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1. Introduction

In this paper a new method of construction of the perturbation motion
theory of celestial bodies, based on the averaging principle in view of fre-
quency resonances, is stated. The first approximation of the asymptotic
theory is the exact solution of the dynamics averaging equations, in which
are included “secular” and “long-periodic” terms. The high-degree approxi-
mations are the exact solution of a known Krylov-Bogoliubov generalized
equation. It is shown that these iterations are expressed in the analytical
form by multiple Fourier series.

2. New Variants of the Perturbation Theory

Let us consider a n-dimensional differential equation with small parameter

M, dz
i Z(z,t, pn), 2(0) = 2, (1)
‘where the vector-function Z(z,t, 1) is determined, and has properties, gua-
ranteeing the existence and uniqueness of the solution of the Cauchy pro-
blem (1) in the (n + 1)-dimensional domain G(n41) = {# € G X R 3> t} of
the Euclidean space.

Our purpose is to construct this solution. Together with equation (1)

we consider an equivalent one,

d = _
Z=ZEtw+ 20 - Znt),  #(0) =2 (2)
in which Z(2,t, 1) is an arbitrary function. We write a linear equality
z(t, p) = Z(t, 1) + (2,8, 1) (3)
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where Z, u are some new unknown functions.

Equality (3) represents the transformation from the phase space {z} to
the new phase space {z} ({z} — {Z}), and the inverse ({Z = z}), if the
Jacoby matrix (a—g) is nonsingular.

The following differential identity holds:
dz dz ou dz
a@t = (32 dt) (4)
where (%, %) is a product of the matrix (g——) and the vector ¢ ﬁ.
) c

The solution of the Cauchy problem (1
following two Cauchy problems:

dz
dt

an be found by solving the

=Z(ztp), 20)=%€G, ()
and

A (B 2Gm) = 2erun-ZGEen, w0 =z0-%, ©

where Zp is some new initial point. Equation (5) defines the choice of the
initial appoximation Z(t, 4) for the exact solution z(t, 1) of problem (1) and
equation (6) defines the total perturbation u(Z,¢, #). In classical perturba-
tion theory, the function u depends only on ¢ and u; therefore, instead of
equation (6) we have:

du
dt

For the Cauchy problem (1) it is possible to construct a set of variants of
the perturbation theory with Z and %, . We call Z(z,t, 1) and zp generators
of the perturbation theory for problem (1), and equation (5) a generating
equation for equation (1).

In classical works on celestial mechanics linear generators are commonly
used with respect to Z, and Zp = 2, that is,

£ = A@t)z, Z(o) = 2o
& = Z(z+ut,p) - Alt)Z, u0)=0

= ZG+utp) - Z(5tp),  u(0)=2- . (7)

(8)

or -
dd—i = Z(z1,0), #(0) = 20
# = Z(z+wut,p) - Z(51,0), u0)=0
or

£ = Z(ztp) Z(0) = 20
% = ZE+uwtw) - 2G4, uw(0)=0
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Equations (8) represent the linearisation method, equations (9) the me-
thod of small parameters, and equations (10) the averaging method, if the
generator Z is constructed on the basis of some average operator.

The perturbation theory based on equations (5) and (6), differs from
the classical perturbation theory in an essential point: the determination of
perturbation u(Z,t, 1) from equation (6) does not require the preliminary
solving of a generating equation (5). This fact permits one to determine
the perturbations u(Z,t,u) and the initial approximation of Z(t,u) inde-
pendently from each other. In the classical perturbation theory this is im-
possible. In Grebenikov (1986) and in Grebenikov and Mitropolskij (1992),
we called equation (6) the generalized Krylov-Bogoliubov equation. Equa-
tion (6) is a Cauchy problem for the quasilinear n-dimensional system of
partial differential equations of order 1 with respect to the n-dimensional
perturbation vector u(Z,t,s). Its solution can be found by the method of
characteristics, or by the method of Cauchy (Stepanov, 1968).

3. Differential Equations, Given on a Torus.

A quite complete asymptotic theory of equation (6) for celestial mecha-
nics problems was developed in monographs by Grebenikov (1986}, and by
Grebenikov and Mitropolskij (1992). We investigated the problems of dyna-
mics, which are described by multifrequent systems of differential equations,
given on a torus and, in particular, by Hamiltonian systems with “action ~
angle” type variables and with a Hamiltonian, periodic in angular variables.

Let a problem of celestial mechanics be described by a multifrequent
system of order (m + n),

{ & = pX(z,y), z(0) = =0,
d

TJ% = w(m) +.u'Y(wvy)a y(O) = Yo,
where z, X are m-dimensional vectors, y,Y,w are n-dimensional vectors,
and w(z) is a vector of frequences. We assume, that X (z,y),Y(z,y) are

2n-periodic functions with respect to y. Then, they are represented by n-
multiple Fourier series:

1)

X@y) = 2 Xi()e®,
Wer 12)
Y(z,9) = Y Yi(z)eitks),
liklleI
where ¢ = /-1, (k’ y) = Z::lksy-?? ”k” = ::1 |ksl1 I= {01 1,2,-- '}9 and

ks =0,%1,---.
The equations of motion have such a form in planetary problems, as if
the phase variables were Keplerian, Delauney’s, Poincaré’s etc. variables.
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We choose the generating system (5) in the form

i B N

'fz—f = pX(z,9)+ X pFA(E,9),

_ ] k>2 N (13)
W = () +pY (3,9)+ L uFB(E, §),

k>2

where X, Y, A, By, are some arbitrary functions. Equations (13) are ‘ave-
raged equations of N** approximation’ (N = 2,3,--+), and equations
dz o dy o
- = HX@9), o =w(@)+uY(E )
are ‘average equations of first approximation’.
Let us consider the substitution (3) as formal series

r = 5+2Hkuk(f,.’7),
k>1

y = §+ Y pku(z,9),
k>1

(14)

with unknown functions uk(Z,9),vk(Z,y). To determine the functions of
transformation u; and vg, we have an infinite system of linear partial dif-
ferential equations of first order

4

P0(@) = X(3,3)- X 0),
w@) = (Lw)+YE9) -7 @E D),
< %’%&,w() = Fi(Z,9,u1,v1,° "+, Vk=1, Uk-1, Az, Ba, -+ -, Ag),
B,0(&)) = Uk(Z,§,u1,v1, -, Vk-1, Uk Az, By, -+, Ak, Br),
{ k=23,--.

(15)
The system (15) has a remarkable property: it is possible to integrate it in
analytical form (see Grebenikov and Ryabov, 1983; Grebenikov, 1986) for
any vector-index k, if we choose for X and ¥ some averages of functions X

and Y. Let _ )
X9 = X Xu(@)ek,
) wEr (16)
Y(E,9) = ¥ Yi(@e®d,
lIxller’

where I’ € I is the subset of I = {0,1,2,---}. In particular, I’ can consist
of one number — “zero”, that means

2 27
X(z,7) = Xo(3) = (2;_)n /---/X(f,y)dyl---dyn (17)
0 0
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It is possible to find (see Stepanov, 1968) the exact solution of the first
equations (15):

nu(zg) = % gkttt (),

lI&(le\I"
o ~ o _ 7)et (k.9)
enr enr

+ (e®).5) + 0@,

Here, 1, ) are arbitrary differentiable functions of the arguments z,,-- -,
T

From analytical expressions (18) one can see, that if ¢; # 0, then func-
tion v; will be growing similar to the linear function ¢, because § ~ t.
Hence, to have an “oscillatory”, but not “rapidly growing” character for
the perturbations u;, vy, #g, vg, -+ -, it is necessary that all functions obey

or(®) =0, ¥x(Z)=0, k=12, (19)

These equalities, in their turn, show that the “best” perturbation theory is
obtained when equations (5) are solved with other initial conditions than
equation (1). The new initial conditions (Zo, Jo) are connected with (2, yo)
with the help of functional equations

o = Zo+ Huy (EOv :'70),

20
Yo = %o+ pvi(Zo, o). (20)

This is a second essential difference between the modern perturbations
theory and the classical, in which it is difficult to choose the initial point
Zo.

If we construct the perturbation theory of the second order, we shall
have

(%uy_z’w(:i)) = F2(E’g,ul)vI,A2)1

(81;7 vw(j)) = W2(Eag’u1’vl’u2aA2aB2)-

These equations include arbitrary functions As, By which will be choosen

(21)

such that
2r 2 2r  2n
/"'/deﬂl'“dﬂn=0, /"'/‘I’zd?r"dﬂn=0- (22)
0 0 0 0

These conditions guarantee the “oscillatory” character of u; and v,, if the
functions o, and 1, ( by analogy with ¢; and ¥, ) are also chosen identically
equal to zero. This procedure can be continued for k = 3,4,---.
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The stated analytical algorithm means, that we consequently construct the
substitution of variables

(.’l),y) - (Elvgl) - (5721:?2) e (a_"s’?_/s)’

where

3

s z+ 3 prui(z,9),

i (23)
v = Tt 3 Hu(@),
Naturally, for the final construction of the solution of initial equations (11)
one should solve “the average equations” (13) with new initial conditions
2,(0), 55(0)-

The analytical expressions for ug(Z, 7), vk(Z, J) may be constructed with
the help of a computer.

4. Conclusions

1. The subset I’ should be chosen from condition

I(kva)l < e=0(p),

where wy is the initial value of the frequent-vector w(zo). I' is the “resonance
subset”.

2. In classical perturbation theory “the small divisors” (k,wp) are constant.
In the new theory the divisors (k,w(Z)) are variable, and do not stay small
for a long time.

3. In the new theory the accuracy of the perturbation u(Zz,t, ) does not
depend on the accuracy of the first approximation.
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