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S P L I C I N G n - C O N V E X F U N C T I O N S 
U S I N G S P L I N E S 

BY 

G. E. CROSS 

ABSTRACT. It is proved that a regular piecewise n -convex func
tion differs from an n -convex function only by a polynomial spline 
of degree n - 1 . The argument is given in terms of Peano and de la 
Vallée Poussin derivatives. 

1. Introduction. Let x0, xl9..., xn be (n + 1) distinct points from [a, b\ By 
Vn(F) we denote the nth divided difference of F: 

V n ( F ) - t F(xk)/K(xk), 
k=0 

where wn(x) = (x- x0)(x -xt) • • • )x- xn), 
If V n (F)>0 for all choices of points x0, xu . . . , xn in [a, b] then F is said to 

be n-convex on [a, b]. An n-convex function / on [a, b] will be said to be 
regular if / ( n_1 ) +(a) and /(n_1)5_(b) are both finite. A regular piecewise n-convex 
function is a function which on each of the subintervals of a finite partition of a 
finite interval is regular n-convex. 

Let P be a partition t0< tx< • • • < tn of [a, b\ A polynomial spline of degree 
d, d = 0, 1, 2 , . . . and smoothness k (k > - l , k integral) is any function s (0e 
Ck[a, b] which reduces to a polynomial of degree d on each subinterval 
(ti-i, tt) of [a, fc] where C_1[a, fc] denotes the class of functions with finite 
discontinuities on [a, b]. The set of all such piecewise polynomials is denoted 
by Sd(7r, k). (See, for example, [4]). 

In the present paper we prove that a regular piecewise n-convex function 
differs from an n-convex function only by a polynomial spline of degree n - 1. 
The argument is given in terms of Peano and de la Vallée Poussin derivatives. 
(See, e.g. [1]). 

2. Splicing it-convex functions. 

THEOREM 2.1. Suppose a — x 0 < x 1 < - • • <xn = b is a partition of the finite 
interval [a, b]. Suppose gt is a regular, n-convex function defined on [ x ^ , xt], 
i = 1, 2 , . . . , N. Then there exists a spline function L e C~\a, b] of degree n - 1 
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with nodes x0, xu . . . , xn such that 

G(x) = gt(x) + L(x), x e [Xi-l9 x{], i = 1, 2 , . . . , N, 

is n-convex on [a, b]. 

(In other words, a regular piecewise n-convex function differs from an n-

convex function only by a spline of degree n - 1 ) . 

Proof. Clearly we need prove only the case N=2. Consider the function G 
defined by 

fgi(x), x e ^ x j , 

G(x) = < g2(x) + an_1jcn"1 + an_2xn~2 + - ' - + a1x + a0 

I -g 2 (x ) + Fn_1(x) xe[x 1 } x 2 ] , 

where the n coefficients of Pn_x(x) are determined by the n conditions 

g(ik)(*i) - g(2k)(*i) = P^iOti) , k = 0 ,1 , 2 , . . . . n - 2, 

glCn- l ) , - !*! / ~~" g2(n-l),+ \Xl) ~ * n-1 \X\)' 

Then G(k)(x!), k = 0 , 1 , 2 , . . . , n — 2, and G(n_1)(jc1) exist, and G(x) is n-
smooth at xx (cf [3], §8). 

Since G(x) is n-convex on the subintervals [x0, x j and [x1? x2] we have that 
G(x) possesses derivatives Gr(x), 0 < r < n - 2 on [x0, x2] and a derivative 
G(n_1}(x) except at a countable number of points on [a, b] ([1], Theorem 7). It 
follows ([3], §8) that G(x) is n-smooth except on a countable set in [a, b]. This 
vérifies that G(x) satisfies condition A* (cf [2]) on [a, b]. Also it is clear that 
D n G ( x ) > 0 in (a, b)-{Xi}. Since we have shown that G(x) is n-smooth at 
x = xl5 it follows that G(x) is n-convex in [a, b]. ([2], Theorem 2.2). 

We give now an extension of the result of Theorem 2.1. 
Let {ak}k==1, {bk}k = 1 be two monotonie sequences in the interval [a, b] such 

that 

• • • <ak < ak_x < • • • < ax < bx < b2 < • • • < bk • • • 

where ak-^ a and bk —> b. Let / be defined by 

(g0(x), xe[aubx), 

/(*) = \ &(*)> x e lai+i> at)> i = l , 2 , . . . 

[hj(x), xG[bi5 b i+1), î = l , 2 , . . . , 

where g0(x) is regular n-convex on [a l5 b j , &(x) and hf(x) are regular 
n-convex on [ai+u at] and [bh b i + 1] , i = l , 2 , . . . , respectively. Then there 
exists a function Lk(x)e C_1[ak, bk] which is a polynomial spline of degree n 

https://doi.org/10.4153/CMB-1980-015-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1980-015-9


1980] SPLICING n-CONVEX FUNCTIONS USING SPLINES 1 0 9 

such that the function f(x) + Lk(x) is n-convex on [ak, bk]. If fk is defined by 

f f(x) + Lk(x), xe[ak,bk], 

fkW=\ PkW, xe[a, ak], 

I qk(x), xe[bk,bl 

where pk(x) and qk(x) are polynomials of degree (n-1) the coefficients of 
which are determined so that 

P(é\ak-) = fm+(ak), g%\bk+) = fm-(bk), 0 < / < f i - l , 

then fk(x) (and hence limk^00/k(x)) is n-convex on [a, b]. 
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