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EXTENSIONS OF JENSEN'S INEQUALITY

ON THE UNIT CIRCLE

TAKAHIKO NAKAZI

The purpose of this note is to give extensions of an inequality

of Jensen for analytic functions in an unit disc. We investigate

functions which satisfy equalities in the inequalities.

Suppose / e E is a nonzero function such that f(z) =

oo 7 I I 1
£ f(j)z (\z\ < 1), where H denotes the Hardy space. Then

3=0
t2n

\f(0)\ < exp log|/(et9;|d8/2iT.
>0

Equality holds in the inequality above if and only if f is an outer

function, that is,

(2TT it
f(z) = exp{ Z-rfZ- loq\f(elt)\dt/2Ti + icx } (\z\ < 1)

>0 e%t-z

for some real ex. Jensen's inequaltiy may be shown as a consequence of

Szego's theorem by the Helson-Lowdenslager approach (see [1,p51]). We
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190 Takahiko Nakazi

shall give extensions of Jensen's inequality using a technique used to

prove a theorem in the paper [2] of the author and K. Takahashi.

If f is analytic in \z | < 1 and log \f(re ) \dQ is bounded
>0

for 0 < T < 1, then f(eU ) , which we define to be lim f(re% ),

exists almost everywhere on the unit circle. If lim log \fCre ) \dQ =
r+1 >0

f2-n
log I/Ye1 ) \dQ , then / is said to be of class N+. The set of a l l

>0

boundary functions in N is denoted by N again. For 0 < p < °°, the

Hardy space HP , i s defined by N+ n iP where iP = iP(dQ/2ir) . We call

q in N an inner function if \q(& ) \ = 1 almost everywhere. If
00 j Jn i

log | / | ~ Z a-e for nonzero / in N , set

A(\f\) = V 2ml+---+mn^-, ^ V -

where T.' is the summation over all permutations of nonnegative integers

m j m.3 . .. j m . with m + 2m0 + . ..+ jm . = j. Then

AQ(\f\) = 1, ̂ /

" 2 T U2 •

THEOREM 1. If f is a nonzero function in N+ and log \f \

~ 1 a .e^e , then

I \f(3')\2 £ exp log|f|2d6/2iT x il + E U . r | f |-)l2} .
J=0 > 3=1 °

If f is an outer function then equality holds in the inequality above.

Proof. Suppose f i s an outer function in R . By [ 1, p. 61]

co 7 i i

h(z) = exp(<2- + 2 Z a .zJ) (\z\ < 1). We decompose h into hJl where
0 3=1 ° 1 2
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hntz) = expCan + 2 1 a .z3) and h0Cz) = exp(2 i a .z°) (\z\ <
1 ° j=l 3 2 j=n+l 3

Then \ \hCj)\2 = distffi, e
i(n+1)6H2)= <iist(hre

Un+1) V) since
3=0 2

h = hJ + el(n+1)eh1k for some k e H2. Also we have

hAeU) = e ° n iJe

3=1

aQ C2
= e

where m .(1 < j < n) ranges independently over nonnegative integers.
u

Suppose f is an outer function in N . Set f (z) = f(vz)

(\z\ < 1) for 0 < v s 1 , then / (j) = r3'f(j) , f e H2 and f is

2i n 2
an outer function. By what was just proved above, E r \f(J) \

3=0

= e {
3=1

+ I \A.(\f \)\2} where log \f |~ Z aM .e1^ . f e N+° P T 3

n " 2

implies air) . -»• a. as r -*• 1 . This implies I \f(j) \
3 ° 0=0

2a n .
= e ° {1 + E K-rlfpn •

0=1 °

In general, if f £ N and ft is the outer part then

n 2 n " 2
I \f(j)\ < 2 |^CjV| (see,[3 , p.305]). This implies the theorem.

3=0 3=0

COROLLARY 1. If f is an outer function in N+ then

\f(n)\ = exp | log|/|<Ze/2n x UnC|f|;|

for any n > 0 .

\f(0)\ = exp log\f\de/2Ti if and only if / is an outer function.
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The following theorem determines the functions for which equality holds

in Theorem 1.

o
THEOREM 2. Suppose f = qh is a nonzero function in K where q

is an inner function and h is an outer function.

71 " 9 f 9 n

(1) Z \f(j)\ = e x P log\ f\dQ/2v x {1 + Z \/
3=0 > 3=1

n * . . n -
if and only if Z f(3)eL°Q = q Z hCjJe'10® .

3=0 3=0

TT X {1 + E |
3=1

(2) Z \f(3)f = exp f log|/|

3=0 >

for any n > w > 0 if and only if f is an outer function or f is an

analytic polynomial of degree n .

P r o o f . I \f(j)\2 = e x p f l o g | / | 2 d e / 2 T r x {1 + Z \A.(\f\)\h
3=0 > 3=1 3

n " 2 n - 2
i f and only if E \f(j) \ = Z \h(j)| i f and only if

3=0 3=0

a±st(fJe'
l(n+1)eH2) = dist(f,ei(n+1)9qH2). Relative to the decomposition

H2 = (H2 9 ei(n+1)*H2) 9 eUn+1)Q(H2 9 qH2) 9 eUn+1)\H2 ,

f ~ fn ® f? ® ̂ 3 * where '9' is the orthogonal complement and '9'

is the orthogonal direct sum. Hence distC/j e H ) =

aisUfj ev(n+1)QqH2) if and only if \\f - (f0 + fJ \
2dQ/2n =

\\f - f?\ dQ/2-n if and only if /. = 0. Moreover f o = 0 i f and only if

^ 'hf • i id i(n+l)Q .,2 I/-, ijQ
f - t f(3)e e. e qH because f1 = Z f(s)e ° .

3=0 3=0

(1) If / - lf(3)ei36eei(n+1)QqH2 then I f W ^ = ei(n+1)\h9
3=0

n "
and I f(3)e%3 = qh for some h , h e H2 . i t i s easy to see that

3=0 J *
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h- is an analytic polynomial of degree less than n. Hence

I hCj)e d = h- because f = qh = qQi- + e hj . This implies the
3=0 2 2 2

'only if part.

Conversely if E f(j)e^Q = q Y. h(j)eZi}6 then
3=0 3=0

f - Z f(3)e^Q = q(h- " h(J)eij'QJ e
3=0 3=0

Hence f = 0 and this implies the 'if part.

(2) If / - i JYjVe J a and f - I f(j)e 3 belong to qH then
3=0 3=0

f(n+l)e e qH . Hence f(n+l) = 0 or q is a constant. This

implies the 'only if part. The 'if part is clear.

o

COROLLARY 2. Suppose f = qh is a nonzero function in H where

q is an inner function and h is an outer function.

(1) \f(0) f + \f(l) f < exp I log\f\8de/2-n x {l + \\ e~%%

log |f I da/2ir| } and equality holds if and only if f(0) + ffDe"

x

= q(h(0)

(2) \h(0)\ = e x p l o g | / z | d e / 2 T r and \h(l)\ = e x p loq\h\dfi/2T<

x | \e%

(3) If f(0) + f(l) e-Q = q(h(O) + Ml) e%%) then log |f (0)

-n = [ log |f \dQ/2v + log+ |j e'^log |f |d6/2ir | .

Proof. (1) follows from Theorems 1 and 2 and (2) follows from

Corollary 1.

(3) If f(0) + f(l)eLQ = qCh(O) + h(l)e'lQ) then we may assume that

f = h since \f(0) + fCDe^l = \h(0) + hCl)eiQ\ .

I log\h(0) + h(l)e'l6\dQ/2v = log max(\h(0)\ , h(l)
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and hence i f \h(0)\ > \h(l)\ then loq\h(0)\ >_ log|7zfJj| = aQ +

l o g | a J and log\h(0)\ = a by (2) , where log| 7z|<f9/2ir ~ E a .eV^ .

So l o g i c a l < 0 a n d log\htO)\ = aQ + l o g | a ^ | . i f \h(0)\ < \h(l)\

then we can show log|?zCJy)| = a . + log \aA s imi lar ly . Hence

j \oq\h(0) + hCDe^ldQ/E-n = j Iog|^|d6/2ir + log+2| L'^ log\h \dQ/2v\

If f = qh is a nonzero function in R where q is an inner

n - 2 n " 2function and h i s an outer function, then 2 [f(j) \ < I \h(j)\
3=0 j=0

for any n (see [3 , p . 305]). Theorem 2 determines the functions for

which equal i ty holds in the above inequal i ty , using Theorem 1. The q

in (1) of Theorem 2 i s c lea r ly a f in i te Blashke product.
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