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First Occurrence
for the Dual Pairs (U(p,q),U(r,s))

Annegret Paul

Abstract. 'We prove a conjecture of Kudla and Rallis about the first occurrence in the theta correspondence,
for dual pairs of the form (U( p,q),Ul(r, 5)) and most representations.

1 Introduction

Let (G, G') be a reductive dual pair in Sp = Sp(2#,R), and let w be the oscillator rep-
resentation of §§, the connected two-fold cover of Sp [H1]. If G and G’ are the inverse
images of G and G’ in Sp by the covering map, and 7 and 7’ are irreducible admissible
representations of G and G’ respectively, we say that 7 corresponds to ' if (on the level of
Harish-Chandra modules), 7 ® 7' may be realized as a quotient of w. Roger Howe [H3]
showed that this correspondence defines a bijection between subsets of the admissible duals
of G and G’. An interesting problem is to find this Howe (or theta) correspondence explic-
itly, i.e., decide which representations occur, and how they match up in the correspondence.
Since the oscillator representation is a genuine representation of the metaplectic cover of
Sp (i.e., does not factor to the linear group), every representation which occurs in the Howe
correspondence is also a genuine representation of the respective two-fold cover.

Consider dual pairs of the form (U(p,q),U(r,s)) in Sp = Sp(2(p + q)(r + 5),R). For
each of these pairs, the cover of U(p, q) depends only on the parity of r +s; similarly for the
cover of U(r,s). We are interested in the following question. Fix p and g, a parity e of r + s
defining a cover U(p, ), and a representation 7 € U(p, q);enuine, the genuine admissible
dual of U(p, q). For which choices of , s does 7 occur in the correspondence for the dual

pair (U(p, q),U(r, s))?

It € U(P, @genuine and 7 corresponds to ' € U (1, 5) gonyines We write 0,5(m) = 7’ and
sometimes say 7 lifts to U(r, s). In this case, we refer to 7' as the theta lift of . If 7 does not
occur in the correspondence, we write §,(7) = 0.

For any integer k, consider the collection of groups {U (1, s) : r — s = k} with associated
hermitian (or skew-hermitian) spaces {W,; : r —s = k}. We call this set the k-th Witt
tower. One may picture these groups arranged in a column, with the smallest (compact)
group at the bottom. Notice that each space in a given Witt tower is obtained by adding a

split space to a fixed anisotropic space; e.g., if k > 0 then

Wr,s = Wk,O + Ws,s-
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Using the mixed model [H2] of the oscillator representation, one can show that if 6, () #
0, then 7 lifts to every group above U (r,s) in the (r — s)-th Witt tower. This fact is called
persistence (Kudla). Moreover, in the stable range, i.e., if min{r, s} > p + gq, every genuine
irreducible representation of U(p, q) occurs (see e.g. [M], [L1]). Consequently, our ques-
tion may be reformulated as follows: in each Witt tower, which is the group of least rank
(or the space of least dimension) to which 7 lifts, i.e., what is the first occurrence of 7 in each
tower? Since the parity € is just the parity of the dimension of the hermitian space (which
is fixed in each Witt tower), we consider either only even dimensional ‘target’ spaces, i.e.,
r + s even, or only odd dimensional spaces, i.e., 7 + s odd.

If W is a hermitian or skew-hermitian space with signature (r, s), we define the normal-
ized determinant of W by

(r+s)(r+s—1)

nW) =n(rs) = (=1°(=1) = .

We call a hermitian or skew-hermitian space W type + if n(W) = 1, and type — if n(W) =
—1. Notice that in a fixed dimension r + s, the normalized determinant varies with the
parity of s; for example, in dimension 5, (5,0), (3, 2), and (1, 4) are of type +, while (4, 1),
(2,3), and (0, 5) are of type —. In dimension 6, (6,0), (4,2), (2,4), and (0, 6) are of type
—, while (5, 1), (3,3), and (1, 5) are of type +. Notice also that 7 is constant on the set of
spaces in each Witt tower, so that we can define the normalized determinant 7(k) of the
k-th Witt tower in the obvious way.

Definition 1.1 Let p,q, ¢, and ™ € U(p, @) genine

(a) For k an integer such that (—1)* = ¢, we define the first occurrence index for m in the
k-th Witt tower by my(m) = min{r +s:r —s = kand 0,,(7) # 0};

(b) The first occurrence index of mis m(m) = min{my(m) : (1) = €};

(c) The type =+ first occurrence index for w is my(w) = min{my(w) : (=1)* = e and
n(k) = £1}.

Kudla and Rallis [KR] have formulated a conjecture about the first occurrence for
orthogonal-symplectic dual pairs over nonarchimedean fields. A natural analogue is the
following

be given as above.

Conjecture 1.2 Let 7 be a genuine irreducible admissible representation of U(p, q). Then

(1.3) my(m)+m_(w) =2p+2q+2.

The truth of the conjecture for all representations w € U(p, q);muine with e = (—1)P*ta+!
and satisfying a certain condition in terms of the inducing data follows from the main result
of [P2]. We give a precise statement in Section 6.

In this paper, we prove the following result.

Theorem 1.4 Conjecture 1.2 is true for the cases where T is a discrete series representation, or
irreducibly induced from a discrete series representation.

To illustrate this result let us consider the discrete series of U(p,q) = U(2,1) with
r + s odd. In this case, all covers are the connected two-fold covers. Genuine discrete series
representations 7 of U (2, 1) may be given by Harish-Chandra (HC) parameters of the form
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A = (a,b;c) witha,b,c € Z + %, all three entries distinct, and a > b. HC parameters for
U(r, s) are given in a similar way. We distinguish six cases, and in each of them we identify
my (), m_(m) and the corresponding signatures, as well as the theta lifts. Notice that we
have my (7)) + m_(mw) =2p +2q+2 = 8.

Case 1: a,b,c > 0. In this case, m,(m) = 3 and m_(7w) = 5. For the type + first oc-
currence,  lifts to U(2, 1), and 8, ,(m) = 7. For the type — first occurrence, we have the
following situation: if b > % then 7 lifts to U(4, 1), and if ¢ > % then 7 lifts to U (2, 3)
(notice that at least one of these conditions must hold). If b, ¢ > % then these theta lifts are
discrete series with HC parameters (a, b, %, —%; ¢) and (a, b; c, %, —%) respectively. Other-
wise, the theta lifts should be (see Conjecture 4.3) limits of discrete series with these same
parameters.

Case 2: a,b > 0;¢ < 0. In this case, m_(m) = 3 and m,(m) = 5. For type —, = lifts to
U(3,0),and 05 () is the discrete series with HC parameter (a, b, c), i.e., the representation
with highest weight (a — 1, b, ¢ + 1). For type +, 7 lifts to U(3, 2), and if b, —c > % then
also lifts to U(5,0). In this last case, the theta lifts are discrete series with HC parameters
(a,b,c %, —%) and (a, b, %, —%, c) respectively; if b = % orc= —% then 605 () should be
(see Conjecture 4.3) a limit of discrete series with the same parameter.

Case 3a: a = %, b= —%, ¢ > 0. In this case, m_(m) = 1 and m,(w) = 7. For type
—,  lifts to U(0,1), and 6y (r) is the character of U(0, 1) with weight c. For type +,
m lifts to both U(4,3) and U(2,5). The theta lifts are non-tempered representations and
should be (see Conjecture 4.3) constituents of representations induced from relative limits
of discrete series on parabolic subgroups with Levi factors isomorphic to U(3,2) x C* and
U(1,4) x C* respectively.

Case 3b: a,c > 0,b < 0,and a > % orb < —%. In this case, m_(7) = 3 and m, (7)) = 5.
For type —, m lifts to U(1, 2), and 8, ,(7) is the discrete series with HC parameter (a;c, b).
For type + we have that if a > 3 then = lifts to U(3,2), and if b < —3 and ¢ > 2
then 7 lifts to U(1,4). Ifa,—b,c > % then the theta lifts are the discrete series with HC
parameters (a, %, —%; ¢, b) and (a;c, %, —%, b) respectively; otherwise the theta lifts should
be (see Conjecture 4.3) limits of discrete series with the same parameters.

The Cases 4 (a > 0,b,¢c < 0),5 (a,b < 0,c > 0), and 6 (a, b, c < 0) are similar to and
may be obtained from Cases 3, 2, and 1 respectively, using the behavior of the theta cor-
respondence with respect to contragredients (see Proposition 2.9). For example, in Case 5
we have m,(w) = 3 and m_ () = 5, and 7 lifts to U(0, 3) and U(2, 3), as well as U(0, 5)
ifa < —% and ¢ > %; the theta lifts are discrete series or limits of discrete series with
parameters (c, a, b), (%, —%; ¢,a,b),and (c, %, —%, a, b) respectively.

For the proof of Theorem 1.4, we first use a doubling argument due to Kudla and Rallis
to show for all 7 € U(p, q);enuine that if 7 occurs with two groups from different Witt
towers, then the sum of the associated dimensions is at least 2(p +q) + 2, which implies one

inequality for (1.3). A similar argument then yields that

mp(m) + mpe () =2p+2q+2 = [k—k'| <2.
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Assuming the validity of the conjecture, the two earliest first occurrences will therefore
be in neighboring Witt towers. Notice that such Witt towers have opposite normalized
determinants.

Next we turn our attention to discrete series representations and use results due to
J.-S. Li to identify the values 7, s corresponding to m. (7) and m_ () to prove the conjecture
for this case. The theta lift in the earliest first occurrence (at rank m(7)) is again a discrete
series, as is the case for the second earliest first occurrence (at rank 2p + 2g + 2 — m(m)) if
the infinitesimal character is sufficiently regular [L2]. For all other cases, we formulate and
give evidence in favor of a conjecture which identifies the theta lift in question. Using an
explicit example, we show that if my(7) > m(m), then the theta lift of a discrete series rep-
resentation in first occurrence in the k-th Witt tower need not be a tempered representation
(see [Ro]).

Finally, we use the induction principle ([K], [M], [AB], [P1]) to show that the truth of
the conjecture for discrete series representations implies its truth for most representations.

2 Some Facts About the Correspondence
The Space of Joint Harmonics

The following discussion is in [H3]. Let (G, G’) be a reductive dual pair in Sp = Sp(2n, R).
Let U = U(n), K, and K’ be maximal compact subgroups of Sp, G, and G’ respectively.
Assume that K - K’ C U. Let 513 be the nontrivial two-fold cover of Sp, and denote G,
U, K, etc., the corresponding two-fold covers of the subgroups. Let w be the oscillator
representation of §§ Let P be the space of polynomials on C". In the Fock model of w, the
space of U-finite vectors of the Harish-Chandra module associated to w may be identified
with P, in such a way that the action of U (and K, K’) preserves the degree of polynomials.
Consequently, for any nonnegative integer d and any K-type (K'-type) o, the subspace ¢ of
degree d homogeneous polynomials of the o- isotypic subspace J,, of P is K-(K'-)invariant,
and we may make the following

Definition 2.1 Let o be a K-type or K’-type occurring in P. The degree of o is the degree
of the polynomial of least degree in J,,.

There is a K x K’-invariant subspace H of P, the space of joint harmonics, with the
following properties:

Theorem 2.2 (Howe)

(1) K and K' generate mutual commutants on H, i.e.,

(2.3) H=Poiwo,

where for all i, o; € K and o/ € (K') , and the representations o; and o] determine
each other. Moreover, for all i, o; and o] have the same degree.
(Ifo ® o' is a summand in (2.3), we say that o corresponds to o’ in H.)
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(2) Supposew € G, w' € (G'), and m < ' in the correspondence for the dual pair
(G, G"). Let o be a K-type occurring in m, and suppose that o is of minimal degree among
the K-types of w. Then o occurs in H. Let o’ be the K'-type which corresponds to o in
H. Then o’ is a K'-type of minimal degree in 7’

Now consider dual pairs of the form (U( p,q),U(r, s)). If K and K’ are maximal com-
pact subgroups of U(p,q) and U(r,s) respectively, we will often refer to an irreducible
representation of K (or K') as a K-type for U(p, q) (or U(r,s)).

For fixed p and g, the degree of a K-type for U(p, q) will depend on r and s, as will the
occurrence or non-occurrence of o in the space of joint harmonics J{. Consequently, we
will use the following

Notation 2.4 Let o be a K-type for U(p, q). (1) The (r,s)-degree of o is the degree of &
(see above definition) for U(p, q) a member of the dual pair (U(p, q), U(r, s)).

(2) If o occurs in the space of joint harmonics for the dual pair (U(p, q),U(r, 5)), we
say that o is (r, s)-harmonic.

We now describe the correspondence of K-types in H which is well known (see e.g.
[L2], [P1]). We use small gothic letters with subscript 0 for real Lie algebras, and drop the
subscript to denote their complexifications.

Choose Cartan subalgebras t; and t; of {, = Lie(K) and ¥ = Lie(K’) respectively.
Highest weights of genuine K-types for U(p, q) may be given by elements of (ity)* of the
form (ay,az,...,ap;b1,...,by) witha; > a; > -+ > a,, by > - > by, and a;,b; €
7.+ 5*. Analogously for genuine K-types for U(r, s).

Lemma 2.5 The correspondence of K-types for U(p, q) and U(r,s) in the space of joint har-
monics for the dual pair (U(p, q), U(r, s)) is given as follows:

(1) IfoisaK-type for U(p,q), then o occurs in H if and only if the highest weight of o is of
the form

r—s r—Ss sS—r Ss—7r
( 2 T2 T T )

+(ay,az,...,05,0,...,0,by,....b5¢1,60, -6y 0,...,0,dy, ..., dy),

withk+n < randl+m <s. Then o <> o', where o' is the K-type for U(r,s) with
highest weight

(P;q,m’qu;qEP’_._’CI;P)

+ (a1, az,...,0r,0,...,0,d1,...,ds¢1,6,. .5, 0,...,0,b1,...,0)).

(2) If o is a K-type for U(p, q) which occurs in the oscillator representation, with highest
weight

(T—S r—s s—r S—r
>

+ SV1y e vy s
P ) ) P P ) ’ ) ) (x17x27 y Xp> V1 )’q)
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then the (1, s)-degree of o is given by
p q
I
i=1 i=1

Remark 2.6 1t will be convenient to extend the notion of (7, s)-degree to all K-types, not
only those which occur in P, by formal definition using the above formula.

More Facts

Now we state some facts about the occurrence of discrete series representations, which are
due to Jian-Shu Li [L2]. We parametrize genuine discrete series representations of U(p, q)
by their Harish-Chandra parameters A € it§, which are of the form

)\:(al,az,...,ap;bl,...,bq)

with a;,b; € Z + w, i.e., integers if p + q and r + s have different parities, and half
integers if the parities are equal. Moreover,a, > a;, > -+ > a,, by > -+ > by, and a; # b;
for all i, j. Analogously for discrete series of U(r, s).

Theorem 2.7 For p,q,r1,s non-negative integers with r +s > p +q, let G = U(p, q),
G’ = Ul(rs), and consider the dual pair (G, G’). Suppose that m is a genuine discrete se-
ries representation of G with Harish-Chandra parameter X and lowest K-type o.

(a) Ifois(r,s)-harmonic, then 0, () # 0. Moreover, 0, () is unitarizable and contains the
K-type for U (r,s) which corresponds to o in H.
(b) Letm =r+s— p— q, and suppose X is given by

A= (ai,...,a:bi,....byc,...,¢,d1, ..., dy),

wherea; >a, > --->a, >0>by > - >b,c0>->¢>0>d >--->d,
a”daxv_blaczv_dl > mTH

Ifr=x+w+mands = y+ z then 0,,(r) is the discrete series of U(r,s) with Harish-

Chandra parameter
m—1 m—3 —m+1
)\/:(al,...,ax, ) s ) IEEEE) ) ,dl,...,dW;Cl,...,Cz,bl,...,by>.
Ifr = x+wands = y+z+mthen 0,,(r) is the discrete series of U (r, s) with Harish-Chandra
parameter
m—1 m—3 —m+1
)\/:(al,...,ax,dl,...,dw;cl,...,cz, ) s ) geeey ) ,bl,...,by>.

The next result follows from the behavior of the oscillator representation with respect to
tensor products [R]. See [P1] for details.

Lemma 2.8 For nonnegative integers p,q,r,s,1',s', withr +s = r’ + s'(mod 2), let w4
be the oscillator representation for the dual pair (U(p,q),U(r, 5)), and let wp g, o and
W q,rtr s+s' be defined analogously. Then
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(@) Wpgrns ® Wpgr s [0 x 057 = Wpagrer ss [0 x 07 7
(b) wpgrs ® wp,w’,S’lA(U(P,q)) factors to U(p,q) and wpgrs @ wpgr s = Wpgrer sest aS
representations of U(p, q).

Although the groups U(p,q) and U(q, p) are naturally isomorphic, their Howe cor-
respondences are different. The following result relates the two correspondences and is
in [P1].

Proposition 2.9 Let m € U (P, q)genyine: ' € U (1, s);enuine, and let m* and '* be the con-
tragredient representations of m and 7’ respectively. If 0,(w) = 7’ then 0,,(n*) = 7'*.
Corollary 2.10 If w € U(p, @)genine and ©' € U(r,s),

dence for the dual pair (U(p7 q),U(r, s)) if and only if m <> ' in the correspondence for the
dual pair (U(q, p),U(s, r)).

genuine then m <> ' in the correspon-

Proof This follows by applying Proposition 2.9 twice. ]

Now we describe the correspondence of infinitesimal characters for the dual pair
(U(p,q), Ufr, s)) (see [Pr]). If m € U(p,q);enuine and 6,,(w) = 7', let A and \’ be the
infinitesimal characters of 7 and 7' respectively. We refer to the correspondence A +> \’
as the correspondence of infinitesimal characters. The infinitesimal character of a rep-
resentation of U(p,q) may be given by an element of t* = CP*™. Choose coordinates
such that the infinitesimal character of the trivial representation of U(p, q) is given by
(PJ”%_I, PJ”%_S, e —P+3_1). Similarly for U(r, s).

Theorem 2.11 (Przebinda) Assume p +q < r+s, andlet m = r+s—p —q. The
correspondence of infinitesimal characters for the dual pair (U(p,q), U(r,s)) is given by

A (A pm),

for X € CP*1 and p,, :(’”T_l,’”T_a...,%“) e cm

3 First Occurrence for Discrete Series

The first steps in proving the first occurrence formula for a discrete series representation 7
will be to show that m. (7) + m_(7) > 2p+2q+2, and to narrow down the choices of Witt
towers for which equality holds. It will turn out that we only have to look in neighboring
towers, i.e., in the m-th and (m + 2)-th Witt towers for some integer m. Notice that such
towers have opposite normalized discriminant. We will need the following lemma.

Lemma 3.1 Let t be a positive integer, and let | € %Z be such that 21 = t(mod 2) and

§>1> 5. Letx; = det' € U(p, q), and suppose that Orrex(x1) # 0. Thenk > p +q. In
particular, 0,5(1) # 0= r =sorr > p+qands > p + q (stable range).
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Proof If O, (1) # 0, then the K-type with weight (I, ..., 51, ..., ) is (k+t, k)-harmonic.

t t —t —t t t t t
(l,...,l;l,...,l):(—,...,—;—,...,—)+<l——,...,l——;l+—,...,l+—).
2 272 2 2 2 2 2
Byassumption,l—§<03ndl+§>0,sointhespaceofjointharmonics, L...,5L...D
corresponds to the K-type with highest weight
<P—q pP—q9.9—-p q_P)
R R A a PR
k
k+t
—N— t t
+(0,...,0l+—,...,01+=,0,...,0, ] ——,...,)]— =],
2 2
—_—— —_———
q P
and we must have that k > p + q. ]

Proposition 3.2 Letw € U(p, @) genuine: SUPPOSET; S, r', and s’ are nonnegative integers such
thatr — s # 1’ —s'. If 0,(w) # 0 and 0, 5 () # 0, then

(3.3) r+s+r’+s >2p+2q+2.

If equality holds in (3.3), then |r —s — (r' —s')| = 2.

Proof By Proposition 2.9, 8,/ /(1) # 0 = s,/ (7*) # 0. So we have

O,5(m) #0 and 6, () #0

= HomU(p,q)xU(p,q) (wp,q,r,s QWpgs' T & ™) #£0

= Homypq)(Wp grrs' str', TR ") #0  (by Lemma 2.8)

= HomU(p,q) (wp,q,r+s’,s+r’7 ]1) 7£ 0

= 9r+s’,s+r’(]l) 7é 0.
By Lemma 3.1, and since we are assuming that r — s # r’ — s, we have that r +s” > p + g,
r"+s>p+gq,andr+s’ # r' +s. The trivial representation of U(p, q) occurs only with
groups of even rank, so that r+s+ 1/ +s' > 2p +2q + 2.

To prove the second part of the statement, notice thatif r+s+r"+s" = 2p+2q+2, then
r—s—r'+s'=2p+2q+2—-2s—2r <2r' +2s+2—2s—2r' =2, and

r'—s' —r+s=2p+2q+2—25' —2r <2s+2r' +2—2s' —2r=2.
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If the conjecture is true, then for any m, the earliest occurrence has to be no later than a
group of rank p + g + 1. The next result confirms that this is indeed true if 7 is a discrete
series representation.

Proposition 3.4 (First Occurrence of Discrete Series) Let k be a nonnegative integer, and

letw e U(p,q), be a discrete series representation with Harish-Chandra parameter

genuine
(3.5a)
k—1 k-3 —k+1
)\:(al,...,ax, T T T ,bl,...,by;cl,...,cz,dl,...,dw> or
k
k—1 k-3 —k+1
(3.5b) )\:(al,...,ax,bl,...,by;cl,...,cz, S T T ,di, .,dw)
k

with ay, —by, ¢c,, —d; > k;—l Letr =x+wands=y+z

(i) Ifk=0anda;, b;,c;,d; € 7 foralli, then 0, s(7) = 7’ and 0,54, () = "', where 1’
and 7'’ are the discrete series representations with Harish-Chandra parameters

!/
A :(al,...,ax,O,dl,...,dW;cl,...,cz,bl,...,by)
and
1" .
A= (al,...,ax,dl,...,dw,cl,...,CZ,O,bl,...,by)

respectively, and these are the earliest occurrences.
(ii) In all other cases, 0,,(w) = m', where ' is the discrete series representation of U(r, s)
with Harish-Chandra parameter

! .
A :(al,...,ax,dl,...,dw,cl,...,cz,bl,...,by).

Moreover, if k is chosen to be maximal in (3.5) then 6,_ ;_1(m) = 0, i.e., this is the first
occurrence.

Proof Part (i) follows from Theorem 2.7(b) and Proposition 3.2. For the first part of (ii),
apply Theorem 2.7(b) to 7'. We will prove the “moreover” part later independently, using
Proposition 3.2, but we include a more direct proof here. Because of Corollary 2.10, it is
sufficient to consider the Case (3.5a). Let o be the lowest K-type (LKT) of . We will show
that o is of minimal (r— 1, s—1)-degree in 7 but is not (r—1, s—1)-harmonic. Theorem 2.2
then implies non-occurrence. Notice that the degrees for (r,s) and (r — 1,s — 1) are equal.
The highest weight A of o is given by A = A + p,, — p., where p, and p, are one half the
sums of the noncompact and compact roots determined by A respectively (see e.g. [Kn]).
Define

for 1<i<x, o =#{j<z:a;<cj},

for 1<i<y, Bi=t{j<w:b <d;},
for 1<i<z, ~=#{j<x:¢<a;}, and

for 1<i<w, 0 =4{j<y:di<b;}.
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Then a straightforward calculation yields that
Go A= (T S
2 2 2 2
+ (A], e ,Ax,Zl, e ,Zk,Bl,. . .,By;Cl, e aCzaDla N ,DW),

where

o1 . .
Ai:ai—ai+z—x—§+z——20 (sincea; > x—1i+ and o; < z),

2
Z; =0,
(3.6b) Bi:bi—,@i+—+i—1§0,
2 2
Ci:ci—'yi+x—z+k+i—1>0,
2 2
D,»:di—é,»—k+i—l§0
2 2

The (r — 1,5 — 1)-degree of ¢ is therefore

X y z w
(3.7) ZAi_ZBi+ZCi_ZDi'
i=1 i=1 i=1 i=1
Now let 7 be an arbitrary K-type of 7. Then the highest weight of 7 is of the form

A+ Z Eiaia

a; EAT

where A™ is the system of positive roots determined by ), and the &; are nonnegative inte-
gers (see e.g. [Kn]). An induction argument on the number of roots shows that if

E £iai = (k17"'7kx7zla"'azkvlly"'aly;mla"'amzynlv'”vnw)
a; €AY

then

x y z w
(3.8) Zk,‘—Zl,‘-l—Zmi—zniZO.
i=1 i=1 i=1 i=1

The (1, 5)-degree of T is
x k y z w
S A+ lal + Y B+ L[+ Y |Ci+mi| + > |Di+
i=1 i=1 i=1 i=1 i=1
X y z w
> (At k)+Y (=Bi—l)+) (Citm)+) (=Di—m)
i=1 i=1 i=1 i=1

X y z w
> A=) Bi+) Ci— Di by(38),
i=1 i=1 i=1

i=1
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which is the degree of 0. Hence o is indeed of minimal degree in .

Now if k in (3.5a) was chosen to be maximal, then we have that a, > k;—l orb < _kz_l ,
so that
(39)A>Eil + L 0 B <7k71+k+1 L o
. —Z+zZ—X——+x— - = or = - ==
) 2 2 ! 2 2 2

Also, ¢,, —d; > k+71 implies that C, > kand D; < —k. Ifk = 0,then¢, > lord; < —1
since otherwise we would have Case (3.5b) with k not maximal, so that

(3.10) C,>0 or D;<O.
Moreover,
k+1 k+1
(3.11) Ax:0:>ax:T:>cz>T$Cz>0,

and similarly
(3.12) B, =0= D, <0.
It follows from (3.9)—(3.12) that
C,>0 and B; <0, or A, >0 and D; <O.

Lemma 2.5 now implies that ¢ is not (r — 1, s — 1)-harmonic. [ |

Corollary 3.13 Conjecture 1.2 is true for 7 as in Proposition 3.4(i).

Theorem 3.14 Letw € U(p, q) be a discrete series as in Proposition 3.4(ii).

genuine

(a) If \is given by (3.5a) then

k+3
(3151) 0r+k+2,s+k(7r) # 0= a, > T and dl <-I
. k+3
(3.15ii) Orsksiksa(m) #0 & by < - and ¢, > 1.

(b) If \is given by (3.5b) then

k+3
(3.15iii) 9r+k+2,s+k(7T) #0&a.>1 and d < —T;
. k+3
(3.151v) Oriksikra(m) 0 by < —1 and ¢, > —
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Proof Recall that the Harish-Chandra parameters of discrete series representations of
U(p, q) which are contragredient representations are of the form

(xla"'vxp;yla"'ayq) and (_-xp7_xp—ly'"a_xl;_yQ7"'7_y1)-

Because of Proposition 2.9 and Corollary 2.10, it is therefore enough to prove (3.151). We
will show that if a, > # and d; < —1 then the LKT of 7 is (r + k + 2, s + k)-harmonic, so
that by Theorem 2.7(a), 0,4k+2,s+k(7) # 0. The highest weight of the LKT ¢ of 7 (see (3.6))

is given by
r+2—s r+2—s s—r—2 s—r—2
(3.16a) ( ; )
2 2 2 2
+(Af,...,A,—=1,...,—1,B],...,B};C{,...,C,Dy{,...,Dy),
where
k . 3
(3.16b) A,<’:a,-—ozi+z—x—5+z—57
k . 3
Bl{:bi—ﬂi+5+17§,

ko1
Ci’:ci—yi+x—z+§+z+5,

k 1
D{:di—é,»——+i+—,
2 2
with a;, 8;, 7i, 0; as in the proof of Proposition 3.4.
Itis easy to calculate thatif a, > ";—3 then A/ > Oforalli, B/ < —1foralli,C] > 1+kfor
alli,andifd; < —1 then D] < 0 for all i. Lemma 2.5 now implies that o is (r +k+2, s+ k)-

harmonic.

Now suppose conversely that a, = ’“Tl We need to show that 8,12 s+ (7) = 0. Con-
sider the discrete series representation 7 ® det™" of U(p, q), which has Harish-Chandra
parameter

k—1 k-3 —k+1 —k—1
<a1—1,...,ax_1—1, ) s ) IEEEE) ) y ) ,bl—l,...,b},—l;

C]—1,...,Cz—l,d1—1,...,dw—1).

Now a, = ’“Tl implies that ¢, > k%, so that ¢, — 1 > 0, and Proposition 3.4 yields that

0,101 (T ® det™) # 0. By Proposition 2.9, 8,11 ,—1(7* ® det) # 0. Now
9r+k+2,s+k(7r) 7é 0= HomU(p7q)><U(p,q) (Wp,q,r+k+2,s+k ® Wp,gstlr—1,T ® (7T* (Y det)) 7& 0
= Homy(pg)(Wp g restkisresik—1, T @ " @ det) # 0 (by Lemma 2.8)

= HomU(p,q)(Wp,q,r+s+k+3,r+s+k717 det) 7é 0

= Opigi3,prg—1(det) #0 (since p+q=r+s+k).

https://doi.org/10.4153/CJM-1999-029-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-029-6

648 Annegret Paul

But by Lemma 3.1, 0,413 p+q—1(det) = 0, so we must have that 6,32 s1(7) = 0.

A similar argument shows that if d; = —% (and k = 0) then 0, ;1 (7 ® det) #
0, and then 6, ;(w) # 0 would imply that 9p+q+37p+q,1(det_l) # 0, which contradicts
Lemma 3.1. So again, 8,442 k() = 0. [ |

Remark 3.17 The case k = 0, a,, —by,¢;, —dy > % in Theorem 3.14 follows from Theo-
rem 2.7(b). In this case, 0., (m) and 0, ,,(m) are the discrete series representations with
Harish-Chandra parameters

1 1
(al,...,ax,5,—E,dl,...,dw;cl,...,cz,bl,...,by)
and
1 1
(611,...,ax,dl,...,dW;Cl,...,CZ,E,*z,b],...,by)
respectively.

Notice that if k is chosen to be maximal in (3.5), then at least one of the conditions in
Theorem 3.14 is satisfied, so that we have

Corollary 3.18 Letw € U(p,q) be a genuine discrete series representation. Then

genuine

my(m) +m_(m) =2p +2q+2.

4 The Theta Lifts

It would be of interest to identify the Langlands parameters of all the representations which
occur as the earliest theta lifts 7/ of a discrete series representation 7 of U(p, g) as in The-
orem 3.14. Using Theorems 2.11 and 2.7, we know their infinitesimal characters, that they
are all unitary, and that they contain the K-type which corresponds to the LKT of 7 in
the space of joint harmonics H{. For example, consider the discrete series m of U(2, 1)
with Harish-Chandra parameter (3,0; —2). By Theorem 3.14, 7’ = 65,(m) # 0. This
representation has (singular) infinitesimal character (3,1,0,0, —1, —2) and contains the
K-type with highest weight (%, %, %, %, — %; —%). In Example (2) at the end of this section,
we identify this representation explicitly, by going through the short list of representations
with this infinitesimal character and ruling out all but one of them. This is of course in
general not possible, but there are candidates for these theta lifts which nicely fit all the
requirements. After introducing some notation, we shall give their Langlands parameters.
In light of Proposition 2.9 and Corollary 2.10, we may restrict our attention to Case (3.15i)
of Theorem 3.14; all results for this case have obvious analogues for the other three cases,
which we leave to the reader to formulate.

Definition 4.1 (a) For n a positive integer, let © = (u1, 2, .- ., 44y) be an n-tuple of

integers, and v = (vq,14,...,V,) an n-tuple of complex numbers. Then x(u,v) is the
character of (C*)" given by

n
=1
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(b) For k < min{p, q} let P = MN be a cuspidal parabolic subgroup of U(p, q) with
Levi factor M = U(p — k,q — k) x (C*)*. Forp € U(p — k,q — k) and x = x(u,v) a
character of (CX)¥ we let (using normalized induction)

I(pa 4q, k7 Py 1y v) = Indg(p’q)(p RX® 1.

(Notice that the composition series of I(p, g, k, p, t4, V) is uniquely defined.)
If p is a discrete series representation, we call I(p, q, k, p, 14, ) a generalized principal

series representation (see [SV]).
N
7

A genuine limit of discrete series representation 1 = (X, ¥) of U(p,q) (the det
cover) is given by an element A € itj of the form

A= (Xl e ooy Xy e ooy Xy e e e s X3 XLy v e e 3 Xy v v ey Xy« + o s Xim)
—— ———— —— ——

ky km h L

withx; € 7 + %N“ and |k; — I;| < 1forall i, and a system of positive roots ¥ C A(g, t)
with the property that « € ¥ = (o, A) > 0, and if v is a simple root in ¥ and (o, A) = 0
then « is noncompact (see [V2], [P1]). With obvious notation, the compact roots of g with
respect to t are

Ac={ei—e:1<i,j<ptU{fi—fi:1<i,j<q}
and the noncompact roots are

Ay ={F(e—f):1<i<pand1<j<gq}

We are now ready to describe our candidates for the theta lifts. Let 7 € U(p, ) genuine
be a discrete series representation with Harish-Chandra parameter given by (3.5a), with

~ +q+k
U(p,q) the det” -cover. Assume that a, > ]“73 and d; < —1. Let r and s be as in
Proposition 3.4. Consider the induced representation I(r + k+ 2, s + k, [% 1, p, 1, V) given

by the following data.
(4.2a) Ifkisoddthenpy = (—1,...,—1);v = (1,3,...,k),and p = p(\’, ¥’') is the
limit of discrete series ofU(r+k*Tl+2, s+k;21) with A = (ay,...,ay, k;—l, k;—l,
., 1,0,dy, . den, e =1, =20 _2+1,b1,...,by),andfz—exﬂ €
o/,

(4.2b) Ifkiseventhenp = (—1,...,—1);v = (2,4,...,k),and p = p(\', ¥’) is the

limit of discrete series ofU(r+§+2,s+§) with A = (ay, ..., a,, k;—l, %, e

11 . 1 _3 —k+1

Ea_§7d17"'7dw>cla"'aczv_§7_§7"'a 2 )bly"'aby)’ andfz_ex+1 €
i i

v ’ex+§+2 - fz+1 SV

Let v/ be the unique (see [V2]) LKT constituent of I(r + k + 2,s + k, []”Tl], 0, Ly V).

Conjecture 4.3 Let m and m' be as above. Then m' = 0,142 i ().
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We give some evidence for the truth of this conjecture.

Lemma 4.4 Let w be a genuine discrete series representation of U(p,q), and suppose
01,5 () # 0 is one of the first occurrences of w as in Proposition 3.4 or Theorem 3.14. Then
the LKT o of w is of minimal (ry, so)-degree in .

Proof We already proved this for the earliest first occurrence in Proposition 3.4(ii), and the
Case (i) is similar. So suppose we are in the setting of Theorem 3.14, the Harish-Chandra
parameter of 7 is given by (3.5a) with k maximal, and we have a, > k% and d; < —1,s0
that 6,412 s+ (m) # 0. Then the highest weight A of o is

(r+275 r+2—s's—r—2 s—r—2>

— T
+(A],...,Al,=1,...,~1,B],...,B);C{,...,C.,D],...,D},),

w

where A/ > 0, B/ < —1,C! > 1,and D! < 0 for all §, as in the proof of Theorem 3.14. The
(r+k+2,s+ k)-degree of o is therefore

x y z w
SIS WS WA
i=1 i=1 i=1 i=1

Any other K-type 7 of 7 has highest weight of the form

A+ (ki kez, oz b, Lymy, o mg g, ),

where

X k y z w
(4.5) Zki—zz,‘—Zli-i-Zm,‘—ZﬂiZO
i=1 i=1 i=1 i=1 i=1

(see the proof of Proposition 3.4). The (r + k + 2, s + k)-degree of T is

x k y z w
STIAI+kl+Y 1= 1+z]+> Bl +L|+ Y _|C/+m|+> D +n|
i=1 i=1 i=1 i=1 i=1
x k y z w
> (Al +k)+Y (1=z)+ Y (=B —k)+ Y (Cl+m)+ Y (=Df —m)
i=1 i=1 i=1 i=1 i=1
X y z w
>Y Al+k—=> B/+> C/—> D! by(45),
i=1 i=1 i=1 i=1

which is the degree of 0. Hence o is indeed of minimal degree in 7. The other cases are
similar. u

Corollary 4.6 Let m be as in Conjecture 4.3. Then the K-type which corresponds to the LKT
of m in the space of joint harmonics for the dual pair ((U(p, qQ),U(r+k+2, s+k)) is of minimal
(p,q)-degree in Or k2 54k ().
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Proof This follows using Theorem 2.2. ]
Proposition 4.7 Let 7 and 7’ be as in Conjecture 4.3. Then

(a) the infinitesimal characters of m' and 0,4 s () coincide; and
(b) the unique LKT of ' is of minimal (p, q)-degree in ', and corresponds to the LKT o of
7 in 3 for the dual pair (U(p,q),U(r + k +2,s+k)).

Proof The infinitesimal character of v/ is given by

1 1 1 3 1 k 1 1 1 3 1 k
/\’,(——+—,f—+—,...,f—+—;f—f—,f—f—,...,f———) e (tH*
2 2 2 2 2 2 2 2 2 2 2 2
k—1 k+1
—<>\’,(0,1,2,...,—;—1,—2,...,—L))
2 2
~ (X pre2) by W(g',t")
if k is odd, and
AN 1 1 k1 1 1k
/\,(——+1,——+2,...,——+—;———1,———2,...,————)
2 2 2 2 2 2 2 2
— (' (li k-1 3 5 _E)
9 2727"'7 2 b 27 27"'7 2
N(>\7Pk+2)

if k is even. Part (a) follows using Theorem 2.11.

We prove part (b) for the case that k is odd; the other case is similar. First we compute
the highest weight(s) of the LKT(’s) of 7. The algorithm given in Section 3 of [P1] yields all
LKT’s of the standard module I; induced from a certain discrete series, which contains the
induced module (4.2a) as a summand, along with all generalized principal series similarly
induced from the limits of discrete series with the same A’ (but different ¥’) as p. It will
turn out that the number of these K-types is the same as the number of distinct summands,
so that (4.2a) must have indeed a unique LKT o’. The next task will be to pick out this K-
type, which is also the LKT of 7.

The highest weights of the LKT’s of I; are those of the form

(4.8) M+ p+punp) —punt) + 4,

where p = dx|t, u(r + k+ 2,5 + k) = £+ p is the Cartan decomposition, ¢ = [+ 1t is the
theta stable parabolic subalgebra determined by A\’ + u, p(-) denotes one half the sums of
the respective roots, and d; is a fine weight (see [P1] and [V1]) for L. In our case, A’ + p is

given by
+1 k-1 1 1
(611, 7axaTaTa ',laovfiy"',fiadla -adw;

——

K+l

2
1 1 k+1

C1, 7627_57‘”;_57_17 2, ) 2 abla 7by)'
|
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Calculating the highest weights of the LKT’s of I;, we obtain
(Al,...,Ax,Yl,Y, Y,Z.....Z,Dy,....Dy;
—_——— — —

7 2

Cl,...,CZ,Z’,...,Z’,Y’,...,Y’,Bl,...,B},) oL
——

ty—x—w 3
Ai:ai—ai+i+L——;
2 2
v x+y—§—w+k +% ifCZ _ %’
1 x+y7§7w+k lsz N k+71’
+y—z—w+tk
yoXty—z—w :
2
+y—z—w+tk
goXty—z—w :
2
xty—z—w 1
Di:di—5i+i+—y + =
2 2
x—y—z+tw 1
Ci:ci—yi+i+L+— fori<z—1;
2 2
C - ¢ — vtz 2 ifc, = &1,
‘ G-y tz+ TEE L if, > B
—x—y+z+w—k
7' = 4 —1;
2
—x—y+tz+w—k
ylo X ytztw Y
2
. —x—ytz+w 3
Bi:bi_ﬂi+l++75-
The fine weights J, are
1 1 . k+1
(4.9) (0,...,o,i—,o,...,0;0,...,0,q:—,0,...,0) ifo, =
% 2 2
X+ z

and 0 if ¢, > k;—l Consequently, I; has one LKT if ¢, > % (which then must be ¢'),
and two if ¢, = HTl corresponding to the two limit of discrete series representations p =

p(N, ") and p = p(\, U'), where U is the systemn of positive roots containing e,+; — f;.
The highest weight A’ of the LKT of p may be easily computed using the Blattner formula,
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and we find that if £ is the weight obtained by choosing

(o,...,0,—%,0,...,0;0,...,0,+%,0,...,0) ifc, = &1,
6L: x+1 z
0 otherwise,

then & restricts to A’ on u(l)”k%hr2 &) u(l)”k%l . Consequently, the K-type (for
U(r + k+2,s+ k)) with highest weight £ contains the LKT of p, and Frobenius reciprocity
now implies that the induced representation (4.2a) contains this K-type. It follows that o’
has highest weight £.

Recall that p = x + k + y and g = z + w. Therefore,

PR (At Y A Rl SO Bt

>

2 2 2 77 2
+(A],...,AL0,...,0,D;,...,D.sC|,...,C.,—1,...,—1,B],...,Bl),

k+2 k

where the A/, B/, C/, and D/ are given by (3.16b). A quick check with Lemma 2.5 confirms
that o’ corresponds to o in . It only remains to show that ¢’ is of minimal (p, q)-degree
in 7/, It follows from Theorem 6.3.12 of [V1] and Theorem 10.44 of [KV] (see Lemma 5.1.1
of [P1]) that the highest weight of any K-type of I; (and hence of 7’) is of the form

(5+Znaa,
(e}

with ¢ the highest weight of a LKT of I, n, nonnegative integers, and the sum running
over roots in A(I) U A(u). Such a sum is of the form

(kh"'akmSlv-"agk—?7C17-”a("';—]anla"'vnw;
(410) mly"'7mZaQ017"'7@%71#17"'71#"*717117'"aly)a

with (check by induction on the number of roots in the sum)

k+3 k

kt1 k

k+1 —1
x = 7 w z = 7 y
1D D k> G=) G mtd mi=) pi=) %= k=0
i=1 i=1 i=1 i=1 i=1 i=1 i=1 i=1

The degree of o' is
X w z y
I S TD ST 3
i=1 i=1 i=1 i=1

The degree of a K-type of the above form with § = £ is

k+3 k+1
X 2 2 w zZ
DAL KD I&I D 16+ YD+ m| + Y |CT 4 mil
i=1 i=1 i=1 i=1 i=1

k1 k—
2 y

2
+) = 1+@+ ) | = 1+wi|+ > |B +1]
i=1

i=1 i=1

1
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b3 b w z
>N A HK) D G+ (=G + Y (=D —n)+ > _(Cl+m)
i=1 i=1 i=1 i=1 i=1

kil k—
2 y

+ fj(l —p)+> (1 —v)+> (—B/ =)
i=1

i=1 i=1

1

k1l k—

x w z 7 7 Y
>N A+ (D) + Y CI+Y 1+ 1+ > (=B)) (by(4.11)),
i=1 i=1 i=1 i=1 1 i=1

which is the degree of 0. [ |

Remark 4.12 Notice that if k > 1 then 7’ is not tempered.

Examples (1) In the case where, in the setting of Conjecture 4.3, the infinitesimal charac-
ter of O4k42,5+k(7) is regular (that is the case in Remark 3.17), Conjecture 4.3 follows from
Theorem 2.7.

In some specific low-rank cases, Conjecture 4.3 may be proved by looking at all repre-
sentations of U(r + k + 2, s + k) with the correct infinitesimal character, and excluding all
except 7' as a possible theta lift of 7:

(2) Letp=2,9g=1,7 = w(\) with A = (3,0; —2). Thenr = 2,5 = 0,and k = 1. By
Theorem 3.14, 65 1(7) # 0, and it has infinitesimal character w = (3,1,0,0, —1, —2) (by
Theorem 2.11). The LKT o of 7 has highest weight

A=(3,1-3)=(2,2-2)+(1,-1-1),

hence has (5, 1)-degree 3 and corresponds in J{ to the K-type oy with highest weight (, =
%, %, %, %, —%; —%). The Vogan norm (see Definition 5.4.18 of [V1]) of oy is ||og|| = %
The group U(5,1) (the connected cover) has six (genuine) representations m, through
me with infinitesimal character w: 7; and m, are limit of discrete series representations
mi(Ai, ¥;) with \; = (3,1,0,—1,—2;0). The LKT o; of m; has highest weight
%, %, %, —%, —%; —%) and is of (2, 1)-degree 3, which is the degree of o, but easily seen
not to be (2, 1)-harmonic (see Lemma 2.5), so 05 ; (7) # 7. The LKT o, of 7, has highest
weight (3,1, -1, -1, —11), and ||oz]| = & > |lool|, so m, does not contain oy, and
therefore 05, () # .
The representations 73 through 7 occur as the LKT constituents of I(5, 1, 1, &;, i, vi),

where & € U(4) is the representation with infinitesimal character A;, and

A3 =(3,1,0,—1), pu3=-2,13=2;
A=0(3,1,0,-2), p=-1uv4=1
As =(3,0,—1,-2), pus=1,uvs=1;
Xe = (1,0,—1,-2), pe=23, vs=3.

The representation 7" of Conjecture 4.3 is easily identified as 7.
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The highest weight of the LKT o3 of 73 is (%, %, %, %, %; —%), so o3 is of (2, 1)-degree 3
and corresponds to the K-type with highest weight (3,0; —2) in H{. This K-type is easily
seen (using the Blattner formula or the Vogan norm) not to occur in , so that s ; (1) # 3.

The unique LKT o5 of 75 has highest weight (%, —%, —%, —%, —%; %) and Vogan norm
% = ||o]|> so that oy is not a K-type which occurs in 7s. Similarly, 7¢ has a unique LKT
06 with highest weight

1 1 1 1 17
( 2720 2 2 2 2) =0-&LL1L0-5).
Using Lemma 5.1.1 of [P1], it is easy to check that oy does not occur in 7.

So we have proved that 65 ; (1) = 74, confirming the conjecture in this case.

(3) Letp = 1,g = 2,and XA = (—%; %, —%), and 7 = w(A). By Theorem 3.14,
65, (m) # 0. In this case, there are 14 representations of U (3, 2) with the correct infinitesi-
mal character, 13 of which may be ruled out as the theta lift of 7 using the methods of the
previous example and the following facts:

(i) If p is a representation of U (3, 2) which occurs in the correspondence with U(1, 2),
then by persistence, p also lifts to a representation of U(2, 3), and this correspondence is
known explicitly (see [P1]).

(ii) If p corresponds to 7 then p does not contain any K-types of (1, 2)-degree less than
the (3, 2)-degree of the LKT of 7.

In this way, we can show that 6;,(m) is the limit of discrete series representation
p(N ¥ ) with N = (3,—3,-3;1,—3) and e, — f3, fi — e € ¥/, confirming the conjec-
ture in this case as well.

5 Irreducible Principal Series

Using Corollary 3.18, parabolic induction and the induction principle ([K], [AB], [P1]),
we prove Conjecture 1.2 for a large collection of representations, namely those which are
irreducible generalized principal series representations (see Definition 4.1(b), and [SV] for
conditions of irreducibility). Let us first recall the results from [P1] and [AB] that we need.

Theorem 5.1 (Induction Principle for U(p, q), [P1]) Fori = 1,2, let m; € U(pi,qi)A,
o; € GL(k;i,C) (the admissible duals), and suppose that m, <> m, and o1 <> o, in the corre-
spondences for the dual pairs (U(pl, q1),U(p2, qz)) and (GL(kl, C), GL(k,, (C)) respectively.
Let x1 and x; be the characters of GL(k;, C) and GL(k,, C) given by

xi(g) = |det(gy)|Prethe=pi—a=k = gug
X2(g2) = |det(gy)[Priathi=p—a—k g 00 € GL(K;, C).
Let w be the oscillator representation for the dual pair
(G1,Gy) = (U(pr + ki, q1 + k1), U(pz + k2, g2 + K2)).

Then there are parabolic subgroups P; = M;N; of G; with Levi factors M; = U(p;, q;) X
GL(ki, C), and a nonzero (g1 ® 2, Ky x Ky)-map of the associated Harish-Chandra modules

w— Indp'(m ® 0y ® x1 ®1) ® Ind (m ® 02 @ X2 @ 1).
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Remark 5.2 1In the case where the induced representations are irreducible, this means that
they correspond in the Howe correspondence for the dual pair (Gy, G,).

Recall from [D] that the irreducible admissible representations of GL(k,C) may be
parametrized by pairs (u,v) € 7F x Ck. Given such a pair, let p,,, be the unique irre-
ducible quotient of

Indy (x(p, v) ®1),

where MN is a parabolic subgroup of GL(k, C) with Levi factor M = (C*)* and N such
that Re{(v,a)} > O forall &« € A(n).

Theorem 5.3 (Adams, Barbasch [AB]) In the correspondence for the dual pair (GL(k, ©),
GL(k, C)), every irreducible admissible representation of GL(k, C) occurs. Explicitly, the cor-
respondence is given by

Puy < Pu,—v-

Note 5.4 In describing the correspondence above, we take into consideration the fact that
the embedding of the dual pair (GL(kl, C), GL(k,, (C)) in the setting of Theorem 5.1 differs
from the embedding in [AB] (see [P1]).

We are now ready to prove the following:

Theorem 5.5 Letm = I(p,q,k, o, u,v) be a genuine irreducible generalized principal series
representation of U(p, q). If 0,5(0) # 0 then O,.4x k() # 0.

Proof If m = I(p,q,k,o, u,v) is irreducible, then 7 = Indz(f;\’,q,)(a ® puy ® 1), for any
parabolic subgroup M'N"’ of U(p, q) with Levi factor M’ = U(p — k,q — k) x GL(k, C).
Notice also that if p,/ , is a representation of GL(k,C) and ¢t € C, then p,,/,» @ |det|" =
Puy'+u> where v, = (t,...,t). Suppose 6,(6) = o’. Then by Theorems 5.1 and 5.3,
O4k,5+k () is a constituent of I(r + k, s+ k, k, o', u, —v). In particular, it is nonzero, and the
theorem is proved. ]

Corollary 5.6 Ifm € U(p, @) genuine 15 an irreducible generalized principal series representa-
tion, then my () + m_(m) = 2p + 2q + 2.

Proof This follows from Proposition 3.2 and Theorem 5.5 using the facts that by Corol-
lary 3.18, m (o) + m_(0) = 2p +2q+2 —4k,and forall rand s, U(r,s) and U (r + k, s + k)
are in the same Witt tower. [ |

6 One More Theorem

In order to complete the display of our evidence in support of Conjecture 1.2, we restate
the relevant result from [P2].

Theorem 6.1 Let m € U(p, D genvine (the det%ﬁl—cover), and realize T as the Langlands
subquotient of an induced representation of the form I(p, q, k, o, j1,v) (see [V2], [P1]). Recall
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that 0 = o(\, V) is a genuine limit of discrete series representation of U(p — k,q — k). If \ is
given by

A= (X1,%0, s Xp k5 Y1y - s Yg—k) With x; 0 # y;  foralli, j,

then there are unique integers r and s with r +s = p + q + 1 such that 0,(7) # 0 and
0r415—1(m) # 0. Consequently, Conjecture 1.2 is true for .
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