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EXPONENTIAL BOUNDEDNESS AND AMENABILITY 
OF OPEN SUBSEMIGROUPS 

OF LOCALLY COMPACT GROUPS 

WOJCIECH JAWORSKI 

ABSTRACT. Let G be a connected amenable locally compact group with left Haar 
measure A. In an earlier work Jenkins claimed that exponential boundedness of G is 
equivalent to each of the following conditions: (a) every open subsemigroup S Ç G is 
amenable; (b) given e > 0 and a compact K Ç G with nonempty interior there exists 
an integer n such that X(Kn+l A Kn) < e\{Kn)\ (c) given a signed measure i / < A o f 
compact support and nonnegative nonzero/ e L°°(G), the condition v *f > 0 implies 
i/(G) > 0. However, Jenkins' proof of this equivalence is not complete. We give a 
complete proof. The crucial part of the argument relies on the following two results: 
( 1 ) an open cr-compact subsemigroup S Ç G is amenable if and only if there exists an 
absolutely continuous probability measure fi on S such that lim„_+oo \\8S * /x'7 — fj," || = 0 
for every s € S; (2) G is exponentially bounded if and only if G = (JJli UnU~n for 
every nonempty open subset U Ç G. 

1. Introduction. Let S be a topological semigroup. When/ is a C-valued function 
on S the left translate off by an element s E S is defined by (lsf)(x) = f(sx). A bounded 
continuous function f:S —• C is said to be left uniformly continuous if the mapping 
S 3 s —• lsf is continuous with respect to the sup norm. We shall denote by LUC(S') 
the space of bounded left uniformly functions on S. The semigroup S is defined to be 
amenable if there exists a left invariant mean on LUC(S). 

Let S be an open subsemigroup of an amenable locally compact group G. It is well 
known that amenability of G alone does not guarantee amenability of S. A necessary and 
sufficient condition for S to be amenable is due in the discrete case to Frey [4] and in the 
general locally compact case to Jenkins [9]: 

THEOREM 1.1. The following conditions are equivalent for an open subsemigroup S 
of an amenable locally compact group G: 

(a) S is amenable, 
(b) the open right ideals of S have the finite intersection property, 
(c) SS~l is a group. 

((a) <=> (b) is shown in [9], (b) <=• (c) is elementary [14, Lemma 23.31, p. 330]). 
Given a locally compact group G one can ask under what conditions every open sub-

semigroup of G is amenable. 
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Denote by À the left Haar measure. Recall that G is said to be exponentially bounded 
if linifl-KX) \{Vn)xln = 1 for every compact neighbourhood of the identity e\ otherwise 
G is said to have exponential growth. The following sufficient condition is implicit in 
Jenkins' paper [10, first part of the proof of Theorem 3]. 

THEOREM 1.2. If G is exponentially bounded then every open semigroup S Ç G is 
amenable. 

Consider for a moment an amenable discrete group acting on a set X. Let A Ç X 
be a nonempty subset. A subset Y Ç X is said to be A-bounded if it can be covered 
by a finite number of translates of A. Denote by BA(X) the space of bounded functions 
/ : X —• C whose supports are A-bounded. A necessary and sufficient condition for the 
existence of an invariant positive linear functional ifA on BA(X) such that ^A(XA) = 1 
is the following translate property for the system (G,X,A): for every finite sequence 

{gi}U Ç G a n d {<*i}?=i Ç R i f £/U <*.-XAfe«*) > 0 for all x e X, then E?=1 ^ > 0 [15, 
Corollary 1.2]. Applying this to the case that X— G and A = 5 is a subsemigroup of G, 
with the use of Theorem 1.1 one easily obtains that S is amenable whenever for every 
signed measure v of finite support if i/(Sg) > 0 for all g 6 G then v(G) > 0. Clearly, 
if the translate property holds for every system (G, G,A) then every semigroup in G is 
amenable. The translate property generalizes to the case of an arbitrary locally compact 
group. We shall say that a locally compact group G has the translate property if for every 
Borel set A Ç G that is not locally null and every signed measure v E L1 (G) of compact 
support the condition that v{Ag) > 0 for all g E G implies z/(G) > 0. The following 
two results are implicit in the work of Jenkins [10, proof of Theorem 4] (see also [13, 
p. 243]). 

THEOREM 1.3. If an amenable locally compact group has the translate property then 
every open semigroup S Ç G is amenable. 

THEOREM 1.4. An exponentially bounded locally compact group has the translate 
property. 

Rosenblatt [15, Corollary 3.5] proved that for an exponentially bounded discrete group 
the translate property holds for every system (G, X, A). 

The next condition that we wish to consider is a strong version of the classical F0lner 
condition which is equivalent to the amenability of a locally compact group [13, Theo
rems 4.10 and 4.13]. We shall say that a compact set AT Ç G satisfies the strong F0lner 
condition if for every e > 0 there exists a positive integer n such that X(Kn+l A Kn) < 
e\(Kn). The following result is implicit in an argument of Paterson [13, p. 245]. 

THEOREOM 1.5. If every compact set K Ç G with nonempty interior satisfies the 
strong F0lner condition then every open semigroup S Ç G is amenable. 

For an amenable locally compact group Theorems 1.2-1.5 can be summarized by the 
diagram: 

EB => TP => AS <= SFC 
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where EB = exponential boundedness, TP = translate property, AS = amenability of 
every open subsemigroup, SFC = strong F0lner condition. 

It follows from Rosenblatt's work [15, Corollary 4.14] that for a discrete solvable 
group TP <=• AS, while for a finitely generated solvable G, EB <* TP & AS [15, Corol
laries 4.14, 4.13, and Theorem 4.7]. Jenkins [10] claims that for a connected locally 
compact group EB <=>• SFC & AS while for an amenable connected locally compact G 
EB & SFC ^ AS & TP. However, there are gaps in Jenkin's argument (in the proofs 
of his Theorems 2 and 3). In the case of a connected solvable Lie group a complete 
proof of the equivalence EB <* SFC & AS & TP can be found in [13, Theorem 6.39 
and pp. 243-245]. Our goal is to show that the equivalence is, in fact, valid for an arbi
trary connected amenable locally compact group, as originally claimed by Jenkins. By 
Theorems 1.2-1.5 to achieve this goal we need to prove AS => EB and EB => SFC. 
Our method will rely on a characterization of amenability in terms of the asymptotic be
haviour of convolution powers of a probability measure on G and on a characterization 
of exponential boundedness in terms of powers of open subsets of G. 

Let \x be a regular probability measure on G. A bounded Borel function h: G —• C is 
said to be p-harmonic if 

Kg) = fGh(gg')iJL(dg'), geG. 

If every bounded /z-harmonic function is constant modulo a locally null set, p is called 
a Choquet-Deny measure. A Choquet-Deny measure p is necessarily adapted, Le., 
\i{H) < 1 for every proper closed subgroup H Ç G. The following theorem due to Der-
riennic [2, Théorème 6] relates the Choquet-Deny property to the asymptotic behaviour 
of convolution powers pn. 

THEOREM 1.6. Let p be a probability measure on a locally compact group G. 
Set pn — - Yyl=\ pl- It follows that p is Choquet-Deny if and only if 
limn_KX) \\v\ * pn — v\ * pn\ = Ofor every pair of probability measures v\,vi E Ll(G). 

It follows immediately from this theorem and the characterization of amenability in 
terms of convergence to left invariance [5, Theorem 2.4.3] that Choquet-Deny measures 
can exist only on amenable groups. As shown by Rosenblatt [16] and Kaimanovich and 
Vershik [12], a locally compact G admits a Choquet-Deny measure if and only if it is a-
compact and amenable. If G is cr-compact and amenable there even exists an absolutely 
continuous p, such that lim -̂̂ oo \hg * pn — pn\\ = 0 for every g E G (this is stronger 
than the condition of Theorem 1.6). We remark that amenability and a-compactness of 
G do not guarantee that every absolutely continuous adapted probability measure on G 
is Choquet-Deny [12]. 

Let S Ç G be an open subsemigroup. It is easy to see that if G admits a probabil
ity measure p such that p(S) = 1 and lim,,-**, \\Sg * pn — pn\\ = 0 for every g E S, 
then S is amenable. By a slight modification of the construction of a Choquet-Deny 
measure on an amenable locally compact a-compact group [12] we will show that an 
open a-compact subsemigroup S of a locally compact group G is amenable if and only 
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if G admits an absolutely continuous probability measure p carried on S and such that 
lim,i_>00 \\Sg * pn — \in || = 0 for all g ES. Note that if G is connected then such a measure 
is Choquet-Deny (for S generates G). Next we will show that in every connected Lie 
group of exponential growth one can find an open subsemigroup which does not support 
any Choquet-Deny measure, and consequently is nonamenable. The usual approxima
tion by Lie groups will then prove the implication AS => EB for every connected locally 
compact G. 

The equivalence AS <& EB will enable us to obtain the following elegant (and we be
lieve new) characterization of exponential boundedness. We will prove that an amenable 
connected locally compact G is exponentially bounded if and only if for every nonempty 
open set U Ç G one has G = (J^i UnU~n. Having this characterization, we will give 
a simple proof of the implication EB => SFC, thus accomplishing our task of establish
ing the equivalence EB & SFC ^ AS ^ TP for amenable connected locally compact 
groups. 

2. Amenability and convolution powers. Let S be an open subsemigroup of a lo
cally compact group G. We will write L1 (S) for the space of complex measures on S 
absolutely continuous with respect to the left Haar measure À (restricted to S), and L\ (S) 
for the subspace of probability measures in L1 (S). L°°(S) will denote the dual of L1 (S), i.e., 
space of equivalence classes of bounded C-valued Borel functions on S modulo locally 
null sets. A mean m on L°°(S) is called topologically left invariant if m(p */) = m(f) for 
every p E L\(S), where (p *f)(s) — J p(ds')f(s's). A topologically left invariant mean is 
left invariant. The proof of the following proposition is essentially the same as the proof 
of the corresponding well known result for groups [5] and we omit it. We use the notation 
gp for 8g * /i. 

PROPOSITION 2.1. The following conditions are equivalent for an open subsemi
group S of a locally compact g roup: 

(a) S amenable, 
(b) there exists a topological left invariant mean on L°°(S), 
(c) there exists a left invariant mean on L°°(S), 
(d) there exists a net p,a in L\ (S) such that for every s E S s/za — \ia —• 0 weakly, 
(e) there exists a net \xa in L\(S) such that for every s G S \\s/ia — fia\\ —• 0, 
(f) there exists a net \ia in L\(S) such that for every \x E L\{S) p * / i a — \xa —• 0 

weakly, 
(g) there exists a net pa in L\ (S) such that for every p E L\ (S) \\p * pa — pa\\ —+ 0. 

REMARK 2.2. If m is a left invariant mean on L°°(S) and / C S is a Borel subset and 

a right ideal of S then m(xi) — 1 • 

PROPOSITION 2.3 (REITER'S CONDITION). The following conditions are equivalent 
for an open subsemigroup S of a locally compact group G: 

(a) S is amenable, 
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(b) given e>0 and a finite set F Ç S there exists p E L\ (S) such that \\gp — p\\ < e 
for all g EF, 

(c) given e > 0 and a compact K Ç S there exists p E L\ (S) such that \\gp — p\\ < e 
for all g EK. 

PROOF, (C) => (b) is trivial, (b) => (a) follows trivially from Proposition 2.1. To ob
tain (a) => (c) one needs to modify the corresponding proof for groups [5, Theorem 3.2.1]. 
Let ( / b e a neighborhood of e in G such that UK Ç S and KU Ç S. Note that KS 
is an open right ideal in S. By Proposition 2.1 there exists a net pa in L\(S) such that 
Il M * Ma ~~ Ma|| —* 0 for every jx € L{(5). By passing to a subnet we may assume that pa 

converges weakly* to a topological left invariant mean on L°°(S). Then by Remark 2.2. 
we may assume that pa(KS) = 1 for every a. 

Let \xa denote the extension of pa to G. Choose p E L\(G) with p(U) = 1 and let 
V Ç £/be a neighborhood of e in G such that \\gp — p\\ < e/Aïovg E V. By compactness 
of K there exist k\9...9kn E K with K C (J-Li fc/V. Note that (&p)(S) = 1 for every 
k E K because KU C S. Therefore we can find cc such that \\kjp * pa — /2a || < e/4 and 
piAa —Mall < e/4 fori = 1,2,..., ft. 

Set /2 = p * /za. As fia(KS) = 1, p(£/) = 1, and t/ÂS Ç 5, we obtain 1 = fi(UKS) = 
p(S). We shall write \x for the restriction of p, to S. Let us see that p satisfies (c). 

Let s E K. Then s = k{V for some i E { 1 , . . . , n} and v E V. Hence, 

\\sp, - p\\ = \\sfi - A|| = \\kiVp * /ia - P * Mall 

< ||/t/vp * fla ~ kip * /2a|| + \\kip * /ia - Ma|| + ||Ma ~ P * Ma|| 

< llvP - P|| + 4 + l lMa - *lP * Ma|| 

<2 + \\kx^a ~ #«11 + l^a ~ ̂ lp * ^all < e " 

THEOREM 2.4. Le£ 5 Z?e an open a-compact subsemigroup of a locally compact group 
G. It follows that S is amenable if and only if there exists a probability measure p E L\ (S) 
such that limn_4oo ||gMn ~~ Mn|| = ®for every g E S. 

PROOF. In view of Proposition 2.1 it remains to prove the only if part. This can 
be achieved by slightly modifying the construction of Kaimanovich and Vershik [12, 
Theorem 4.3]. Before proceeding we note that condition (c) of Proposition 2.3 can be 
easily seen to be equivalent to the condition that given e > 0 and compact K, Ko Ç S 
there exists p E L\ (S) such that \\sp — p\\ < e for s E K, and the support of p is compact 
and contains Ko-

We start by choosing a decreasing sequence {cn}^ Q (0, oo), a sequence {tn}^L\ Q 
(0, oo) with T^\ h: = 1, and an increasing sequence of positive integers { A ^ } ^ such 
that (EJLi ti)Nn < en for every n. Since S is a-compact there is also an increasing sequence 
{Kn}^ of compact subsets of S with |JSi Kn = S. Then using amenability of S and 
Proposition 2.3 we can inductively find a sequence {vn\^=x Ç L\(S) with the following 
properties: 
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(1) each vn has compact support, 
(2) K\ Ç suppi/i, Kn+i Usuppz/„ Ç suppi/n+i, 
(3) ||gi/n+1 - i/„+i || < en+i for all g € U^Csuppi/,,)'. 

We set ii = E ^ ! f/i'i and \xn = E"=i ft^/-
Let g £ S. Then there exists /îg such that g G supp vn for all n>ng. We will show that 

for such n, | |g^n+1 — p>Nn+l || < 6en+\. Since the sequence \\g^in — [in\\ is nonincreasing 
this will prove that lim -̂̂ oo \\gfin — /in|| = 0. 

Fix n > ng and find M with ||^«+1 - /x^n+11| < en+1. Note that 

(2.i) ll/4+1ll= ( X V ) < U > ) <£«+1 

II v/=1 / II \ = 1 / 

whenever M' < n + 1. Consider two cases: M < n + 1 and M > « + 1. In the first case, 

(2.2) l l s ^ ' - A ' l l < l U ^ - r f ' i l + l l r f ' - M ^ ' l l + l l ^ ' - A ' l l <4e„+i. 

In the second case we write 
(2.3) / # • ' = ^ + E ' '/, • • • *»„, ".-,*•••* "*„, 
where the sum £ ' is over all Nn+\ -tuples (i\,..., /̂ n+1 ) with M > max /,- > /i +1. Consider 
a convolution i//, * • • • * viN with max// > n + 1. Let 1 < y < N„+i be the smallest 
integer with ij> n + \. When j > 1, note that 

(2.4) suppfo-, * • • • * viHl) = (supp i//,) • • • (supp viHX) Ç (supp i^.-i y~l, 

and 

(2.5) supptei//, * • • • * z///_1 ) = g(supp i//, ) • • • (supp *//,_, ) Ç (supp i//,.-i y. 

Hence, using property (3) of the sequence {vn\
<^=x we obtain 

< llte^/i * * ' * * *Vi) * "ij ~ (Vii * ' ' * * *Vi) * "ij II 

< Hte^i! * • • • * v i H X ) * vi} -i/tjW + ||i//, - (IZ/J * • • • * ViHX)* 1//,H 

< 2^ . < 2sn+\. 

When j = 1, a similar argument shows that inequality (2.6) remains in force. 
Now, (2.3), (2.1), and (2.6) produce 

I U M ^ - — M^- |i < | U M ^ _ M ^ - 1 | 

+ E ' *ii ' ' ' fiNn+l l l ^ i , * ' * * * ^ n + 1 - "h * * * * * ViNn+l II < 4en+\ • 

Consequen t l y , 

\\g^ - ^ II < \\gpN»> - g ^ || + \\gnNr - / # " II + l l < w l - HN"« II < 6e„+1, 

as claimed. • 

COROLLARY 2.5. If S is an open amenable a-compact subsemigroup of a connected 
locally compact group G, then S supports an absolutely continuous Choquet-Deny mea
sure. 
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3. Exponential boundedness and amenability of open subsemigroups. Recall 
that a (real) Lie algebra g is said to be of type R if for every X € q the eigenvalues of 
adX are imaginary. As shown by Jenkins [11], a connected Lie group G is exponentially 
bounded if and only if its Lie algebra is of type R. We shall say that a Lie algebra q is 
of type /?o if for every X in the radical rad(g) the eigenvalues of adX are imaginary. The 
following lemma is implicit in an argument of Azencott [1, pp. 106-111] and is explicitly 
stated and proven in [8, Lemma 3.14]. 

LEMMA 3.1. Let G be a connected Lie group with Lie algebra q not of type Ro. Then 
there exists a G-space X such that: 

(1) X is a finite dimensional vector space, 
(2) the function G x X 3 (g,x) —• gx is (real) analytic, 
(3) for every compact K Ç X and every neighbourhood UofO in X there exists 

g EG with gK Ç U, 
(4) there exists g G G and v G X — {0} such that gx = x + v for all x € X. 

THEOREM 3.2. An open sub semigroup of an exponentially bounded locally compact 
group is amenable. A connected locally compact group is exponentially bounded if and 
only if every open subsemigroup is amenable. 

PROOF. Recall that an exponentially bounded group is amenable [13, Proposi
tion 6.8]. Hence, by Theorem 1.1, if S were an open nonamenable subsemigroup in G, 
S would contain two disjoint right ideals /, J. It is easy to see that if a E I, b € 7, 
then a and b are free generators of a uniformly discrete subsemigroup 7, i.e., there ex
ists a neighbourhood U of e such that tUDsU = 0 whenever t,s £ T and t ^ s. But 
then Vn D {a, b}n~l ( VPl U) for every compact neighbourhood V of e containing a and b. 
Consequently, lim supn_KX) \(V

n)lln > 2, i.e., G has exponential growth, a contradiction. 
(This argument is due to Jenkins [10, first part of the proof of Theorem 3].) 

It remains to prove that for a connected G, the fact that every open subsemigroup 
is amenable implies exponential boundedness. It is clear that in this case G is itself 
amenable. We will again argue by contradiction. Suppose that G has exponential growth. 
Let K be a compact normal subgroup such that G = G/K is a Lie group. Then G is 
amenable and has exponential growth [6, Théorème 1.4]. If S C G is an open semi
group then 7T_1 (5), where 7r: G —+ G is the canonical homomorphism, is an open, hence, 
amenable semigroup in G. It is clear that this implies that S is amenable. 

Since G is an amenable Lie group, Gj rad(G) is compact [13, Theorem 3.8]. Hence, 
rad(G) has exponential growth [6, Théorème 1.4]. So the Lie algebra of rad(G) is not of 
type R. But then the Lie algebra of G cannot be of type Ro. Let X be the vector space 
described in Lemma 3.1, and let || • || denote any norm on X. Set U = {xEX; \\X\\ < 1}, 
M= {xeX; \\x\\ < l } , a n d S = { g 6 G ; g M Ç U}. By Lemma 3.1,5 is a (nonempty) 
open semigroup in G. Let \x be any regular probability measure on G with p,(S) = 1. 

Let So be the point measure concentrated in 0 € X, and set pn = £ £"=i \il * So- It 
is clear that pn{M) = 1 for all n. Thus using Prohorov's theorem [7, Theorem 1.1.11], 
{Pn}^L\ is a weakly relatively compact set of probability measures. If p is its cluster point 
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then p(M) = 1 and ji * p = p. Let/: X —> [0,1] be a continuous function of compact 
support such that/(M) = {1}. Then h(g) = Jf(gx)p(dx) is a bounded continuous \x-
harmonic function. Using (4) of Lemma 3.1 and the fact that p has compact support we 
can see that h is not constant. 

We obtained that S does not support any Choquet-Deny measure. As S is amenable, 
this contradicts Corollary 2.5. • 

4. The translate property. We can now prove that for amenable connected G ex
ponential boundedness is equivalent to the translate property. 

THEOREM 4.1. An exponentially bounded locally compact group has the translate 
property. If an amenable locally compact group has the translate property then every 
open subsemigroup is amenable. A connected amenable locally compact group has the 
translate property if and only if it is exponentially bounded. 

PROOF. Clearly, the last statement follows trivially from the first two and Theo
rem 3.2. The proof of the first two statements is essentially the argument of Jenkins [10, 
proof of Theorem 4]. 

Assume that G is exponentially bounded. Let v E LX(G) be a signed measure of 
compact support, and A Ç G a Borel set such that for every g E G, v(Ag) > 0 and 
that A is not locally null. We need to show that v(G) > 0. Choose a compact symmetric 
neighbourhood U of e with À (A n U) ^ 0 and suppi/ Ç U. Let an = À (A n Un) < 
A(L^). Since G is exponentially bounded, lim̂ —K̂  an'

n = 1. By an elementary result on 
convergent sequences there exists a subsequence otnk with lim̂ —Kx, ank+2/' ocnk = 1. Now, 
by the Fubini theorem 

f i/(dx)X(AnxUn) = Jn \{dg)v{Ag~x) > 0. 

But if x E U = U~l D suppi/, then Un C xUn+l Ç Un+2. Therefore 
an/an+2 < ocn/an+i < \(A n xU1*1)/an+\ < an+2/ocn+i < an+2/an. Hence, 
iiimc_K>0 X(A C\xUnk+l)/ank+i = 1 uniformly in x E U. So 

!/(G) = v{U) = lim a~\x [ u(dx)X(A DxUnk+l) > 0. 
k—+oo k JU 

To prove the second statement we argue by contradiction. Suppose G contains an 
open nonamenable subsemigroup S. By Theorem 1.15 contains two open disjoint ideals 
/ and J. Let a E I, b E J, and U be a compact symmetric neighbourhood of e such 
that UaU Ç / and UbU Ç / . Let d\i\ = XaudX, dp>2 = Xabu dX, dp,?> = Xa2udX, and 
\x = /2i — fi2 — £13, where /2/(5) = /i/(Z?-1). Then /x(G) = —X(U) < 0. We will show 
that p,(Sg) > 0 for all g EG, thus contradicting the translate property. Clearly, 

li{Sg) = X(aUn(S8r
l) ~ X(abUn(Sg)-]) - X(a2Un(SgTl), 

and one can see that if /x(Sg) ^ Otheng"1 E aUSUabUSUa2 US. If g~l g abUUa2U then 
obviously p>(Sg) > 0. It remains to consider the cases thatg-1 EabUS and g~l Ea2US. 
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Since these cases can be treated in the same way, we shall consider only the first one. 
If g~l E abUS then gaU C (UbUST1 C S~]. Therefore X(aU D (Sg)'1 ) = X(gaU D 
S~l) = \(U) and \{abU D (SgT1) < X(U). Moreover, ga2U C S-{lJ-lb-laU C 
S~lU-lb~lU-lUaU = (UbUS)-lUaU C J~XL Consequently, ga2U D S~l C J~lin 
S~l = 0 and \(a2Un(SgTl) = 0. So /x(Sg) > 0. • 

REMARK 4.2. The second part of the proof shows that an open subsemigroup S of a 
locally compact group G is amenable whenever for every signed measure v E Ll(G) of 
compact support, i/(Sg) > 0 for all g E G implies i/(G) > 0. Thus in the last statement of 
the theorem one can substitute for the translate property the weakened translate property 
with respect to open subsemigroups of G. On the other hand, it is straightforward to adapt 
the first part of the proof to demonstrate a stronger version of the translate property as 
considered in [10]. Namely, if G is locally compact and exponentially bounded then for 
every signed measure v G LX(G) of compact support and every nonnegative nonzero 
/ G L°°(G) the condition v * / > 0 implies i/(G) > 0. However, for connected G the 
variations of the translate property are all equivalent. 

5. Generating an exponentially bounded group. When A is a nonempty subset of 
a group G we shall denote by gp(A) the subgroup generated by A by ngp(A) the smallest 
normal subgroup TV of gp(A) such that A is contained in a coset xN. The following lemma 
is a version of a lemma obtained in [3, p. 4]. 

LEMMA 5.1. Let Abe a nonempty subset of a group G. Consider the group G x Z. 
It follows that 

gp(Ax{l})= U[(^ngp(/l))x{«}]. 
neZ 

where x £ G is such that A Çx ngp(A). 

PROOF. Let t/; denote the restriction to gp(A x {1}) of the canonical projection G x 
Z 3 (g, n) —• n E Z and let a be an element of A. Then 

gp(A x {1}) = (J V _ 1 (W) = U(^")V>_1({0}). 
neZ neZ 

ButV>-1({0}) = (Gx {0})Dgp(A x {l}) = N x {0} where N is a subgroup of gp(A). 
Thus gp(A x {1}) = Uez((tfnA0 * W ) . 

Note that a ngp(A) = x ngp(A). Since (Jnez [(an ngp(^)) x W ] is a group containing 
A x {1}, it suffices to show that TV D ngp(A). As A Ç aN this will follow if we show that 
TV is normal in gp(A). 

Let H = {g E gp(A) ; gN = Ng} be the normalizer of TV in gp(A). Let g E A. 
ThengN x {1} = ^ ' ( { l } ) , ^ " 1 x {-1} = i / r ^ - l } ) . Hence, gNg~l x {0} = 
^ _ 1 ({1 })V;_I ({— 1}) = V>-1({0}) = N x {0}. Thus A C H. By the definition of H we 
then have H = gp(A) and thus N is indeed normal in gp(A). • 

REMARK 5.2. If A Ç xngp(A) then gp(A) = U n e z ^ ngP(^))-

The next lemma is a modification of a lemma proven in [1, p. 97]. 
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LEMMA 5.3. Let G\ and G2 be groups, p: G\ —• G2 a group homomorphism, and 
S CG\ a semigroup. Assume that 

(i) S-lSnkerp C SS~l Piker/?, 

(ii) p(S-lS)Cp(SS-1). 

Then S~lS Ç SS~l and SS~l is a group. 

PROOF. Let s\,S2 E S. Then by (ii) there exist 53,̂ 4 E S and g E ker/? such that 
s^lS2 = s^s^g, or sJ]sYlS2S4 = s^lgS4 E ker/?. Using (i) we have sJlsJlS2S4 = s^1 

for some ss,se E 5. Hence, s^lS2 E SS~l. So S -1S Ç SS~l and this obviously implies 
that SS~l is a group. • 

LEMMA 5.4. Let A be a nonempty subset of a group G Set S = |JS=i An and S = 
\J^Li(An x {n}) Ç G x Z. IfSS~l is a group then SS~l is also a group. 

PROOF. A straightforward application of Lemma 5.3. • 

LEMMA 5.5. Let A be a nonempty subset of a group G and S = \J^L\ An. It follows 
thatngp(A) = | J~ 1 AnA~n if and only ifgp(A) = SS~K 

PROOF. Suppose that N = ngp(A) = \J£LX AnA~n and let x be any element of A. By 
Remark 5.2 gp(A) = \JneZxTN. Thus gp(A) = N U U^i(*nN UA0Tn) = U ^ i AnA~n U 
U£Li \J£=iWAmA-m UAmA-mx-n) C SS~l. Consequently, gp(A) = SS~l. 

Conversely, suppose that gp(A) = SS~l. By Lemma 5.1, if N = ngp(A) and A Ç xN, 
thengp(Ax{l}) = \JneZ(^Nx{n}). By Lemma 5.4 gp(Ax{l}) = &T1. Thus if g E N, 
then (g, 0) E SS~l. Since S = \J%Li(An x W ) this implies that g E AnA~n for some n = 
1,2,.... Thus N Ç U ^ i AnA~n. On the other hand, it is clear that (J^i AnA~n ÇN. m 

THEOREM 5.6. Let Ubea nonempty open subset of an exponentially bounded locally 
compact group and let S = |J^=i U"- It follows that gp(U) = SS~l and ngp(L0 — 
U~ 1 UnU~n. 

PROOF. From Theorem 3.2 S is an open amenable semigroup. From Theorem 1.1 
SS~l is a group; clearly, SS~l = gp(U). The second equality results from Lemma 5.5. • 

THEOREM 5.7. The following conditions are equivalent for a connected amenable 
locally compact group G: 

(a) G is exponentially bounded, 

(b) for every nonempty open U Ç G, G = flj£=i ^ n ) (U^i ^ T 1 * 
(c) for every nonempty open U Ç G, G = (J£li UnU~n. 

PROOF. Since G is connected, for every open U we have gp(U) = G = ngp(U). 
Thus (b) <=ï (c) by Lemma 5.5 and (a) => (b) is contained in Theorem 5.6. Finally, when 
(b) is true and S Ç G is an open semigroup, then SS~l = G. Hence, S is amenable by 
Theorem 1.1. Theorem 3.2 then shows that G is exponentially bounded. • 
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LEMMA 5.8. Let Abe a Borel subset of a locally compact group. If A is not locally 
null then A1 has nonempty interior. 

PROOF. It suffices to consider the case that A is compact and X(A) ^ 0. But then 
the function G B g —• f(g) = X(gA~l DA) is continuous. Furthermore, by the Fubini 
theorem JX(dg)f(g) = X(A)2 ^ 0. The nonempty open set {g € G ; f{g) ^ 0} is 
contained in A2. • 

COROLLARY 5.9. Let G be a connected exponentially bounded locally compact group 
and let A Ç G be a Borel subset. If A is not locally null then G = ({J™=1 A

n)(|j£Li A")-1 = 
U£iA"A-". 

6. The strong F0lner condition. 

THEOREM 6.1. A connected locally compact group is exponentially bounded if and 
only if every compact set K Ç G with X(K) ^ 0 satisfies the strong F0lner condition. 

PROOF. =>. By Corollary 5.9 G = \J?=\ KnK~n. Consequently, Kn+l H Kn ^ 0 for 
some n. Note that if x G Kn+l H Kn then for every r = 1,2,..., X(Kr+n+l D Kr+n) > 
\(xKr) = X(Kr). Hence, 

X(Kr+n+l A Kr+n) = X(Kr+n+l) + X(Kr+n) - 2X(Kr+n+l H Kr+n) 

< 2X(Kr+n+l) - 2X(Kr) = 2X(Kr)[AK
X(Kr)

 } - 1 

But exponential boundedness implies that limr_K)0 X(Krflr = 1. Then by an elemen
tary result liminf/-_*00 X(Kr+n+l)/X(Kr) = 1. This together with (6.1) implies the strong 
F0lner condition. 

<=. Suppose that G is not exponentially bounded. Then by Theorem 3.2 it contains 
an open nonamenable semigroup. But the strong F0lner condition implies the classical 
F0lner condition; hence, G is amenable. We now use an argument of Paterson [13, p. 245]. 
By Theorem 1.1,5 contains two open disjoint right ideals / and J. Let A C I, B Ç J 
be compact subsets with nonempty interiors. Set K = AU B. Write Kn = An U Bn, 
An = Kn H /, Bn = Kn D J. Then An C An and Bn Ç Bn. Furthermore, if x E A then 
xAn UxBn Ç An+i. So A(A„+i) > X(An) + X(Bn). Similarly, X(Bn+l) > X(An) + X(Bn). 
Therefore A(£n+1) > 2X(Kn), and, hence, X(Kn+l A Kn) > X(Kn+l) - X(Kn) > X(Kn). 
This holds for every n and contradicts the strong F0lner condition. • 

REMARK 6.2. For a not necessary connected G the second part of the proof shows 
that the strong F0lner condition for compact sets with nonempty interiors implies that 
every open subsemigroup is amenable, i.e., we obtain the proof of Theorem 1.5. 
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