary v 2 eAe such that

kv � ek Ú 8ë and e ½ vŁpõÛ2v ½ p0 ½ qõ.

We also have

kpõÛ2û(g3fi) � û(g3fi)põÛ2k Ú 2ë and
põÛ2û(fi)põÛ2 �

X
òj2ΩõÛ2

(g3fi)(òj)pj

 Ú ë.

Since

kpõÛ2 � põÛ2q7õÛ16k Ú 2ë and kpõÛ2û(fi) � põÛ2q7õÛ16û(fi)k Ú 2ë.

Notice that q7õÛ4û(fi) ≥ q7õÛ16û(g3fi). Then

kpõÛ2û(fi) � põÛ2û(g3fi)k Ú 4ë.

Similarly,

kû(fi)põÛ2 � û(g3fi)põÛ2k Ú 4ë.

Therefore

kpõÛ2û(fi) � û(fi)põÛ2k Ú 10ë, i ≥ 1, 2, . . . , N

and põÛ2û(fi)põÛ2 �
X

òj2ΩõÛ2

fi(òj)pj

 Ú 10ë.

Notice that

kvŁpõÛ2v � põÛ2k Ú 16ë.

We take p ≥ vŁpõÛ2v and ë Ú ¢Û64.
We in fact have proved the following which will be used in Section 4.
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COROLLARY 3.3. Let X be a locally compact metric space, G ² X be an open subset,

I ≥
n

f 2 C(X) : f (x) ≥ 0 if x Â2 G
o

,

A be any (unital) CŁ-algebra, ¢ Ù 0,õ be positive numbers and f1, f2, . . . , fn 2 C0(X).
Suppose that û: C0(X) ! A is a monomorphism satisfying the following: there are é Ù 0,
ò1, ò2, . . . , òm 2 G and mutually orthogonal projections d1, d2, . . . , dm 2 A such that

û(gi) �
mX

k≥1
gi(òk)dk

 Ú é and
û(gifj)�

mX
k≥1

(gifj)(òk)dk

 Ú é,

where gi is the same as in the proof of 3.2, i ≥ 0, 1, . . . , 4. Then there exists a projection
p 2 A such that

qõ � p � qõÛ4 , kpû(fi) � û(fi)pk Ú ¢

and pû(fi)p �
mX

k≥1
fi(òk)pk

 Ú ¢,

where qõ and qõÛ4 are spectral projections in AŁŁ corresponding to (the homomorphism
û and) the subset

Ωõ ≥
n
ò 2 G : dist(ò, X n G) Ù õ

o
and

ΩõÛ4 ≥
n
ò 2 G : dist(ò, X n G) Ù õÛ4

o
,

respectively, òk 2 Ωõ and fpkg are mutually orthogonal projections in pAp.

We also need the following computation. Note X is a figure eight curve.

LEMMA 3.4. Let B be a unital CŁ-algebra, sp(x) ≥ X ≥ fò : jò � 1j ≥ 1 or
jò + 1j ≥ 1g, f1, f2 2 C(X) be nonnegative such that

f1(ò) ≥
(

1 + ò, if Re(ò) Ú 0;
1, if Re(ò) ½ 0

and

f2(ò) ≥
(
ò � 1, if Re(ò) Ù 0;
�1, if Re(ò) � 0.

For any õ Ù 0, there exists é Ù 0 satisfying the following: if there exists a projection p
in a unital CŁ-subalgebra A ² B such that

k(1 � p)x � x(1 � p)k Ú é,

k(1 � p)fi(x) � fi(x)(1 � p)k Ú é, i ≥ 1, 2,

(1 � p)f (x)(1 � p) 2 A

for all f 2 C(X) and there exist unitaries w1, w2 2 (1 � p)A(1 � p) with [wi] ≥ 0 in
K1

�
(1 � p)A(1 � p)

�
and

k(1 � p)fi(x)(1 � p) � wik Ú é,
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then for any ï Â2 Xõ, h
ï(1 � p)� (1 � p)x(1 � p)

i
≥ 0

in GL1

�
(1 � p)A(1 � p)

�
ÛGL1

�
(1 � p)A(1 � p)

�
0
, where

Xõ ≥
n
ò : dist(ò, X) � õ

o
.

PROOF. Define a continuous function in C([�ô,ô]) as follows

h0(t) ≥

8>>>>>><
>>>>>>:

0, if �ôÛ6 Ú t Ú ôÛ6;
ô, if t ≥ ô;
�ô, if t ≥ �ô;
linear, if �ô � t � �ôÛ6;
linear, if ôÛ6 � t � ô

Then define h1 2 C(S1) by h1(eit) ≥ eih0(t), �ô � t � ô. Let h2(ò) ≥ (ò + 1)jò + 1j�1 for
ò Â≥ �1. Then

h1 Ž f1 ≥ h1 Ž h2 on X.

It is enough to show that h
š(1 � p)� (1 � p)x(1 � p)

i
≥ 0

in GL1

�
(1�p)A(1�p)

�
ÛGL1

�
(1�p)A(1�p)

�
0
. Let y ≥ (1�p)x(1�p). To show that

[(1�p)�(1�p)x(1�p)] ≥ 0, it is enough to show that [h2(y)] ≥ 0 in K1

�
(1�p)A(1�p)

�
.

Let P be a polynomial of z and zŁ such that

kP � h1k Ú é.

Again, we will use the notation P(z, zŁ) for the corresponding linear combination of
zi(zJ)Ł. As in the proof of [Ln10, 2.11], for any ¢ Ù 0, if é is small enough, we obtain
and zŁ such thatP�h2(y), h2(y)Ł

�
� h1

�
h2(y)

� Ú ¢,
P(w1, wŁ

1) � h1(w1)
 Ú ¢,P�h2(y), h2(y)Ł

�
� (1 � p)h1

�
h2(x)

�
(1 � p)

 Ú ¢

and P
�

(1 � p)f1(x)(1 � p),
�
(1 � p)f1(1 � p)

�Ł�
� (1 � p)h1

�
f1(x)

�
(1 � p)

 Ú ¢.

Now we haveh1(h2(y) � h1(w1)
 � h1

�
h2(y)

�
� P

�
h2(y), h2(y)Ł

�
+
P�h2(y), h2(y)Ł

�
� (1 � p)h1

�
h2(x)

�
(1 � p)


+
(1 � p)h1

�
h2(x)

�
(1 � p)� (1 � p)h1

�
f1(x)

�
(1 � p)


+
(1 � p)h1

�
f1(x)

�
(1 � p)

� P
�
(1 � p)f1(x)(1 � p), (1 � p)f1(x)Ł(1 � p)

�
+
P�(1 � p)f1(x)(1 � p), (1 � p)f1(x)Ł(1 � p)

�
� P(w1, wŁ

1)


+
P(w1, wŁ

1) � h1(w1)
 Ú 5¢.
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So if ¢ Ú 1Û6,
h
h1

�
h2(y)

�i
≥ [h1(w1)] in K1

�
(1 � p)A(1 � p)

�
. But it is easy to see that

h
h1

�
h2(y)

�i
≥
h
h2(y)

i
and

h
h1(w1)

i
≥ [w1] ≥ 0.

Therefore [h2(y)] ≥ 0 in K1

�
(1 � p)A(1 � p)

�
. Thus [(1 � p) � (1 � p)x(1 � p)] ≥

0 in GL1

�
(1 � p)A(1 � p)

�
ÛGL1

�
(1 � p)A(1 � p)

�
0
. Similarly, we can show that

[�(1 � p) � (1 � p)x(1 � p)] ≥ 0.

THEOREM 3.5. Let A be a simple CŁ-algebra with real rank zero, stable rank one,
weakly unperforated K0(A) of countable rank, and let F be a compact subset of S1 ð S1.
Suppose that û: C(F) ! A is a monomorphism, û(1)

Ł ≥ 0 and û(0)
Ł jker d ≥ 0. Then û can

be approximated pointwise by maps from C(F) into A with finite dimensional range.

PROOF. We will identity S1 ð S1 with
n

(eit, eiú) : 0 � t � 2ô, 0 � ú � 2ô
o

.

Set u1, u2 2 C(F) such that u1

�
(eit, eiú)

�
≥ eit for 0 � t � 2ô and u2

�
(eit, eiú)

�
≥ eiú for

0 � ú � 2ô, if (eit, eiú) 2 F. Then C(F) is generated by u1 and u2. It is enough to show
that for any ¢ Ù 0 there is a homomorphism †: C(F) ! A with finite dimensional range
such that û(ui) � †(ui)

 Ú ¢, i ≥ 1, 2.

Let X ≥ (f1g ð S1 [ S1 ð f1g) \ F and

I ≥ ff 2 C(F) : f (ò) ≥ 0 for ò 2 Xg.

Note that Ĩ ¾≥ C(G), where G is a compact subset of S2. Since û(0)
Ł (ker d) ≥ 0 and

û(1)
Ł ≥ 0,

K0

�
û(I)

�
\ ker í ≥ 0 and K1

�
û̃(I)

�
≥ 0.

It follows from 2.12 and Remark 2.20 that the map ûjI can be approximated by homo-
morphisms from I into A with finite dimensional range. By 3.2, for any é Ù 0 and õ Ù 0,
there exists a projection p 2 A such that

qõ � p � q3õÛ4, kpû(uj) � û(uj)pk Ú éÛ8

and pû(uj)p �
mX

k≥1
uj(òk)pk

 Ú éÛ8,

where qõ is the spectral projection in AŁŁ corresponding to the subset

Ωõ ≥
n
ò 2 F n X : dist(ò, X) ½ õ

o
,

òk 2
n
ò 2 F n X : dist(ò, X) Ù õ

o
,

and fpkg are mutually orthogonal projections in pAp.
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There is a continuous map r: F ! F such that rjFnΩõ
is a retraction on X. Set vi ≥

ui Ž r, i ≥ 1, 2. By choosing a small õ and an appropriate r, we may assume that

kû(ui) � û(vi)k Ú éÛ16.

We have that
kû(vi)(1 � p) � (1 � p)û(vi)k Ú 3éÛ16.

Let f be a homeomorphism from X onto a compact subset Y of a figure eight curve on
the plane and f̄ 2 C(F) such that

f̄ jFnΩõ
≥ f Ž r.

There are f1, f2 2 C(Y) such that

fi
�
û(f̄ )(1 � qõ)

�
≥ û(vi)(1 � qõ), i ≥ 1, 2.

Therefore ai ≥ (1 � p)fi
�
û(f̄ )(1 � qõ)

�
(1 � p) ≥ (1 � p)û(vi)(1 � p) 2 A,

k(1 � p)û(f̄ ) � û(f̄ )(1 � p)k Ú 3éÛ16

and
kai � (1 � p)û(ui)(1 � p)k Ú éÛ16.

For each i, there is a polynomial Pi of two variables such that

kPi(z, z̄) � fi(z)kY Ú éÛ32.

Set y ≥ (1 � p)û(f̄ )(1 � p). Let ¢ be a positive number. If we define Pi(y, yŁ) to be the
corresponding linear combination of terms ys(yŁ)t (yŁ appears after y, see [Ln10, 2.10]),
one computes (see [Ln10, 2.11]) that, if é is small enough,Pi(y, yŁ) � (1 � p)Pi

�
û(f̄ ),û(f̄ )Ł

�
(1 � p)

 Ú ¢Û32

and (1 � p)Pi

�
û(f̄ ),û(f̄ )Ł

�
(1 � p)� ai

 Ú ¢Û32.

Therefore
kPi(y, yŁ) � aik Ú ¢Û16.

Moreover, we have ai +
X

òi2ΩõÛ2

ui(òi)pi � û(ui)
 Ú éÛ4.

Therefore, since û(1)
Ł ≥ 0, there are unitaries wi 2 (1 � p)A(1 � p) with [wi] ≥ 0 in

K1

�
(1 � p)A(1 � p)

�
, i ≥ 1, 2 such that wi are close to ai. By 3.4, we conclude that, for

any õ0 Ù 0, if é is small enough,

ï(1 � p) � (1 � p)û(f̄ )(1 � p) 2 Inv0

�
(1 � p)A(1 � p)

�
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for all ï Â2 Yõ0 , where
Yõ0 ≥

n
ï : dist(ï, Y) Ú õ0

o
.

Notice also
1 � qõÛ4 � 1 � p � 1 � qõ

It follows from 3.1 that, for any ¢0 Ù 0, if õ0 and é are small enough, there are
ï1,ï2, . . . ,ïn 2 X, mutually orthogonal projections d1, d2, . . . , dn 2 (1 � p)A(1 � p)
such that y � nX

j≥1
f (ïj)dj

 Ú ¢0.

If ¢0 is small enough,

Pi(y, yŁ) �
nX

j≥1
fi
�
f (ïj)

�
dj

 Ú ¢Û16.

Therefore ai �
nX

j≥1
fi
�
f (ïj)

�
dj

 Ú ¢Û16 + ¢Û16, i ≥ 1, 2.

Thus (1 � p)û(ui)(1 � p)�
nX

j≥1
ui(ïj)dj

 Ú éÛ16 + 2¢Û16, i ≥ 1, 2.

This implies that, if é is small enough,

û(ui) �
X

òj2ΩõÛ2

ui(òj)pj �
nX

j≥1
ui(ïj)dj

 Ú éÛ16 + éÛ16 + ¢Û8 Ú ¢.

COROLLARY 3.6. Let A be a simple AF-algebra with countably many extreme traces.
Then a homomorphism û: C(S1 ð S1) ! A can be approximated pointwise by homomor-
phisms from C(S1 ð S1) into A if and only if

û(0)
Ł (ker d) ≥ 0.

4. Hom
�
C(S2), A

�
and Hom

�
C(S1 ð S1), A

�
.

LEMMA 4.1 (CF. [G, LEMMA 2]). For any ¢ Ù 0, ¢Û2 Ù ë Ù 0, any unital CŁ-
algebra A and any nonzero element a 2 A, there exists an invertible element b 2 M2(A)
such that

ka ý ë � bk Ú ¢.

PROOF. Set

b ≥
 

a ¢Û2
¢Û2 0

!
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Then b is invertible and
kaý 0 � bk Ú ¢Û2.

Therefore
ka ý ë � bk Ú ¢.

THEOREM 4.2. Let A be a unital CŁ-algebra and û: C(S2) ! A
K be a monomor-
phism. If

û(0)
Ł (ker d) ≥ 0,

then, for any ¢ Ù 0 and f1, f2, . . . , fm 2 C(S2), there exist homomorphisms †1, †2:
C(S2) ! A 
K with finite dimensional range such that

kû(fi) ý †1(fi) � †2(fi)k Ú ¢,

i ≥ 1, 2, . . . , m. In other words, û 2 E.

PROOF. The proof is essentially contained in Section 2. In fact, the proof is easier,
since we are allowed to add any homomorphism from C(S2) ! A 
 K with finite di-
mensional range to û and we do not need to absorb that summand †1. We will sketch the
proof as follows.

There are two places in Section 2 where we used the condition of stable rank one. One
place is in 2.2. If A does not have stable rank one, one may not have a partial isometry
V 2 M2(A) such that

VVŁ ≥

 
1 0
0 0

!
and VŁV ≥ P.

However, since these two projections have the same image in K0(A)
�
û(0)
Ł (ker d) ≥ 0

�
,

there exist an integer k, a projection e 2 Mk(A) and a partial isometry V 2 Mk+1(A) such
that

VVŁ ≥

 
1 0
0 0

!
ý e and VŁV ≥ P ý e.

By adding (1k � e), we may assume that e ≥ 1k, where 1k is the identity of Mk(A).
Pick a point ò in the boundary on D1. We then consider the map

û1(f ) ≥ û(f ) ý f (ò) Ð 1k, f 2 C(S2).

Hence, û(2)
1

�
P(z)

�
≥ Pý1k. Therefore there is a partial isometry U 2 M2

�
Mk+1(A)

�
such

that

UUŁ ≥

 
1k+1 0

0 0

!
and UŁU ≥ û(2)

1

�
P(z)

�
.

The second place is Lemma 2.6. One may not be able to find a unitary u 2 A such that
kujt1j � t1k is small if we do not assume that A has stable rank one. However, we can
apply 4.2. For ¢ Ù 0,

kt1 ý ë � bk Ú ¢,
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for some invertible element b 2 M2(A). Let u ≥ bjbj�1. If ë is small enough, ku(jt1j ý
jêj)� t1 ý êk is small, where ê 2 D1 and jêj Ú ë. Denote by g ≥ (jzj, 1). Then g(ê) ≥ jêj.
We then consider the map

û2(f ) ≥ û1(f ) ý f (ê), f 2 C(S2).

Since we are freely allowed to add a homomorphism (from C(S2) into A
K ) with finite
dimensional range to û, at these two places, the condition of having stable rank one can
be removed.

The condition of real rank zero can be removed as the same way as in Section 1.

THEOREM 4.3. Let A be a unital CŁ-algebra and F be a compact subset of S1 ð S1.
Suppose that û: C(F) ! A 
K is a homomorphism. If

û(0)
Ł (ker d) ≥ 0 and û(1)

Ł ≥ 0,

then û 2 E.

PROOF. The proof is a modification of that of 3.5. In fact, it is easier, since we are
allowed to add a homomorphism with finite dimensional range. We will keep the notation
in the proof of 3.5.

It is enough to show that for any ¢ Ù 0 there exist homomorphisms†1: C(F) ! MI(A)
and †2: C(F) ! MI+1(A) with finite dimensional range such that

kû(ui) ý †1(ui) � †2(ui)k Ú ¢, i ≥ 1, 2.

It follows from 4.2 that for any é Ù 0 and õ Ù 0, there are a homomorphism
†: C(F n X) ! Mk(A) (for some integer) with finite dimensional range and

ò1, ò2, . . . , òm 2 F n X

and mutually orthogonal projections p1, p2, . . . , pm 2 A such that
Φ(g) �

mX
j≥1

g(òj)pj

 Ú ë,
Φ(gi)�

mX
j≥1

g1(òj)pj

 Ú ë

and Φ(gui) �
mX

j≥1
gui(òj)pj

 Ú ë, i ≥ 1, 2,

where Φ(f ) ≥ û(f ) ý †(f ) for f 2 C(G). We also define Φ(f ) ≥ û(f ) ý †(f jF) for
f 2 C(F). From now on, we replace û by Φ in the proof of 3.5.

As in the proof of 3.5, by applying 3.4, we conclude that, for any ¢0 Ù 0, if é is small
enough, h�

ï(1 � p) � (1 � p)Φ(f̄ )(1 � p)
�
ý (1 � p)

i
≥ 0

in K1

�
(1 � p)A(1 � p)

�
for all ï Â2 Yõ0 , where

Yõ ≥
n
ï : dist(ï, X) Ú õ0

o
.

https://doi.org/10.4153/CJM-1997-050-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-050-9


HOMOMORPHISMS FROM C(X) 997

Notice also
sp
h
Φ(f̄ )(1 � qõ)

i
≥ Y.

It follows from 1.3 that, for any ¢0 Ù 0, if é is small enough, there are ï1,ï2, . . . ,ïn,
ï01,ï02, . . . ,ï0l 2 X, mutually orthogonal projections d1, d2, . . . , dn 2 ML

�
Mk+1(A)

�
and

d01, d02, . . . , d0l 2
�
(1 � p)ý 1L

�
ML+1

�
Mk+1(A)

��
(1 � p)ý 1L

�

such that y ý nX
j≥1

f (ïj)dj �
lX

j0≥1
f (ï0j0)d

0
j0

 Ú ¢0.

If ¢0 is small enough,

Pi(y, yŁ) ý
nX

j≥1
fi
�
f (ïj)

�
dj �

lX
j0≥1

fi
�
f (ï0j0)

�
d0j0
 Ú ¢Û16.

Therefore ai ý
nX

j≥1
fi
�
f (ïj)

�
dj �

lX
j0≥1

fi
�
f (ï0j0 )

�
d0j0
 Ú ¢Û8, i ≥ 1, 2.

Thus there are ê1, ê2, . . . , ên, ê01, ê02, . . . , ê0l 2 X such that

(1 � p)Φ(ui)(1 � p)ý
nX

j≥1
ui(êj)dj �

lX
j0≥1

ui(ê
0
j0)d

0
j0

 Ú 3¢Û16 + éÛ4 + éÛ16, i ≥ 1, 2.

This implies that, if é is small enough,

Φ(ui)ý
nX

j≥1
ui(êj)dj �

X
òj2ΩõÛ2

ui(òj)pj �
lX

j0≥1
ui(ê

0
j0 )d

0
j0

 Ú ¢.

THEOREM 4.4. Both

Hom
�
C(S2), A

�
and Hom

�
C(S1 ð S1), A

�

are groups.

PROOF. Let ûŁ be the map defined in [EGLP, 3.1], then, by [EGLP, 3.4],

(û ý ûŁ)(0)
Ł (ker d) ≥ 0

and (in the case of S1 ð S1)
(û ý ûŁ)(1)

Ł ≥ 0.

THEOREM 4.5. Let X ≥ S2, or X ≥ S1 ð S1. Then two homomorphisms û1, û2:
C(X) ! A 
K are sau-equivalent if and only if

(û1)(0)
Ł jker d ≥ (û2)(0)

Ł jker d and (û1)(1)
Ł ≥ (û2)(1)

Ł .
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PROOF. The proof is the same as that of 1.14, instead of applying 1.13, here we
apply 4.3.

DEFINITION 4.6. Let A be a unital CŁ-algebra and X be a compact metric space.
Given a homomorphism û: C(X) ! A, define

Γ(û) ≥
�
û(0)
Ł jker d,û(1)

Ł

�
.

The map Γ gives a homomorphism from Hom
�
C(X), A

�
into

 
hom

�
ker d, inf

�
K0(A)

��
, hom

�
K1

�
C(X)

�
, K1(A)

�!
.

If X is a compact subset of the plane, X is homeomorphic to S2, or X is homeomorphic
to S1 ð S1, from what we have established, Γ is injective.

THEOREM 4.7. Let A be a unital AF-algebra which has no finite dimensional quo-
tient. Then

Hom
�
C(S1 ð S1), A

�
¾≥ hom

�
ker d, inf

�
K0(A)

��
.

PROOF. It is enough to show that the map

Γ: Hom
�
C(S1 ð S1), A

�
! hom

�
ker d, inf

�
K0(A)

��

is surjective. Let b be the Bott element in K0

�
C(S1 ð S1)

�
and x 2 inf

�
K0(A)

�
. Then, by

[EL, 7.3], there is a monomorphism û: C(S1 ð S1) ! A such that

û(0)
Ł (b) ≥ x.

PROPOSITION 4.8. Let A be a unital CŁ-algebra with real rank zero and stable rank
one. Suppose that H is a hereditary subgroup of K0(A). Then the closure of

²
a 2 A : aŁa �

kX
i≥1

ïipi,ïi ½ 0, [pi] 2 H
¦

is a (closed) ideal of A.

PROOF. Let I+ be the closure of

²
a 2 A+ : a �

kX
i≥1

ïipi,ïi ½ 0, [pi] 2 H
¦

.

Then I+ is a closed cone of A+. It follows from [Pd, 1.52] that I is a (closed) left ideal. To
show I is an ideal, it suffices to show that if a 2 I then aŁ 2 I. Now suppose that a 2 I
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and a ≥ u(aŁa)1Û2 is the polar decomposition of a in AŁŁ. Let D1 be the hereditary CŁ-
subalgebra generated by jaj. Then, for any d 2 D1, ud 2 A (see [Ln4, 1.4] for example.
This is certainly known before [Ln4]). Furthermore,

Φ(d) ≥ uduŁ, d 2 D

gives an isomorphism from D onto the hereditary CŁ-subalgebra D2 generated by jaŁj (see
[Cu1, 1.7]). For any projection p 2 D, upuŁ 2 A and [upuŁ] ≥ [p] in K0(A). Therefore,
upuŁ 2 I+. Since D2 has real rank zero (see [BP, 2.6]), D2 is generated by its projections.
From the above, we conclude that D2 ² I. In particular, aaŁ 2 I+. Therefore, aŁ 2 I.

THEOREM 4.9. Let A be a unital CŁ-algebra with no finite dimensional quotient, with
real rank zero, stable rank one and unperforated K0(A). Then

Hom
�
C(S1 ð S1), A

�
¾≥

 
hom

�
ker d, inf

�
K0(A)

��
, hom

�
K1

�
C(S1 ð S1)

�
, K1(A)

�!
.

PROOF. It follows from [Ln4, 2.9] that there is a unital AF-algebra B and a unital
monomorphism Φ: B ! A such that Φ(0)

Ł is an isomorphism. Furthermore, (by identify-
ing Φ(B) with B) for any projection p 2 A there is a projection q 2 B and partial isometry
v 2 A such that vŁv ≥ p and vvŁ ≥ q. We claim that B has no finite dimensional quotient.

Assume that I0 is an ideal of B such that BÛI0 is of finite dimensional. Let H be the
hereditary subgroup of K0(B) ≥ K0(A) corresponding to the ideal I0. Set I be the ideal
generated by H as in 4.7. The definition of B, it is clear that B \ I ≥ I0. So BÛI ¾≥
BÛB \ I ≥ BÛI0 is finite dimensional. Write BÛI ≥ Mk1 ý Mk2 ý Ð Ð Ð ý Mkn . If p̄ 2 AÛI
be a projection, since A has real rank zero, by [Zh2, 3.2], there is a projection p 2 A such
that p̄ is the image of p in the quotient. Therefore, there is a projection q 2 B and a partial
isometry v 2 A such that vvŁ ≥ p and vŁv ≥ q. Denote by q̄, v̄ the image of q and image
of v in the quotient, respectively. Then v̄Łv̄ ≥ q̄ and v̄v̄Ł ≥ p̄. Thus, every projection
in A is in the ideal generated by e1, e2, . . . , en, where each ei is a (nonzero) minimal
projection in Mki . Since A has stable rank one, the above also implies that a (nonzero)
minimal projection in B must be a (nonzero) minimal projection in A. In particular, ei is a
minimal projection in A. Since A has real rank zero, we must have eiAei

¾≥ C. Therefore
(
Pn

i≥1 ei)A(
Pn

i≥1 ei) has to be finite dimensional. Also, the ideal generated by e1, e2, . . . , en

is A. Thus by [Bn1], (
Pn

i≥1 ei)A(
Pn

i≥1 ei)
K ¾≥ A 
K . But (
Pn

i≥1 ei)A(
Pn

i≥1 ei)
K is
isomorphic to a finite direct sum of K . Thus A which is isomorphic to a unital hereditary
CŁ-subalgebra of it must be finite dimensional. This contradicts our assumption that A
has no finite dimensional quotient. This proves the claim.

Now let b be the Bott element, u1, u2 2 C(S1 ð S1) such that u1(eií, eiê) ≥ eií and
u2(eií, eiê) ≥ eiê, and x 2 inf

�
K0(A)

�
, y, z 2 K1(A). As in 4.7, there is a monomorphism

û0: C(S1 ð S1) ! B such that (û0)(0)
Ł (b) ≥ x. Set û1 ≥ Φ Ž û0. Then

(û1)(0)
Ł (b) ≥ x and (û1)(1)

Ł ≥ 0,
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since K1(B) ≥ 0. Let v1 2 Mm1 (A) be a unitary such that [v1] ≥ y (in K1(A)) and
v2 2 Mm2 (A) be a unitary such that [v2] ≥ z. Fix ò 2 S1. Define maps

j1, j2: S1 ! S1 ð S1

by j1(eií) ≥ (eií, ò) and j2(eiê) ≥ (ò, eiê). Let hi: C(S1ðS1) ! C(S1) be the surjective ho-
momorphism induced by ji, i ≥ 1, 2, and let †i: C(S1) ! Mmi (A) be the homomorphism
induced by the unitary vi, i ≥ 1, 2. Now we define

û2: C(S1 ð S1) ! M1+m1+m2 (A)

by
û2(f ) ≥ û1(f ) ý †1

�
h1(f )

�
ý †2

�
h2(f )

�
for f 2 C(S1 ð S1). It is easy to check that

(û2)(0)
Ł (b) ≥ x, (û2)(1)

Ł

�
[u1]

�
≥ y and (û2)(1)

Ł

�
[u2]

�
≥ z.

COROLLARY 4.10. Let A be a unital AF-algebra with no finite dimensional quotient.
Then

Hom
�
C(S2), A

�
¾≥ hom(ker d, inf

�
K0(A)

�
.

PROOF. Let

I ≥
n

f 2 C(S1 ð S1) : f
�
S1 ð f1g

�
≥ f

�
f1g ð S1

�
≥ 0

o
.

Then Ĩ ¾≥ C(S2). From the six term exact sequence in K-theory, we obtain

0 ! K0(I) ! K0

�
C(S1 ð S1)

�
! K0

�
C(S1 ð S1)ÛI

�
! 0.

So the map from ker d of C(S2) onto ker d of C(S1ðS1) is an isomorphism. Therefore 4.9
follows immediately from 4.8.

COROLLARY 4.11. Let A be a unital CŁ-algebra with no finite dimensional quotient,
with real rank zero, stable rank one and unperforated K0(A). Then

Hom
�
C(S2), A

�
¾≥ hom

�
ker d, inf

�
K0(A)

��
.

COROLLARY 4.12. Let A be a unital CŁ-algebra which has no infinitesimal elements
in K0(A). Then

Hom
�
C(S2), A

�
≥ f0g

and
Hom

�
C(S1 ð S1), A

�
≥ hom

�
K1(S1 ð S1), K1(A)

�
.

PROOF. The first part follows from 4.2. Note that in 4.9, the assumption that A has
no finite dimensional quotient is used only to get an element in Hom

�
C(S1 ð S1), A

�
to

induce a given map from ker d to inf
�
K0(A)

�
. Since now inf

�
K0(A)

�
≥ 0, this assumption

is no longer needed.
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THEOREM 4.13. Let A be a purely infinite simple CŁ-algebra and X is a compact
subset of S2 or S1 ð S1. Suppose that û: C(X) ! A. If

û(0)
Ł (ker d) ≥ 0 and û(1)

Ł ≥ 0,

then, for any ¢ Ù 0 and f1, f2, . . . , fs 2 C(X), there exists a homomorphism †: C(X) ! A
with finite dimensional range such that

kû(fi) � †(fi)k Ú ¢,

i ≥ 1, 2, . . . , s.

PROOF. Since X is compact, without loss of generality, we may assume that A is
unital. By 4.2 or 4.3, for any ¢ Ù 0, there exist an integer k, homomorphisms Φ1: C(X) !
Mk(A) and Φ2: C(X) ! Mk+1(A) with finite dimensional range such that

kû(fi)ý Φ1(fi)� Φ2(fi)k Ú ¢Û3,

i ≥ 1, 2, . . . , s. We may also assume that Φ1 and Φ2 are unital and

Φ1(f ) ≥
LX

l≥1
f (ïl)dl and Φ2(f ) ≥

MX
m≥1

f (ãm)em,

for f 2 C(X), where fdlg and femg are mutually orthogonal projections, and ïl,ãm 2 X.
If follows from [EGLP, 4.1] (see [Ln10, 4.3] also) that there are mutually orthogonal
projections p1, p2, . . . , pn 2 A and points ò1, ò2, . . . , òn 2 X such that

û(fi) �
� nX

j≥1
fi(òj)pj + (1 � p)û(fi)(1 � p)

½ Ú ¢Û3,

i ≥ 1, 2, . . . , s, and for any ê 2 X there is j such that

dist(ê, òj) Ú ¢Û3,

where p ≥
Pn

j≥1 pj. Without loss of generality (with an error within ¢Û3), we may assume
that L ≥ n and ïl ≥ òl. Since A is purely infinite and simple, there is a partial isometry
v
�
2 Mk+1(A)

�
such that

vŁ(pj ý dj)v � pj, j ≥ 1, 2, . . . , n and vvŁ ≥
nX

j≥1
pj ý

nX
j≥1

dj.

Set qj ≥ pj � vŁ(pj ý dj)v and u ≥ v ý (1 � p). Then

 nX
j≥1

fi(òj)pj ý (1 � p)û(fi)(1 � p)� uŁΨ2(fi)u
 Ú 2¢Û3,

where

Ψ2(f ) ≥ Φ(f ) ý
nX

j≥1
f (òj)qj for f 2 C(X).
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This implies that
kû(fi) � uŁΦ2(fi)uk Ú ¢.

Notice that uŁΦ2u has finite dimensional range.

REMARK 4.14. It is shown in [EGLP, 4.2] that if A is a purely infinite simple CŁ-
algebra and X is homeomorphic to S2 or to S1 ð S1, û: C(X) ! A is a homotopically
trivial monomorphism, then û can be approximated pointwise by homomorphisms from
C(X) into A with finite dimensional range. Theorem 4.13 is certainly a stronger result.

COROLLARY 4.15. Let X be homeomorphic to S2 or S1 ð S1. Then every monomor-
phism û: C(X) ! O2 can be approximated pointwise by homomorphisms from C(X) into
O2 with finite dimensional range.

PROOF. K0(O2) ≥ K1(O2) ≥ f0g.

REMARK 4.16. To study (essential) extensions of C(X) by A, one studies the mono-
morphisms ú: C(X) ! M(A)ÛA. In many cases, M(A)ÛA is purely infinite and simple (see
[Ln1, Ln3]). Results like 4.14 are certainly related to CŁ-algebra extensions. We will not
give a detailed discussion here.

5. Applications to classification theory.
5.1. Let A be the CŁ-algebraic inductive limit of a sequence:

A1
û1
�! A2

û2
�! Ð Ð Ð An

ûn
�! An+1

ûn+1
�! Ð Ð Ð .

We will write A ≥ limn!1(An,ûn). We will also use the notations ûn,m for the composi-
tion ûm Ž ûm�1 Ž Ð Ð Ð Ž ûn and û1 for the map ûn,1: An ! A for each n.

Let A ≥ limn!1(An,ûn,) be a CŁ-algebra of real rank zero, where

An ≥
M

C(S1) 
 M[n,i],

with each [n, i] a positive integer. It is shown in [Ell2] that such CŁ-algebras can be
completely classified by their graded ordered KŁ-groups. Conversely, for any (graded)
(weakly) unperforated (see [Ell3] for the generalized definition) ordered torsion free
group G with the Riesz decomposition property, there is a CŁ-algebra A of the above-
mentioned inductive limit form, with real rank zero such that KŁ(A) ≥ G. It has been
shown [EE] that the irrational rotation CŁ-algebras are in this class of inductive limits.
In this section we will show that in fact many other inductive limits belong to this class.

We will consider those inductive limits such that

An ≥
M

C(Xn,i) 
 M[n,i]

for some lower dimensional spaces Xn,i. The problem when such inductive limits have
real rank zero has been studied (cf. [BBEK] and [BDR]). For example, it is shown that
in the case that A is a simple unital CŁ-algebra with slow dimension growth, then A has
real rank zero if and only if the projections separate the tracial states.

In what follows, we will identify C(X)
Mn with C(X, Mn), the continuous maps from
X into Mn.
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LEMMA 5.2. Let A be a separable unital simple CŁ-algebra with real rank zero, sta-
ble rank zero and weakly unperforated K0(A) of countable rank, and let X be a compact
subset of the plane. Suppose that x 2 A is a normal element with sp(x) ² X and

ï � x 2 Inv0(A) for ï Â2 X.

Then, for any ¢ Ù 0 and integer k, there are mutually orthogonal projections p1, p2, . . . ,
ps 2 A and ï1,ï2, . . . ,ïs 2 X such that

x �
�

x0 +
sX

i≥1
ïipi

� Ú ¢Û8,

where x0 ≥ qxq and q ≥ 1 �
Ps

i≥1 pi,

kqx� xqk Ú ¢,

kx0 ý y � zk Ú ¢Û8,

where y 2 ML(qAq) and z 2 ML+1(qAq) are normal elements with finite spectra
sp(y) sp(z) 2 X, and

k(2L + 2)[q] Ú [pi], i ≥ 1, 2, . . . , s.

PROOF. This is an easy consequence of [Ln10, Sections 3 and 4]. This is certainly
contained in the proof of 3.1. But the easiest way to obtain this is to directly apply 3.12
in [Ln10] and 2.10.

LEMMA 5.3. Let A be a non-scattered, simple unital CŁ-algebra with real rank zero,
and X be a compact subset of the plane. For any ¢ Ù 0, there exists an integer k, such
that, for any nonzero projection p 2 A and any normal element x 2 A with sp(x) ² X
there are normal elements yi 2 pAp with

sp(yi) ² X¢ ≥
n
ò : dist(ò, X) Ú ¢

o

satisfying the following: sp(yi) is homeomorphic to the unit circle and

ï � x ý
kM

i≥1
yi 2 Inv0

�
Mk+1(A)

�

for any ï Â2 X¢.

PROOF. Since X is compact, there exists a finite CW complex Z in the plane such
that X ² Z and for any ê 2 Z there is ï 2 X such that

dist(ê,ï) Ú ¢Û2.

It follows from the proof of 1.12 that there is a normal element z 2 A such that ç(z) ≥ 0
and sp(z) ≥ Z. Notice that since A is simple, the embedding e: pAp ! A induces an
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isomorphism from K1(pAp) ! K1(A). It is easy to check (see the proof of 1.12) that
there are normal elements yi 2 pAp such that sp(yi) ² Z, sp(yi) is homeomorphic to the
unit circle and

ç
�

x ý zý
mM

i≥1
yi

�
≥ 0.

Therefore, since A has real rank zero, by [Ln10, 2.4],

ç
�

x ý
mM

i≥1
yi

�
≥ 0.

THEOREM 5.4. Let A ≥ lim!(An,ûn) be a simple CŁ-algebra of real rank zero,
where each An has the form

An ≥
X kM

i≥1
C(Xi

n) 
 Mmi ,

where Xi
n is a compact subset of the plane. Suppose that K0(A) has countable rank.

Then A is an inductive limit of finite direct sum of matrix algebras over C(S1). Con-
sequently, those algebras are classified (up to isomorphisms) by their graded ordered
group

�
K0(A), K1(A)

�
. In particular A is an AF-algebra if and only if K1(A) ≥ 0.

PROOF. It follows from [DNNP] that A has stable rank one. By the proof of [GL, 3.3],
K0(A) is weakly unperforated. For any è Ù 0 and x1, x2, . . . , xm 2 A, there are an integer
N and y1, y2, . . . , ym 2 û1(AN) such that

kxi � yik Ú èÛ2.

It follows from [Ell1] (see also [LR]) that it is sufficient to show that there are a CŁ-
subalgebra B ² A which is isomorphic to a finite direct sum of matrix algebras over
C(S1) and z1, z2, . . . , zm 2 B such that

kyi � zik Ú èÛ2.

To save notation, (without loss of generality), we may assume that

AN ≥ C(X) 
 Md

�
¾≥ C(X, Md)

�
,

where X is a compact subset of the plane. Since û1(An) is isomorphic to a CŁ-algebras
with the form C(Y, Md), where Y is a compact subset of X, we may simply assume that
AN ≥ û1(AN).

Let feijg be a set of matrix units for Md. Set ¢ij ≥ 1 
 eij. We view ¢ij 2 A. Notice
that ¢11ANe11

¾≥ C(X). Let x be a normal element in ¢11AN¢11 with sp(x) ≥ X such that x
is a generator for ¢11An¢11

¾≥ C(X). It is easy to see that it is sufficient to show that for
any ë Ù 0, there is a normal element z 2 ¢11A¢11 which is a direct sum of finitely many
normal elements zi with each sp(zi) being homeomorphic to the unit circle such that

kx � zk Ú ë.
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By applying 5.2 and 5.3 (and using the notation in 5.2), we have

kx0 ý y0 ý y � z0k Ú ¢Û8

where y 2 Mm(qAq) (m depends only on sp(x) and ë) and y is a direct sum of m normal
elements yi with sp(yi) being homeomorphic to the unit circle, and y0 2 MLm(qAq), z0 2
M(L+1)m(qAq) (L depends only on sp(x) and ë) are normal elements with finite spectra
sp(y0) sp(z0) 2 X¢Û8, where

X¢Û8 ≥
n
ò : dist(ò, X) Ú ¢Û8

o
.

There is a normal element ỹ 2 Mm(qAq) which is a direct sum of m normal elements ỹi

with each sp(ỹi) ≥ sp(yi) such that

ç(y ý ỹ) ≥ 0.

It follows from [Ln10, 4.11] that there is a normal element y00 2 M2m(A) with finite
spectrum sp(y00) ² sp(y) such that

ky ý ỹ � y00k Ú ¢Û8.

We have
kx0 ý y0 ý y00 � z0 ý ỹk Ú ¢Û4.

Now we may assume that the integer k (as in 5.2) is larger enough such that

(Lm + 2m)[q] Ú [pj], j ≥ 1, 2, . . . , s.

We then apply the absorption method used in 2.12 to obtain a unitary U 2 M(L+1)m+2m(A)
such that x � UŁ

� sX
j≥1

ïjp0j ý z0 ýŁ y
�

U
 Ú ¢,

where p0j � pj are some projections. Take z ≥ UŁ(
Ps

j≥1 ïjp0j ý zýŁ y)U.
Using the results established in Sections 2 and 3, we can prove the following lemma

in the same way as in 5.2.

LEMMA 5.5. Let A be a separable unital simple CŁ-algebra with real rank zero,
stable rank zero and weakly unperforated K0(A) of countable rank. Let û: C(F) ! A be
a monomorphism, where F is a compact subset of S2 or S1 ð S1. Suppose that

û(0)
Ł (ker d) ≥ 0 and û(1)

Ł ≥ 0

Then, for any ¢ Ù 0, any finitely many f1, f2, . . , fm 2 C(F) and any integer k, there are
mutually orthogonal projections p1, p2, . . . , ps 2 A and ï1,ï2, . . . ,ïs 2 F such that

û(fj) �
�

yj +
sX

i≥1
fj(ïi)pi

� Ú ¢Û8,
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where yj ≥ qû(fj)q, j ≥ 1, 2, . . . , s and q ≥ 1 �
Ps

i≥1 pi,

kqû(fj) � û(fj)qk Ú ¢, j ≥ 1, 2, . . . , s,

kyj ý †1(fj)� †2(fj)k Ú ¢Û8, j ≥ 1, 2, . . . , s

where †1: C(F) ! ML(qAq) and †2: C(F) ! ML+1(qAq) are homomorphisms with finite
dimensional range and

k(2L + 2)[q] Ú [pi], i ≥ 1, 2, . . . , s.

THEOREM 5.6. Let A ≥ lim!(An,ûn) be a simple CŁ-algebra of real rank zero,
where each An has the form

An ≥
X kM

i≥1
C(Xi

n) 
 Mmi ,

where Xi
n is homeomorphic to S2, or to S1 ð S1. Suppose that K0(A) has countable rank.

Then A is an inductive limit of finite direct sum of matrix algebras over C(S1). Conse-
quently, those algebras are classified (up to isomorphisms) by their graded ordered group�
K0(A), K1(A)

�
. In particular, A is an AF-algebra if and only if K1(A) ≥ 0.

COROLLARY 5.7. Let A ≥ lim!(An,ûn) be a simple CŁ-algebra of real rank zero,
where each An is a finite direct sums of matrix algebras over C(S2). If K0(A) has countable
rank, then A is an AF-algebra.

PROOF. Under the assumption, K1(A) ≥ 0, since K1(An) ≥ 0 for all n.

COROLLARY 5.8 ([EG]). Let B be a Bunce-Deddens algebra. Then B 
 B is an in-
ductive limit of finite direct sums of matrix algebras over C(S1) of real rank zero.

PROOF. B
B is simple and K0(B
B) is of finite rank. Furthermore, B
B is of the
following inductive limit:

C(S1 ð S1) ! M4

�
C(S1 ð S1)

�
! M16

�
C(S1 ð S1)

�
! Ð Ð Ð .

The proof of 5.6 is a duplicate of that of 5.4. But we have to use 5.5 instead of using 5.2.
Instead of 5.3, we can use Theorem 11 in [EGLP2].

While this paper is writing, George A. Elliott and Guihua Gong [GL1] have obtained
a more general result than 5.6. We decided not to give all the details.
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