
Proceedings of the Royal Society of Edinburgh, page 1 of 20

DOI:10.1017/prm.2024.71

The structure of finite groups whose elements
outside a normal subgroup have prime power
orders

Changguo Shao and Qinhui Jiang*

College of Science, Nanjing University of Posts and Telecommunications,
210023 Nanjing, China (cgshao@njupt.edu.cn; syjqh2001@163.com)

(Received 26 September 2023; accepted 20 May 2024)

The structure of groups in which every element has prime power order (CP-groups)
is extensively studied. We first investigate the properties of group G such that each
element of G \ N has prime power order. It is proved that N is solvable or every

non-solvable chief factor H/K of G satisfying H � N is isomorphic to PSL2(3f )
with f a 2-power. This partially answers the question proposed by Lewis in 2023,
asking whether G ∼= M10? Furthermore, we prove that if each element x ∈ G\N has
prime power order and CG(x) is maximal in G, then N is solvable. Relying on this,
we give the structure of group G with normal subgroup N such that CG(x) is
maximal in G for any element x ∈ G \ N . Finally, we investigate the structure of a
normal subgroup N when the centralizer CG(x) is maximal in G for any element
x ∈ N \ Z(N), which is a generalization of results of Zhao, Chen, and Guo in 2020,
investigating a special case that N = G for our main result. We also provide a new
proof for Zhao, Chen, and Guo’s results above.

Keywords: prime power order; centralizers; maximal subgroups; Frobenius groups;
CP-groups
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1. Introduction

All groups are supposed to be finite. Recall that G is called a minimal non-abelian
group if G is non-abelian but every proper subgroup of G is abelian. We denote
by F (G) the Fitting subgroup of G. The upper nilpotent series {Fi(G)}i�0 of a
group G is defined recursively by F0(G) = 1 and Fi(G)/Fi−1(G) = F (G/Fi−1(G))
for i � 1. If G is a solvable group, then the smallest integer h such that Fh(G) = G
is called the Fitting length (or nilpotent length) of G and is denoted by h(G). All
unexplained notation and terminology are standard (see [19]).

A group G is called a CP-group if every element of G has prime power order. The
question about CP-groups was first addressed by Higman in [16], who determined
all solvable CP-groups. In [15], Heineken gave the general structure of non-solvable
CP-groups and listed all simple CP-groups.
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Denote Hpn(G) := 〈x ∈ G|xpn �= 1〉 for some prime p | |G|. In [14], Hughes and
Thompson determined the structure of group G if Hp(G) is a proper subgroup
of G and G is not a p-group. Some authors studied those groups G having a
proper subgroup Hpn(G) where n > 1, for instance, [3, 5]. Clearly, each element of
G \ Hpn(G) is a p-element. Motivated by the ideas above, we study the structure
of a group G that satisfies the following:

Property (∗): Let G be a group and N be a proper normal subgroup of
G. Assume that every element of G \ N has prime power order.

Clearly, every CP-group G trivially satisfies property (∗). Our main theorem is:

Theorem A. Let G be a group and N be a non-trivial normal subgroup of
G. Suppose that G and N satisfy property (∗). If N is non-solvable, then every
non-solvable chief factor H/K of G satisfying H � N is isomorphic to PSL2(3f ),
where f > 1 is a 2-power. In particular, G/N is solvable.

Remark 1. In [28, Theorem 1], it is asserted that ‘Let Δ(q) be a subgroup of the
automorphism group of a finite simple group L2(q) generated by its inner auto-
morphism group and by an automorphism ϕδ, where ϕ and δ are the generators
for the groups of field and diagonal automorphisms of L2(q), respectively. If G is a
finite generalized Frobenius group with an insoluble kernel F , then |G : F | = 2 and
G/Sol(F ) is isomorphic to Δ(q), where q = 32l

for some natural number l. Here,
Sol(F ) denotes the largest solvable normal subgroup of F ’.

In fact, the chief factor in theorem A is not necessarily a simple group. Let
F := S1 × S2, where S1

∼= S2
∼= PSL2(9) and let further ϕi, δi ∈ Aut(Si) be field

and diagonal automorphisms of Si, for i = 1, 2, respectively, and ui = ϕiδi. It is
easy to see that every element in Siui is a 2-element by [4]. Suppose that G = F 〈u〉,
where u = u1u2. Obviously, Sol(F ) = 1 and G \ F = Fu = (S1u1) × (S2u2). Hence,
every element in G \ F is also a 2-element. But in this case, F is not a non-abelian
simple group. Hence, there must be a mistake in [28, Theorem 1].

The key ingredient for proving theorem A is theorem B, which has interest on its
own.

Theorem B. Let N be a non-abelian simple group and Aut(N) be its automor-
phism group. If u ∈ Aut(N) \ N is an r-element for some prime r such that every
element of Nu has prime power order, then N ∼= PSL2(3f ) with integer f , u = δϕ
is a product of a diagonal automorphism δ and a field automorphism ϕ of N . In
particular, o(ϕ) = f is a power of 2.

Remark 2. Although this theorem is proved in [21], our method is quite different
since we consider the element orders of the coset of Soc(G), where G is an almost
simple group, while the proof of [21] is relying on theory of classical groups. Of
course, both of the proofs depend on the classification of finite simple groups.

It is well-known that maximal subgroups play an important role in researching the
structure of groups. For instance, a straightforward result asserts that G is solvable
when all its maximal subgroups have prime indices. On the contrary, the influence
of the centralizers of elements on the structure of groups is also studied extensively.
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For instance, the authors of [6, 25] investigated groups in which the centralizer of
any non-trivial element is nilpotent, while the authors of [2, 18] studied groups with
conditions on centralizers. As an application of Theorem A, we get the following
result:

Corollary 1. Let G be a group and N � G. If every element x ∈ G \ N has prime
power order, and CG(x) is maximal in G, then N is solvable.

Furthermore, we investigate the structure of group G if the centralizer of each
element in G \ N is maximal in G, where N is a normal subgroup of G. Zhao, Chen,
and Guo gave the structure of group G when N = G, and proved that:

Theorem C ([26, Theorems A and B]). Let G be a non-abelian group. Write G :=
G/Z(G). If for any x ∈ G \ Z(G), CG(x) is maximal in G, then G is either an
elementary abelian p-group, or G = P � Q is an inner abelian group with |P | = pa

and |Q| = q, where p and q are two different primes, and a is a positive integer.

In this paper, we consider the case Z(G) < N , and obtain that:

Theorem D. Let G be a group and N be a proper normal subgroup of G such
that Z(G) < N . If CG(x) is maximal in G for every element x ∈ G \ N , then G is
solvable with G/N abelian. Furthermore,

(I) If G is nilpotent, then G/N is a p-group for some prime p. Moreover, G =
P × Z(G)p′ and CG(x) � G for every x ∈ P \ N ;

(II) G is non-nilpotent, then |G : CG(x)| = ra with prime r and positive integer
a. Suppose that R is a Sylow r-subgroup of G and K is a Hall r′-subgroup of
G, then one of the statements holds:
(1) If G/N is a p-group for some prime p, we have

(1.1) If r = p, write G := G/Op(G)Z(G). Then G = K � P is a Frobenius
group with abelian kernel K and complement P of order p.

(1.2) If r �= p, write G̃ := G/Z(G)r. Then
(1.2.1) If Or(G̃) = 1̃, then the Fitting length h(G̃) = 3 and G̃ has the

following normal series:

1̃ � Or′(G̃) � Or′,r(G̃) � G̃ = Or′,r,r′(G̃),

where Or′,r(G̃)/Or′(G̃) ∼= R̃ is elementary abelian and G̃/Or′,r(G̃)
is a p-group;

(1.2.2) Assume that Or(G̃) = R̃. If CG(x)p′ � Z(G), then the Fitting
length h(G̃) = 2 and G̃ has the following normal series:

1̃ � R̃ � Ñ � G̃,

where R̃ is an elementary abelian r-group and G/R is nilpotent.

(1.2.3) Write Ĝ := G/Z(G). Assume that Or(G̃) = R̃. If CG(x)p′ �
Z(G), then Ĝ = R̂ � P̂ , where P is a Sylow p-subgroup of G

https://doi.org/10.1017/prm.2024.71 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2024.71


4 C. Shao and Q. Jiang

and R is a Sylow r-subgroup of G with R̂ elementary abelian.
Let Np = N ∩ P . If N̂p � Ĝ, then Ĝ/N̂p is a Frobenius group; if
N̂p � Ĝ, then NĜ(N̂p) = P̂ .

(2) If |π(G/N)| � 2, then one of the following statements holds:
(2.1) Let G := G/Or(G)Z(G). Then G = K � R is a Frobenius group with

abelian kernel K and complement R of order r;

(2.2) Let G := G/Z(G). Then G = R � K is a Frobenius group with R a
minimal normal subgroup of G and K cyclic. In particular, R � N .

On the contrary, in a very recent paper, Zhao et al. [27] investigated the structure
of a normal subgroup N of G, when CG(x) is maximal for every element x ∈
N \ Z(G). Being inspired by the idea above, in this paper, by using less elements, we
study the structure of group G if CG(x) is maximal for every element x ∈ N \ Z(N).
We obtain:

Theorem E. Let G be a group and N � G. Let G := G/Z(N). If CG(x) is maximal
in G for every element x ∈ N \ Z(N), then one of the following statements holds:

(1) If N is nilpotent, then N is an elementary abelian p-group for some prime p;

(2) If N is non-nilpotent, then N = P � Q is a Frobenius group with an elemen-
tary abelian kernel P and complement Q with prime order. In particular, P
is the minimal normal subgroup of G.

Remark 3. In [20], Lewis raised an interesting question asserting that: G is a
group, N is a normal subgroup, p is a prime, P is a Sylow subgroup so that
(G, P, P ∩ N) is a Frobenius–Wielandt triple, G = NP , Op(G) = 1, and G is non-
solvable. Is this enough to imply that G ∼= M10? Theorems A and B partially
answered the question above.

Remark 4. Corollary 1 can also be obtained by [20, Theorem 1.1]. It is worth to
mention that our method and result are different from Lewis’ since he determined
the structure of group G while we are concerning on the information of the normal
subgroup N of G.

Remark 5. Both [27, Theorems A and B] and theorem C can be considered as
corollaries of theorem 5.

2. Proof of theorem B

To show theorem A, we first prove theorem B. Here, we list some notation and
lemmas, which will be used below.

We denote by ω(G) the set of the element orders of G. If A ⊆ G is a subset of G,
then ω(A) denotes the set of element orders of A, and k · ω(A) = {ka|a ∈ ω(A)}.

If ε ∈ {+, −}, we may write ε instead of ± in arithmetic expressions. The notation
used in this section is mainly borrowed from [4, 10, 12].
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Lemma 2.1 ([22, Lemma 2]). Let p and q be two primes and m, n be natural
numbers such that pm = qn + 1. Then one of the following statements holds:

(1) n = 1, m is a prime number, p = 2 and q = 2m − 1 is a Mersenne prime;

(2) m = 1, n is a power of 2, q = 2 and p = 2n + 1 is a Fermat prime;

(3) p = n = 3 and q = m = 2.

Lemma 2.2 ([29]). Let a and n be integers greater than 1. Then there exists a
primitive prime divisor of an − 1, that is a prime s dividing an − 1 and not dividing
ai − 1 for 1 � i � n − 1, except if

(1) a = 2 and n = 6, or

(2) a is a Mersenne prime and n = 2.

Proof of theorem B. Since every element of Nu has prime power order, we take
nu ∈ Nu an r1-element for some element n ∈ N and prime r1. Note that N〈u〉 =
N〈nu〉. Then N〈u〉/N = N〈nu〉/N . Moreover, N〈u〉/N ∼= 〈u〉/〈u〉 ∩ N is an r-group
and 〈nu〉N/N ∼= 〈nu〉/〈nu〉 ∩ N is an r1-group. This forces r = r1. Consequently,
we conclude that every element in Nu is an r-element.

If N is a sporadic simple group, we may take N = M12 as an example. In this
case, select u ∈ Aut(N) \ N a 2-element. By [4], there exists an element of order
10, against our assumption. By a similar reasoning, we rule out the case that N is
a sporadic simple group.

Assume then that N = An is an alternating group of degree n with n � 5 but
n �= 6. As Out(N) ∼= C2, we select u = (12). Take x = (345) ∈ N . Then ux = xu ∈
Nu does not have prime power, also a contradiction.

Now, we consider N = N(q) is a simple group of Lie type defined over a field of
q-elements, where q = pf with p a prime. As u ∈Aut(N), by [9, Theorem 2.5.1], we
may write u = δϕτ , where δ is a diagonal automorphism, ϕ is a field automorphism,
and τ is a graph automorphism of N , respectively.

If u is a field or a graph-field automorphism of N , then by [8], CN (u) = N(pf/t)
is a group of the same type as N . Clearly, CN (u) = N(pf/t) is not a prime power
group by [4, Table 6]. Let 1 �= u′ ∈ CN (u) be an r′-element. Then u′u = uu′ ∈ Nu
is not an r-element, contrary to our assumption. If u is a graph automorphism of
N , according to [4], we see that N ∼= PSL+

n (q) with n � 3; PΩ5(q) with q even;
PΩ+

2n(q) with n � 4; G2(q) with p = 3; F4(q) with p = 2; or E6(q) with 3 | (q − 1).
However, there will be a contradiction according to [1, 13].

Consequently, u = δϕτ with δ �= 1. In the following, we will analyse it case by
case.

Case 1. u = δ.
As δ �= 1, according to [4, Table 5], we see that N ∼= PSL+

n (q) with n � 2; PSL−
n (q)

with n � 3; PSp2n(q) with n � 2 and q odd; PΩ2n+1(q) with n � 3 and q odd;
PΩε

2n(q) with n � 4; Eε
6(q) with 3 | (q − ε1) or E7(q) with q odd.
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Assume first N ∼= PSL+
n (q). Write d := o(u). Easily, r | d. If n = 2, then Nu =

PGL2(q) \ PSL2(q) and 2 | (2, q − 1). As we see that q is odd and r = 2. It fol-
lows by [11, Lemma 2.1] that both (q + (ε1)) and (q − (ε1)) are powers of r.
Lemma 2.1 indicates that q = p = 3. However, in this case, N ∼= PSL2(3) is not
a simple group, a contradiction. Hence, n � 3. Then G = N � 〈u〉 � PGLε

n(q). Let
T := 〈x0〉 be a Singer subgroup of PGLε

n(q) such that S0 := T ∩ N is a Singer
subgroup of N . By [17, Theorem 2.7.3], |T | = (qn − (ε1)n)/(q − ε1) and |T ∩ N | =
(qn − (ε1)n)/(d(q − (ε1))). Note that PGLε

n(q) = PSLε
n(q)〈x0〉 and xd

0 ∈ PSLε
n(q),

without loss of generality, we may assume that u ∈ T . Then u centralizes T ∩ N .
It follows that (qn − (ε1)n)/(d(q − (ε1))) is an r-power. If n = 3 and q = 2, we
have N ∼= PSL3(2) ∼= PSL2(7), which is a contradiction. Hence, (n, q) �= (3, 2). If
ε = +, according to lemma 2.1, qn − 1 has a prime divisor p1 such that p1 �= r and
p1 � q − 1. Hence, p1 | (qn − 1)/(d(q − 1)), a contradiction. If ε = −, we can also
rule out this case by a similar argument as above.

Now, consider N ∼= PΩε
2n(q). In this case, r | d = (4, qn − ε), indicating r = 2,

and thus q is odd. By [9, Theorem 2.5.12], we see that all diagonal automor-
phisms of the same order are conjugate in Out(N). By [12, Figs. 1, 2, 3], ω(Nu) =
ω(PCSOε

2n(q) \ PSOε
2n(q)) or ω(Nu) = ω(PSOε

2n(q) \ PΩε
2n(q)). By [12, Lemma

2.9], each element in ω(PCSOε
2n(q) \ PSOε

2n(q)) is not an r-number for n � 4,
contrary to our assumption. By [12, Lemmas 2.6 and 2.4], there exists an ele-
ment in ω(Nu) = ω(PSOε

2n(q) \ PΩε
2n(q)), whose order is not an r-number, also

contradiction.
Furthermore, according to [10], we can rule out the cases N ∼= PΩ2n+1(q) and

PSp2n(q). The remaining cases can be ruled out by [30].

Case 2. u = δϕ with δ �= 1 and ϕ �= 1.
Let S := Inndiag(N). Then S is a simple group of Lie type, which is defined over
a field of q-elements, where q = pf with prime p. Let δ0 := δ0(q) be a generator
of S/N (other than N ∼= PΩ+

2n(q) with n even) such that δ = δi
0 for some positive

integer i, and ϕ0 be a generator of the field automorphism group of N .
Since δ �= 1, by [4, Table 5], we see that N ∼= PSLε

n(q) with n � 2 and ε ∈ {+, −};
PΩε

2n(q) with n � 4, or PΩ2n+1(q) with n � 3 and q odd, PSp2n(q), with n � 3
and q odd, Eε

6(q) with 3 | (q − ε1) or E7(q) with q odd.
First consider N ∼= PSLε

n(q). If n � 3, by [11, Lemma 3.3], we have ω(uN) =
k · ω(ταδ(q0)PSLε

n(q0)), where τ is a graph automorphism of N , and α = 0 if ε = +
and α = 1 if ε = −. Suppose o(ϕ) = k. Then k is an r-power. Assume first that ε =
+. Then ω(uN) = k · ω(δ(q0)PSLn(q0)). Furthermore, ((qn

0 − 1)i)/(d(q0 − 1)) ∈
ω(δ(q0)PSLn(q0)), forcing that ((qn

0 − 1)i)/(d(q0 − 1)) is an r-power. By apply-
ing a similar argument as in case 1, we get a contradiction. Assume now that
ε = −. Then ω(uN) = k · ω(τδ(q0)PSLn(q0)). Since Out(N) ∼= 〈δ0〉 � (〈ϕ0〉 × 〈τ〉),
we obtain that τ is conjugate to τδ. Hence, ω(τδ(q0)PSLn(q0)) = ω(τPSLn(q0)).
By [11, Lemma 4.7], we see that ω(τPSLn(q0)) = 2 · ω(PSpn(q0)) if p �= 2, against
[11, Lemma 2.2]. Hence, p = 2. Since r | k and k | (n, q + 1), we get that r is odd.
Note that 〈δ0〉 � 〈τ〉 is a dihedral group of 2d with d odd. Hence, u ∈ 〈δ0〉. That is
to say, u is a diagonal automorphism of N , contrary to our assumption.

As a result, n = 2. That is, N ∼= PSL2(q) with q odd. Easily, r = 2. Let
M := PGL2(q). Then CM (ϕ) = PGL2(q0), where q0 = pf/k. Clearly, δ ∈ CM (ϕ).
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It follows that PGL2(q0) \ PSL2(q0) ⊆ Nu. Hence, every element in PGL2(q0) \
PSL2(q0) is a 2-element. By [11, Lemma 2.1], both q0 − 1 and q0 + 1 are 2-power.
By lemma 2.1, we get q0 = p = 3 and f = k. Therefore, N ∼= PSL2(3f ), where f is
a 2-power, as required.

If N ∼= PΩε
2n(q), then either (2, q − 1) = 2 or (4, qn − ε1) = 2, 4, forcing that

q is odd. Assume first that o(δ) = 4. By [10, Theorem 2.5.12], we see that δϕ
is conjugate to δ3ϕ in Out(N). It follows that ω(uN) = ω(N〈δ〉ϕ \ (N〈δ2〉ϕ)).
Assume first that ε = +. By [12, Lemma 1.2 and Fig. 2], we have that ω(uN) =
k · ω(PCSO+

2n(q0) \ PSO+
2n(q0)). Therefore, both qn−1

0 − 1 and (qn−2
0 + 1)(q0 − 1)

are in ω(PCSOε
2n(q0) \ PSOε

2n(q0)) by [12, Lemma 2.9]. Hence, both qn−1
0 − 1 and

(qn−2
0 + 1)(q0 − 1) are r-power, which is a contradiction. Assume now that ε = −.

Then δϕ = δ and n is odd. It follows that u is a 2-element. Let W := PCSO−
2n(q).

Then CW (ϕ) = PCSO−
2n(q0), where q0 = pf/k. Clearly, δ ∈ CW (ϕ). Therefore, we

obtain that CW (ϕ)ϕ \ CN (ϕ)〈δ2〉ϕ ⊆ Nu. This shows that CW (ϕ) \ CN (ϕ)〈δ2〉 =
PCSO−

2n(q0) \ PSO−
2n(q0) is a 2-element, contrary to [12, Lemma 2.9].

Assume now that o(δ) = 2. By [12, Lemma 1.2 and Figs. 1, 2, 3], we have
that ω(uN) = k · ω(PCSO+

2n(q0) \ PSO+
2n(q0)) if (4, qn − 1) = 2; ω(ϕ(PSO+

2n(q) \
PΩ+

2n(q))) if n is odd and (qn − 1, 4) = 4; ω(ϕ(PCSO+
2n(q) \ PSO+

2n(q))),
or ω(ϕ(PSO+

2n(q) \ PΩ+
2n(q))) if n > 4 is even. If (4, qn − 1) = 2, by [12,

Lemma 2.9], we have that qn−1
0 − 1 ∈ ω(PCSO+

2n(q0) \ PSO+
2n(q0)). It is easy

to get a contradiction by lemma 2.2. If n is odd and (qn − 1, 4) = 4, then
ω(ϕ(PSO+

2n(q) \ PΩ+
2n(q))) ⊇ ω(ϕPSO+

2n(q)) \ ω(ϕPΩ+
2n(q)). By [12, Lemma 1.2],

we have ω(ϕ(PSO+
2n(q) \ PΩ+

2n(q))) ⊇ k · (ω(PSO+
2n(q0)) \ ω(PΩ+

2n(q0))). By [12,
Lemmas 2.4 and 2.6], (qn

0 − 1)/2 ∈ ω(PSO+
2n(q0)) \ ω(PΩ+

2n(q0)). It follows that
(qn

0 − 1)/2 is an r-power. Since n � 3 and q0 is odd, there exists some odd prime
p1 | (qn

0 − 1) with p1 �= r by lemma 2.2, a contradiction. By the same reason, we
can also rule out the case n � 4 is even.

If N ∼= PΩ2n+1(q) with n � 3 and q odd, then Nu = N〈δ〉ϕ \ Nϕ. By
[10, Lemma 2.8], we have that ω(Nu) ⊇ ω(N〈δ〉ϕ) \ ω(Nϕ) = k ·
(ω(Inndiag(PΩ2n+1(q0)) \ ω(PΩ2n+1(q0))). By [10, Lemma 2.1], we get that
p(qn−1

0 ± 1)∈ω(Inndiag(PΩ2n+1(q0)) \ ω(PΩ2n+1(q0)). By hypothesis, p(qn−1
0 ± 1)

is an r-power, a contradiction. By the same reason, we can also rule out the case
N ∼= PSp2n(q) with n � 3 and q odd.

If N ∼= Eε
6(q), then uτ = δ2ϕ. It follows that ω(Inndiag(N)ϕ) = ω(Mϕ) ∪

ω(Nδϕ). Hence, ω(Nδϕ) = ω(Inndiag(N)ϕ) \ ω(Nϕ). By [30, (3) and (5)], we have
that ω(Nδϕ) = ω(Inndiag(N)ϕ) \ ω(Nϕ) = k · (ω(Inndiag(Eε

6(q0)) \ ω(Eε
6(q0))). By

[30, Lemmas 1 and 3], we see that q6 + εq3 + 1, (q2 − 1)(q4 + 1) ∈ ω
(Inndiag(Eε

6(q0)) \ ω(Eε
6(q0)). By hypothesis, we obtain that both q6 + εq3 + 1

and (q2 − 1)(q4 + 1) are r-power. Since 3 | (q6 + εq3 + 1), we get that r = 3.
As (q2 − 1)(q4 + 1) is a 3-power, then both q2 − 1 and q4 + 1 are 3-power, a
contradiction. Similarly, we may rule out the case N ∼= E7(q).

Case 3. u = δτ with δ �= 1, τ �= 1.
By [4, Table 5], we obtain that N ∼= PSLn(q) with n � 3, PΩ+

2n(q) with n � 4, or
E6(q). If N ∼= PSLn(q), then δτ = δ−1 and thus o(u) = o(δτ) = 2, yielding r = 2.
Assume first that q is even. Then (n, q − 1) is odd. In this case, τ is conjugate to
τδi

0 for every i in Out(N), where δ0 is the generator of the diagonal automorphism
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group of N in Out(N). Therefore, ω(Nu) = ω(Nτ) = ω(PGLn(q)τ). By [1, 19.9],
we have that CN (τ) is isomorphic to PSpn(q) if n is even, and to PΩn(q) if n is
odd. Hence, there exists an element in Nu whose order is not a prime power, a
contradiction. By the same reason, by applying [13], there is also a contradiction
for the case q is odd.

If N ∼= PΩ+
2n(q), we have that (2, q − 1) = 2 or (4, qn − 1) > 1, which follows that

q is odd. If Inndiag(N)/N is cyclic, then δτ = δ−1. Therefore, o(u) = o(δτ) = 2, by
the same reason as above, we can also get a contradiction. If Inndiag(N)/N ∼=
C2 × C2, first we may consider the case n > 4. By [9, Theorem 2.5.12] and [12,
Fig. 3], we have ω(Nu) = ω(PTO+

2n(q0) \ PSO+
2n(q0)), against [12, Lemma 2.8].

Now, we consider the case n = 4. According to [9, Theorem 2.5.12], we see that
o(τ) = 2 since o(Nu) � 4 is a 2-power. By the same reason above, there is also a
contradiction.

If N ∼= E6(q), then δτ = δ−1. It follows that o(u) = 2 and u is conjugate to τ in
Out(N). Hence, ω(Nu) = ω(Nτ). Since CN (τ) = F4(q), we get that Nu contains
a non-r-element, a contradiction.

Case 4. u = δϕτ with δ �= 1, ϕ �= 1, and τ �= 1.
Let ϕ0 be a generator of the field automorphism group of N such that ϕ = ϕ

f/k
0

and δ0 a generator of the diagonal automorphism group of N such that δ = δi
0 for

some positive integer i. Let q = qk
0 . By [4, Table 5], we have N ∼= PSLn(q) with

n � 3, PΩ+
2n(q) with n � 4, or E6(q) with 3 | (q − 1).

If N ∼= PSLn(q), then, by [11, Lemma 3.3] and hypothesis, we see that k is
an r-power and every element of ω(δ(−q0)PSUn(q0)) is also an r-element. By
[11, Lemma 2.1], we see that δ(−q0)PSUn(q0) if r = 2 or δ(q0)PSLn(q0) if r > 2,
has an element of order ((qn

0 − (ε1)n)i)/((n, q0 + ε1)(q0 − ε1)). By hypothesis, this
order is an r-power. By a similar argument as in case 1, there is a contradiction.

If PΩ+
2n(q) with n � 4, then q is odd. By [12], there is also a contradiction.

The remaining case is N ∼= E6(q). In this case, 3 | (q − 1). Since N〈u〉/N is an
r-group, we see that u is a field or graph, or a graph-field automorphism of N up
to conjugation, the final contradiction. �

3. Proofs of theorem A and corollary 1

Theorem A. Let G be a group and N be a non-trivial normal subgroup of G.
Suppose that G and N satisfy property (∗). If N is non-solvable, then chief factor
H/K of G satisfying H � N is isomorphic to PSL2(3f ), where f > 1 is a 2-power.
In particular, G/N is solvable.

Proof. Suppose on the contrary that G is a counter-example of minimal order. We
first assert that chief factor H/K of G satisfying H � N is also a non-solvable chief
factor of N〈u〉. Let M1/N1 be a non-solvable chief factor of G satisfying M1 � N .
Write M1/N1 = F1 × · · · × Ft, where Fi are isomorphic non-abelian simple groups
with integer t � 1. Assume that N/N1 acts transitively on Ω = {F1, . . . , Ft}. Then
M1/N1 is also a chief factor of N and thus is a chief factor of N〈u〉, we are done.
Assume that N/N1 does not act transitively on Ω. Therefore, t > 1. Then there
is an element N1w ∈ G/N1 \ N/N1 such that N1〈w〉 acts non-trivially on Ω. Oth-
erwise, every element in G/N1 \ N/N1 acts trivially on Ω, which indicates that
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N/N1 acts transitively on Ω, a contradiction. Hence, there is an orbit Ω1 of N1〈w〉
on Ω having size greater than 1. Without loss of generality, we may assume that
Ω1 = {F1, . . . , Fs} with s > 1. By hypothesis, we get that N1w is an r1-element
for some prime r1. Let 1 �= f1 ∈ F1 be an r′1-element. Then there is an element
N1w

ji such that fN1wji

1 ∈ Fi where ji is a positive integer. Now, we get that
N1w0 :=

∏s
i=1 f

(N1w)ji

1 is centralized by N1w. In this case, N1w0w does not have
prime power order and thus w0w is not a prime power order element, contrary to
the assumption of the theorem as w0w ∈ G \ N . Consequently, we conclude that
M1/N1 is a chief factor of N . So is of N〈u〉, as required.

Take 1 �= u ∈ G \ N . If N〈u〉 < G, by assumption, every non-solvable chief factor
H/K of N〈u〉 satisfying H � N is isomorphic to PSL2(3f ), where f > 1 is a 2-
power. As chief factor H/K of G satisfying H � N is also a chief factor of N〈u〉,
the theorem holds, against our assumption. As a result, G = N〈u〉.

Let M > 1 be a minimal normal subgroup of G, which is contained in N . Clearly,
each element in G/M \ N/M has prime power order. This shows that G/M and
N/M satisfy property (∗). Let (M1/M)/(M2/M) be a chief factor of G/M such
that M1/M � N/M . Then M1/M2 is also a chief factor of G satisfying in M1 � N .
By induction, (M1/M)/(M2/M) isomorphic to PSL2(3f ), where some f > 1 is a
2-power, so is M1/M2. In the following, we focus on the chief factors which are
contained in M . We only need to consider the case that M is non-solvable.

In this case, M is a non-solvable minimal normal subgroup of G. Therefore, we
may write M = S1 × · · · × St, where t is a positive integer and Si are isomorphic
non-abelian simple groups for all i ∈ {1, . . . , t}. Assume that t > 1. Easily, 〈u〉
acts transitively on {S1, . . . , St}. Let o(u) = m and 1 �= x ∈ S1 be a q-element for
some odd prime q distinct from p, where p is a prime divisor of m. Then y =∏m

i=1 xui

is centralized by u. That is, the order of uy ∈ G\N is divisible by pq. This
contradiction deduces that t = 1. Consequently, M is a non-abelian simple group,
and u ∈ Aut(M), where Aut(M) is the automorphism group of M .

Since Mu ⊆ Nu ⊆ G \ N , we see that the order of every element in Mu has prime
power order. By theorem B, we get that M ∼= PSL2(3f ), where f is a 2-power and
u is the product of a field and a diagonal automorphism of PSL2(3f ). Therefore,
chief factor H/K of G satisfying H � N is isomorphic to PSL2(3f ), with f > 1 a
2-power, as required.

Let W be a maximal solvable normal subgroup of G contained in N and N0/M be
a chief factor of G with N0 � N . Then N0/W ∼= PSL2(3f1), where f1 is a 2-power.
Let G̃ := G/W . Take any prime power element e ∈ G \ N . Then Ñ0ẽ ⊆ Ñ ẽ ⊆ G \
N . It follows that every element in Ñ0ẽ has prime power order. By theorem B, we
get that the order of e is a 2-power. By the arbitrariness of e, we get that G/N is
a 2-group, contrary our assumption that G/N is non-solvable. Consequently, G/N
is solvable. �

Corollary 1. Let G be a group and N � G. If every element x ∈ G \ N has prime
power order, and CG(x) is maximal in G, then N is solvable.

Proof. Suppose on the contrary that N is non-solvable. By theorem A, G has a non-
solvable chief factor M2/M1

∼= PSL2(3f ), where f is a 2-power such that M2 � N
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and M1 is solvable. Write G := G/M1. Since M2u ⊆ Nu ⊆ G \ N , we see that each
element in M2u has prime power order. By theorem B, u is a product of a field
automorphism and a diagonal automorphism of M2, and M2

∼= PSL2(3f ) with
f > 1 a 2-power. Easily, u is a 2-element. Without loss of generality, we may consider
u is a 2-element satisfying G = M2〈u〉 and thus G = M2〈u〉.

Now, consider P := CG(u). Since every element of G \ N is a 2-element, we see
that P must be a 2-group. The maximality of P indicates that P is a Sylow 2-
subgroup of G. If M1 � P , we have that G = PM1, indicating that G is solvable, a
contradiction. Hence, M1 � P . Then P is a maximal subgroup of G. Let P0 := P ∩
M2. Then P0 ∈ Syl2(M2), forcing P0 ∈ Syl2(M2). Let |P0| = 2a. If P0 is maximal
in M2, then by [17, Theorem 2.8.27], 2a = 3f ± 1. By Lemma 2.1, it follows that
a = 3 and f = 2. Therefore, M2

∼= PSL2(32). However, according to [4], we see
that P0 is not maximal in M2. This contradiction forces that P0 is not maximal
in M2. Furthermore, as M2 � G � Aut(M2) and M2

∼= PSL2(3f ), we obtain that
G ∼= M10

∼= PSL2(9) · 〈u〉 and P ∼= C8 � C2 or D16 by [7, Theorem 1.1]. In this
case, u �∈ Z(P ), the final contradiction completes the proof. �

4. Theorem D and its proof

For the reader’s convenience, we restate theorem D.

Theorem 4.1. Let G be a group and N be a proper normal subgroup of G such
that Z(G) < N . If CG(x) is maximal in G for every element x ∈ G \ N , then G is
solvable with G/N abelian. Furthermore,

(I) If G is nilpotent, then G/N is a p-group for some prime p. Moreover, G =
P × Z(G)p′ and CG(x) � G for every x ∈ P \ N ;

(II) G is non-nilpotent, then |G : CG(x)| = ra with prime r and positive integer
a. Suppose that R is a Sylow r-subgroup of G and K is a Hall r′-subgroup of
G, then one of the statements holds:
(1) If G/N is a p-group for some prime p, we have

(1.1) If r = p, write G := G/Op(G)Z(G). Then G = K � P is a Frobenius
group with abelian kernel K and complement P of order p.

(1.2) If r �= p, write G̃ := G/Z(G)r. Then
(1.2.1) If Or(G̃) = 1̃, then the Fitting length h(G̃) = 3 and G̃ has the

following normal series:

1̃ � Or′(G̃) � Or′,r(G̃) � G̃ = Or′,r,r′(G̃),

where Or′,r(G̃)/Or′(G̃) ∼= R̃ is elementary abelian and
G̃/Or′,r(G̃) is a p-group;

(1.2.2) Assume that Or(G̃) = R̃. If CG(x)p′ � Z(G), then the Fitting
length h(G̃) = 2 and G̃ has the following normal series:

1̃ � R̃ � Ñ � G̃,

where R̃ is an elementary abelian r-group and G/R is nilpotent.
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(1.2.3) Write Ĝ := G/Z(G). Assume that Or(G̃) = R̃. If CG(x)p′ �
Z(G), then Ĝ = R̂ � P̂ , where P is a Sylow p-subgroup of G

and R is a Sylow r-subgroup of G with R̂ elementary abelian.
Let Np = N ∩ P . If N̂p � Ĝ, then Ĝ/N̂p is a Frobenius group; if
N̂p � Ĝ, then NĜ(N̂p) = P̂ .

(2) If |π(G/N)| � 2, then one of the following statements holds:
(2.1) Let G := G/Or(G)Z(G). Then G = K � R is a Frobenius group with

abelian kernel K and complement R of order r;

(2.2) Let G := G/Z(G). Then G = R � K is a Frobenius group with R a
minimal normal subgroup of G and K cyclic. In particular, R � N .

Proof. Let x ∈ G \ N be an arbitrary element. Then there exists a component of
x, say x1, such that x1 ∈ G \ N . Note that CG(x) � CG(x1) and both CG(x) and
CG(x1) are maximal in G. Then CG(x) = CG(x1). Without loss of generality, we
may consider x as a p-element for some prime p. Furthermore,

Step 1. CG(x) = CG(x)p × CG(x)p′ , where CG(x)p is the Sylow p-subgroup of
CG(x) and CG(x)p′ is the Hall p′-subgroup of CG(x) with CG(x)p′ � Z(CG(x)).
In particular, CG(x) is nilpotent.

For every p′-element v ∈ CG(x), we always have xv ∈ G \ N . By lemma 5.1, it
follows that CG(vx) = CG(x) ∩ CG(v). Note that CG(x) and CG(xv) are maxi-
mal subgroups of G. Then CG(vx) = CG(x) � CG(v), yielding v ∈ Z(CG(x)). As
a result, CG(x) = CG(x)p × CG(x)p′ , where CG(x)p is the Sylow p-subgroup of
CG(x) and CG(x)p′ � Z(CG(x)). Clearly, CG(x) is nilpotent.

Step 2. G/N is abelian.
For every y ∈ G \ N , we see that CG(y) is maximal in G and CG(y)N/N �
CG/N (yN). If N � CG(y), then y ∈ CG(N); if N � CG(y), then G = CG(y)N ,
forcing CG/N (yN) = G/N . Therefore, yN ∈ Z(G/N) := Z/N , yielding to y ∈ Z.
As a result, G = Z ∪ CG(N), which implies that G = Z or G = CG(N). Since
Z(G) < N , we obtain that G = Z. Hence, G/N = Z/N = Z(G/N). Consequently,
G/N is abelian, as required.

Step 3. G is solvable.
Assume false. If there exists a 2′-element x0 ∈ G \ N having prime power order,
then by step 1, we see that CG(x0) is nilpotent. Write CG(x0) = T0 × U0, where T0

is the Sylow 2-subgroup of CG(x0) and U0 is the Hall 2′-subgroup of CG(x0). By
[23, Theorem 1], we obtain that U0 � G, Z(U0) � Z(G), and G/Z(U0) ∼= G/U0 ×
U0/Z(U0).

Note that G is non-solvable. So is G/U0. As T0U0/U0 = CG(x0)/U0 is a
maximal 2-subgroup of G/U0, we assert that T0U0/U0 must be a Sylow 2-
subgroup of G/U0, which indicates that T0U0/U0 is not normal in G/U0

as G/U0 is non-solvable. On the contrary, by step 1, T0 is abelian, so is
T0U0/U0. Hence, NG/U0(T0U0/U0) � CG/U0(T0U0/U0) � T0U0/U0, which yields to
NG/U0(T0U0/U0) = CG/U0(T0U0/U0). By [19, Theorem 7.2.1], we see that G/U0
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has a normal 2-complement, against the fact that G/U0 is non-solvable. Conse-
quently, each element in G \ N is a 2-element. By corollary 1, N is solvable, so is
G by step 2, which is a contradiction.

Step 4. If G is nilpotent, then G/N is a p-group and G = P × Z(G)p′ with P ∈
Sylp(G). Furthermore, CG(x) is a normal maximal subgroup of G for any x ∈ P \ N
satisfying |G/CG(x)| = p.
Assume that G is nilpotent. If |π(G/N)| � 2, then there exist two distinct primes
p, q ∈ π(G/N). Select w ∈ P \ N a p-element and v ∈ Q \ N a q-element, where P
and Q are Sylow p-subgroup and Sylow q-subgroup of G, respectively. In this case,
wv = vw ∈ G \ N , showing that CG(v),CG(w), and CG(vw) are all maximal sub-
groups of G. On the contrary, lemma 5.1 indicates that CG(wv) = CG(w) ∩ CG(v),
which forces that CG(wv) = CG(w) = CG(v). Write G = P × Q × W , where W is
the Hall {p, q}′-subgroup of G. Clearly, P × W � CG(v) and P × Q � CG(w), forc-
ing v ∈ Z(G) < N . This contradiction deduces |π(G/N)| = 1. Moreover, G/N is a
p-group. Let Np′ be the Hall p′-subgroup of N . As Np′ char N � G, we obtain that
Np′ is a normal Hall p′-subgroup of G. Therefore, G = P × Np′ , where P is the
Sylow p-subgroup of G.

We claim that Np′ � Z(G). If not, select y ∈ Np′ \ Z(G). Suppose that x ∈
P \ N . By lemma 5.1, we see that CG(xy) = CG(x) ∩ CG(y). Since CG(x) and
CG(xy) are maximal subgroups of G, we get that CG(xy) = CG(x) � CG(y).
Moreover, CG(x) = CG(y) as y �∈ Z(G). Clearly, Np′ � CG(x) and P � CG(y), we
get y ∈ Z(G), a contradiction. Consequently, Np′ � Z(G), leading that G/Z(G)
is a p-group. Notice that CG(x)/Z(G) is a maximal subgroup of G/Z(G).
Then CG(x) is a maximal normal subgroup of G. Moreover, |G/CG(x)| =
|(G/Z(G))/(CG(x)/Z(G))| = p, as required.

Step 5. The conclusion when G is non-nilpotent.
In the following, we consider the case that G is non-nilpotent. We will divide the
proof into two cases depending on |π(G/N)| = 1 or not.

Case 1. |π(G/N)| = 1.
In this case, G/N is a p-group. Let w ∈ G \ N be an arbitrary p-element. By
assumption, CG(w) is a maximal subgroup of G, implying |G : CG(w)| = ra as
G is solvable, where r is a prime and a is a positive integer.

Subcase 1.1. r = p.
Then |G : CG(w)| = pa. By step 1, CG(w) = Pw × Kw is nilpotent with Sylow p-
subgroup Pw and abelian Hall p′-subgroup Kw. Clearly, K := Kw is a Hall p′-
subgroup of G. Let P be a Sylow p-subgroup of G containing Pw. Then Pw � P ,
leading NG(Pw) > CG(w). Since CG(w) is maximal in G, we have Pw � G, and
thus CG(Pw) � G. Note that K � CG(Pw) � CG(w). As CG(w) is nilpotent, so
is CG(Pw). Hence, K � G because K char CG(Pw) � G. As a result, K = Op′(G)
and G = K � P .

Clearly, P � G, since otherwise, G = P × K with K � Z(G), implying that
G is nilpotent, against our assumption. Hence, Op(G) � P . Along with the
fact that CG(w) = Pw × K � Op(G) × Op′(G) � G. The maximality of CG(w)
indicates that CG(w) = Op(G) × Op′(G) � G. In particular, |G : CG(w)| = p and
|P : Op(G)| = p.
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Let N0 := Op(G)Z(G). Then N0 � G. Let further G := G/N0. Easily, |P | = p. We
show that G = K � P is a Frobenius group with abelian kernel K and complement
P . Otherwise, there must exist k ∈ K \ N0 and y ∈ P \ N0 such that [k, y] ∈ N0.
Since K � G, we see that [k, y] is a p′-element, forcing [k, y] ∈ Z(G). Then 1 =
[ko(k), y] = [k, y]o(k) and 1 = [k, yo(y)] = [k, y]o(y), forcing [k, y] = 1. Recall that
K = Op′(G) is abelian and y �∈ Op(G), we have CG(k) � 〈CG(w), y〉 > CG(w).
The maximality of CG(w) forces k ∈ Z(G) � N0, against the choice of k. Hence,
statement (1.1) of the theorem holds.

Subcase 1.2. r �= p.
In this case, w ∈ G\N is a p-element such that |G : CG(w)| = ra is a p′-number.
By step 1, CG(w) = Pw × Kw is nilpotent with Sylow p-subgroup Pw and abelian
Hall p′-subgroup Kw, showing that P := Pw is a Sylow p-subgroup of G.

Assume first P � G. Then CG(P ) � G. As Kw � CG(P ) � CG(w) and CG(w)
is nilpotent, we see that Kw char CG(P ) � G, yielding Kw � G. Hence, CG(w) =
P × Kw � P × Op′(G). Let K be a Hall p′-subgroup of G containing Kw. If K �
G, then G = P × K. Under this situation, K � CG(w), forcing G = CG(w). This
contradiction indicates that CG(w) = P × Op′(G) � G with |K/Op′(G)| = r.

Let N0 := Op′(G)(P ∩ N). Then N0 � G. Write G := G/N0. Then N = K � G
as G/N is a p-group. Moreover, G = P × K is a {p, r}-group. Take z ∈ G \ N0 a
{p, r}-element. Write z = ab, where a ∈ P \ N0 is the p-part and b ∈ K \ N0 is the
r-part of z, respectively. By step 1, we see that CG(a) = Pa × Ka, where Pa is the
Sylow p-subgroup of CG(a) and Ka is the Hall p′-subgroup of CG(a). Note that
a ∈ CG(w). Then Kw � Ka. Analogously, Ka � Kw since w ∈ CG(a). This deduces
that b ∈ Ka = Kw = Op′(G) � N0, against our assumption. As a consequence,
P � G.

Recall that CG(w) = P × Kw with Kw abelian. Then CG(w) � CG(Kw), leading
to CG(Kw) = CG(w) or Kw � Z(G) by the maximality of CG(w). Assume first the
former holds. Let R0 be the Sylow r-subgroup of Kw and R be a Sylow r-subgroup
of G such that R0 � R. This indicates that CG(w) < NG(R0). Furthermore, the
maximality of CG(w) forces R0 � G, and thus CG(R0) � G.

On the contrary, Kw is abelian, implying CG(w) � CG(R0). Again by the max-
imality of CG(w), we see that either R0 � Z(G) or CG(w) = CG(R0). If the latter
holds, then CG(R0) = CG(w) � G. Since CG(w) is nilpotent, we obtain that P � G,
against our assumption.

As a result, R0 � Z(G). Write G̃ := G/R0. Then G̃ = R̃CG̃(w̃). Since CG̃(w̃) =
CG(w)/R0 is maximal in G̃, we have that Or(G̃) = 1̃ or Or(G̃) = R̃. Assume first
that Or(G̃) = 1̃. Since G is solvable, we have Or′(G̃) > 1̃. We assert that P̃ � G̃.
Since otherwise, P × R0 � G, leading P � G, contrary to our assumption.

Consequently, P̃ � Or′(G̃). Note that P̃Or′(G̃) � CG̃(w̃) and CG̃(w̃) is nilpo-
tent. Then J̃ = P̃ × L̃ with L̃ abelian, where L is a Hall {p, r}′-subgroup of
Or′(G̃). Easily, L̃ � G̃ and CG̃(L̃) � CG̃(w̃). By the maximality of CG̃(w̃), we
have CG̃(L̃) = CG̃(w̃) or L̃ � Z(G̃). Assume first that CG̃(L̃) = CG̃(w̃) holds. In
this situation, CG̃(L̃) � G̃, we get P̃ � G̃, against the argument in the previous
paragraph. Hence, L̃ � Z(G̃). Therefore, Or′(G̃) = Op(G̃) × Z(G̃)p′ . Furthermore,
CG̃(Or′(G̃)) � Or′(G̃), which indicates that the Hall {p, r}′-subgroup of Or′(G̃)
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is also a Hall {p, r}′-subgroup of G̃. Hence, CG̃(w̃) = P̃ × Z(G̃)p′ . Without loss of
generality, we may assume that Z(G̃)p′ = 1̃.

In this case, CG̃(w̃) = P̃ , and thus G̃ = R̃P̃ , leading that G̃ is a {p, r}-group.
Recall that Or(G̃) = 1, we have Op(G̃) �= 1. As a result, Op(G̃) < P̃ since P̃ �
G. Note that Op(G̃/Op(G̃)) = 1. We see that Or(G̃/Op(G̃)) �= 1 as G̃ is solv-
able. Therefore, G̃/Op(G̃) = Op,r(G̃)/Op(G̃) � CG̃(w̃)/Op(G̃) by the maximality
of CG̃(w̃)/Op(G̃). Furthermore, CG̃(w̃)/Op(G̃) acts irreducibly on Op,r(G̃)/Op(G̃)
and Op,r(G̃)/Op(G̃) is an elementary abelian r-group. Since Op,r(G̃)/Op(G̃) ∼= R̃,
we get that R̃ is elementary abelian. Clearly, G̃/Op(G̃) is not nilpotent. Hence, the
Fitting length h(G̃) = 3. In this case, G̃ has the following normal series:

1̃ � Op(G̃) � Op,r(G̃) � G̃ = Op,r,p(G̃),

where Op,r(G̃)/Op(G̃) is an elementary abelian Sylow r-group and G̃/Op,r(G̃) is a
p-group, as required in Statement (1.2.1).

Assume now that Or(G̃) = R̃. Then G̃ = Or(G̃) � CG̃(w̃). By the same reason
as above, CG̃(w̃) acts irreducibly on Or(G̃) and Or(G̃) is an elementary abelian
r-group. In this case, G̃ has the following normal series:

1̃ � R̃ � Ñ � G̃

where R̃ is an elementary abelian r-group and G/R is nilpotent, statement (1.2.2)
holds.

Now, we consider the case that Kw � Z(G). Let l ∈ G \ N be an arbitrary pri-
mary element. As Z(G) < N , then l �∈ Z(G). By assumption, CG(l) is maximal in
G. Recall that G is solvable. Therefore, |G : CG(l)| is a prime power. If |G : CG(l)|
is a p-power, we are done according to case 1. As a result, |G : CG(l)| is a q-
power with prime q distinct from p. Moreover, CG(l)g = P g × Kw � CG(l) for some
g ∈ G, forcing |G : CG(l)| is a power of r. By [24, Lemma 2.5], l ∈ Or,r′(G), yield-
ing G \ N ⊆ Or,r′(G). Furthermore, G = Or,r′(G), implying that G has a normal
Sylow r-subgroup R.

Let Ĝ := G/Z(G). Since CG(l) is maximal in G and CĜ(l̂) � CG(l)/Z(G), we
obtain that CĜ(l̂) = Ĝ or CĜ(l̂) = CG(l)/Z(G). Note that CG(l) = P g × Kw, we
conclude that CĜ(l̂) = CG(l)/Z(G) and thus CĜ(l̂) = P̂ is maximal in Ĝ. Then
π(Ĝ) = {p, r}, and P̂ acts on R̂ irreducibly. Moreover, R̂ is the minimal normal
subgroup of Ĝ, and thus R̂ is elementary abelian. Let Np = N ∩ P . Then N̂p � P̂ . If
N̂p � Ĝ, then Ĝ/N̂p is a Frobenius group. If N̂p � Ĝ, then NĜ(N̂p) = P̂ , statement
(1.2.3) holds.

Case 2. |π(G/N)| � 2.
Let π := π(G/N). Recall that G/N is abelian. There must exist an element wN ∈
G/N such that π(wN) = π. Without loss, we may consider w ∈ G \ N is an element
with π(w) = π. Suppose that wp, wq ∈ G \ N is the p-part and the q-part of w,
respectively. By lemma 5.1, we have CG(w) � CG(wp) ∩ CG(wq). Note that all of
CG(w), CG(wp), and CG(wq) are maximal subgroups of G. This indicates that
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CG(w) = CG(wp) = CG(wq). In particular, CG(w) is abelian according to step 1.
Recall that G is solvable and CG(w) is a maximal subgroup of G, indicating that
|G : CG(w)| = ra, where r is a prime and a > 0 is an integer.

Write CG(w) = K × Rw, where K is the abelian Hall r′-subgroup of G and Rw

is the Sylow r-subgroup of CG(w). Let R be a Sylow r-subgroup of G such that
Rw < R. Easily, NG(Rw) � CG(w). The maximality of CG(w) yields to Rw � G.
Moreover, CG(w) � CG(Rw) � G. Again by the maximality of CG(w), we get
CG(Rw) = CG(w) or Rw � Z(G).

Subcase 2.1. CG(Rw) = CG(w).
In this case, CG(w) � G and |G : CG(w)| = r. Furthermore, K � G since K is
the Hall r′-subgroup of abelian group CG(w), implying G = K � R. Notice that
CG(w) = K × Rw � Or′(G) × Or(G). Since G is non-nilpotent and CG(w) is
maximal, we see that Rw = Or(G) with |R : Rw| = r.

Let N0 := Z(G)Or(G) and G := G/N0. Then G = K � R with |R| = r. Assume
that there exists an {r, t}-element e ∈ G for some prime t �= r. We may assume that
e ∈ G \ N0 is an {r, t}-element. Write e = e1e2, where e1 ∈ R \ N0 and e2 ∈ K \ N0

are the r-part and the t-part of e, respectively. In this case, e1 ∈ CG(e2) = CG(w),
forcing e1 ∈ Or(G). This contradiction shows that G is a Frobenius group with
abelian kernel K and a complement R of order r, statement (2.1) of the theorem
holds.

Subcase 2.2. Rw � Z(G).
Recall that w ∈ G \ N with π(w) = π. We assert that r �∈ π. If not, assume
that wr ∈ G \ N is the r-part of w. Easily, wr ∈ CG(w) = K × Rw, forcing wr ∈
Rw � Z(G) < N , which is a contradiction. As a result, r � |G/N |, leading R � N .
Moreover, G = CG(w)N = CG(w)R.

Write G̃ := G/Z(G). Then G̃ = C̃G(w)R̃. Easily, C̃G(w) is a maximal r′-
subgroup of G̃, implying Or(G̃) = 1̃ or R̃. Assume first Or(G̃) = 1̃. Then Or′(G̃) >

1̃ since G is solvable. In particular, K̃ � CG̃(Or′(G̃)) � Or′(G̃) � K̃ since K̃ is an
abelian Hall r′-subgroup of G̃, yielding CG̃(Or′(G̃)) = Or′(G̃) = K̃. As a result,
K � G and CG(w) � G.

Consequently, G̃ = C̃G(w) � R̃. We prove that G̃ is a Frobenius group. Suppose
false, there exists an {r, t}-element ẽ ∈ G̃ for some prime t �= r. We may assume
that e is a {r, t}-element. Write e = e1e2, where e1 ∈ R \ Z(G) and e2 ∈ K \ Z(G)
are the r-part and the t-part of e, respectively. Note that e1 ∈ CG(e2) = K × Rw =
CG(w). This contradiction shows that G̃ is a Frobenius group with abelian kernel

C̃G(w). Moreover, C̃G(w) is maximal in G̃ indicates that R̃ is of order r, statement
(2.1) of the theorem holds.

Now, we consider Or(G̃) = R̃. Write G̃ = R̃ � C̃G(w). Since C̃G(w) is maximal

in G̃, we see that C̃G(w) acts irreducibly on R̃. By the same argument in the
previous paragraph, we conclude that G̃ is a Frobenius group with kernel R̃ and
complement C̃G(w). Furthermore, R̃ is a minimal normal subgroup of G̃ and thus R̃

is elementary abelian by the maximality of C̃G(w). Also C̃G(w) is cyclic as C̃G(w)
is abelian, implying that G/N is cyclic, statement (2.2) of the theorem holds. �
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5. Proofs of theorems E and C

To prove theorem E and corollary 2, here we list several lemmas, which will be used
in the sequel.

Lemma 5.1. Let G be a group. If x, y ∈ G such that [x, y] = 1 and (o(x), o(y)) = 1,
then CG(xy) = CG(x) ∩ CG(y).

Lemma 5.2 ([15, Proposition 2]). Let G be a non-solvable CP-group. Then there
exist normal subgroups B and C of G such that 1 � B � C � G, where B is a
2-subgroup of G, C/B is a non-abelian simple group, and G/C is a p-group for
some prime p. In particular, G/C is either cyclic or a generalized quaternion group.

Lemma 5.3 ([15, Proposition 3]). If G is a non-abelian simple CP-group, then
G is isomorphic to one of the following groups: PSL2(q), for q = 5, 7, 8, 9, 17,
PSL3(4), Sz(8), or Sz(32).

Proof of theorem E. First consider N is nilpotent. Then N is also nilpotent. If
there exist two distinct primes p1, p2 ∈ π(N), we may take a1 ∈ P1 \ Z(N) and
a2 ∈ P2 \ Z(N), where P1 and P2 are Sylow p1 and p2-subgroups of N , respec-
tively. By lemma 5.1, CG(a1a2) = CG(a1) ∩ CG(a2) � CG(ai) for i = 1, 2. As all
of CG(a1a2), CG(a1), CG(a2) are maximal in G, we have CG(a1a2) = CG(a1) =
CG(a2). This indicates that P1 � CG(a2) = CG(a1), forcing a1 ∈ Z(N). This
contradiction deduces that N is a p-group.

Let P ∈ Sylp(N). Then N = P . On the contrary, P char N � G, implying P � G
and thus Φ(P ) � Φ(G) ∩ N . Along with the fact that Φ(G) � CG(u) for any u ∈
N \ Z(N), we obtain that Φ(P ) � CN (u), yielding Φ(P ) � Z(N) by the choice of
u. In this case, N = P = P/Z(N) ∼= (P/Φ(P )/(Z(N)/Φ(P )) is elementary abelian,
statement (1) of the theorem holds.

Now, we consider that N is non-nilpotent. Let x ∈ N \ Z(N) be an arbitrary
element. Write x = x1 · · ·xs, where x1, . . . , xs are distinct components of x. Since
x �∈ Z(N), without loss of generality, we may consider x1 �∈ Z(N). By lemma 5.1, we
see that CG(x) = CG(x1) ∩ · · · ∩ CG(xs) � CG(x1). Since both CG(x) and CG(x1)
are maximal subgroups of G, we have CG(x) = CG(x1). Consequently, x can be
assumed to be a p-element with prime p.

In the following, we distinguish the proof into two cases:

Case 1. CN (v) is an r-group, for any r-element v ∈ N \ Z(N) with prime r.

Step 1. N is a CP-group.
Assume false. Then there exists an element z ∈ N of order qarb, where q, r ∈ π(N)
and a, b > 0 are positive integers. By assumption, CN (zqa) is an r-group. Notice
that z ∈ CN (zqa), which is a contradiction because qr | o(z).

Step 2. N is solvable.
Assume on the contrary that N is non-solvable. By lemma 5.2, N has normal
subgroups B, C such that 1 � B � C � N , where B is a 2-group, C/B is non-
abelian and simple, and N/C is a q1-group for some prime q1, which is cyclic or
generalized quaternion.
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Suppose that B �= 1. Let v ∈ N \ Z(N) be a q-element for some odd prime q. Then
CG(v) is maximal in G such that B � CG(v) by step 1. Therefore, G = BCG(v)
as CG(v) is maximal in G, yielding N = BCN (v). In this case, |N : CN (v)| = |N :
CN (v)| = |B : CB(v)| is a 2-number. This shows that |N | has exactly two prime
divisors, against the fact that N is non-solvable.

As a result, B = 1, and C is a non-abelian simple CP-group. By lemma 5.3, C
is one of the following groups: PSL2(q), for q = 5, 7, 8, 9, 17, PSL3(4), Sz(8), or
Sz(32). Recall that G/CG(C) � Aut(C). As C ∩ CG(C) = 1 and C × CG(C) � G,
we see that CG(C) = 1 by step 1 and thus C � G � Aut(C). Moreover, for any
z ∈ C \ Z(N), we see that CG(z) � CG(z) and z �∈ Z(N). Since CG(z) is maximal
in G, we obtain that CG(z) = CG(z) is also maximal in G.

If C ∼= PSL2(5), then G � S5. However, by [4], CG(v) is not maximal in G for a
5-element v ∈ C \ Z(N), a contradiction. By the same reason, we can rule out the
cases C ∼= PSL2(q), when q = 7, 8, 9, 17, and Sz(8) or Sz(32). For the remaining
case C ∼= PSL3(4), we can find an element u ∈ C \ Z(N) with order 2 such that
CG(v) is not maximal in G according to [4], also a contradiction.

Step 3. The conclusion of case 1.
Let S be a minimal normal subgroup of G contained in N . Then S is an ele-
mentary abelian s-group for some prime s. Since N is non-nilpotent, there must
exist an s1-element a ∈ N \ Z(N) with s1 �= s. By assumption, CN (a) is an s1-
subgroup, indicating that S � CG(a), and thus S � CG(a). Hence, G = SCG(a)
by the maximality of CG(a), yielding N = SCN (a). In particular, N = S � CN (a)
is a Frobenius group with complement CN (a) by step 1.

We show that |CN (a)| = s1. For every a1 ∈ CN (a) \ Z(N), the similar argument
in the previous paragraph deduces that N = S � CN (a1) is also a Frobenius group.
Since both CN (a) and CN (a1) are Frobenius complement of N , and a1 ∈ CN (a) ∩
CN (a1) �= 1, we have CN (a) = CN (a1), forcing CN (a) is abelian. By [17, Theorem
5.8.7], CN (a) is cyclic.

Let 1 �= d ∈ S. Without loss, we assume that d ∈ S \ Z(N). Then CG(d) is
maximal in G by hypothesis, forcing that CG(d) is maximal in G. In partic-
ular, G = NCG(d). On the contrary, CG(d) � CG(d) and d �∈ Z(N), we obtain
that S � CG(d) = CG(d). In this case, G/S = N/S � CG(d)/S. The maximality
of CG(d)/S indicates that N/S is a minimal normal subgroup of G/S, so N/S
has prime power order. Recall that N/S ∼= CN (a) is cyclic. Then |CN (a)| = s1, as
required.

Case 2. There exists a p-element x ∈ N \ Z(N) such that CN (x) is not a p-group.

Step 4. CN (x) = Px × Hx, where Px ∈ Sylp(CN (x)) and Hx is an abelian Hall
p′-subgroup of CN (x).
Let y ∈ CN (x) \ Z(N) be an arbitrary p′-element. By lemma 5.1, we have CG(xy) =
CG(x) ∩ CG(y) � CG(x). Notice that CG(xy), CG(x), CG(y) are all maximal in
G. We have CG(xy) = CG(x) = CG(y), yielding y ∈ Z(CG(x)). Moreover, y ∈
Z(CN (x)). As a result, CN (x) = Px × Hx, where Px ∈ Sylp(CN (x)) and Hx is an
abelian Hall p′-subgroup of CN (x).
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Step 5. CN (x) � Z(CG(x)).
By the assumption of case 2, we see that Hx � Z(N). Take a q-element v ∈ Hx \
Z(N) with prime q. A similar argument as in the previous paragraph deduces
that CN (v) = Qv × Kv, where Qv ∈ Sylq(CN (v)) and Kv is an abelian Hall q′-
subgroup of CN (v). Notice that x ∈ Kv and v ∈ Hx. Then CN (v) � CN (x) and
CN (x) � CN (v). In particular, CN (v) = CN (x) � Z(CG(x)).

Step 6. CN (x) ∩ CN (y) = Z(N) for any y ∈ N \ CN (x).
Assume false. Then there exists an element z ∈ (CN (x) ∩ CN (y)) \ Z(N). Since
CN (x) � Z(CG(x)), we see that CG(z) � 〈CG(x), y〉 > CG(x). As CG(x) is
maximal in G, it follows that CG(z) = G, that is, z ∈ Z(N), a contradiction.

Step 7. The contradiction of case 2.
By step 5, CN (x) � CG(x), which implies that NG(CN (x)) � CG(x). Conse-
quently, NG(CN (x)) = CG(x) or CN (x) � G as CG(x) is maximal in G.

Assume first that CN (x) � G. Then Px is a normal subgroup of G according
to step 4. Let z ∈ N \ CN (x) be a primary element. Then CG(z) is maximal in
G. Moreover, Px � CG(z) by step 6. As a result, G = PxCG(z), implying N =
PxCN (z). Furthermore, by step 6, CN (x) = Z(N)Px, showing that CN (x) is a
p-group, contrary to our assumption.

Hence, NG(CN (x)) = CG(x), forcing NN (CN (x)) = CN (x). Since NG(CN (x)) �
NG(CN (x)) = CG(x), we get that NG(CN (x)) = G or NG(CN (x)) = CG(x). If
the former holds, then CN (x) � G, against our assumption. Hence, NG(CN (x)) =
CG(x), yielding NN (CN (x)) = CN (x).

We claim that for any g ∈ N \ CN (x), we always have CN (x)g ∩ CN (x) = Z(N).
Let d ∈ (CN (x)g ∩ CN (x)) \ Z(N). Note that CN (x) � Z(CG(x)). Then CG(d) �
〈CG(x)g, CG(x)〉. Since CG(x) is maximal and CG(x)g �= CG(x), we have that
d ∈ Z(G) and thus d ∈ Z(N), a contradiction. By [17, Theorem 5.7.6], N is a
Frobenius group with a complement CN (x). Write N = Tx � CN (x), where Tx

is the Frobenius kernel of N . Let Q ∈ Sylq(Tx). Note that CG(x) is maximal in G.
Then G = Q � CG(x) by step 6. The maximality of CG(x) indicates that Tx = Q
is a minimal normal subgroup of G. In particular, Tx is abelian.

Take y ∈ Tx \ Z(N). Then N � CG(y). The maximality of CG(y) implies that
G = NCG(y), and thus G/Tx

∼= N/Tx CG(y)/Tx. Notice that CG(y)/Tx is a max-
imal subgroup of G/Tx. Then N/Tx must be a minimal normal subgroup of G/Tx,
forcing that N/Tx has prime power order. However, N/Tx

∼= CN (x) does not have
prime power order, the final contradiction completes the proof. �

As an application of theorem E, here we give a new proof of theorem C.

Proof of theorem C. Take G = N in theorem E. Then G is either an elementary
abelian p-group for some prime p, or G = P � Q is a Frobenius group, with Frobe-
nius kernel P and Frobenius complement Q. In particular, P is the minimal normal
subgroup of G and Q is of prime order.

For any 1 �= x ∈ P \ Z(G), CG(x) is maximal in G, which implies that CG(x) is
maximal in G. Note that G is a Frobenius group and P � CG(x), it follows that
P = CG(x) and |Q| = q is a prime. Let v ∈ Q \ Z(G). Then CG(v) is maximal in
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G. Note that Q is abelian, we get that CG(v) = Q is maximal in G. As a result,
each subgroup of G is contained in P or Q

g
for some g ∈ G, showing that G is a

minimal non-abelian group. �
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