
NOTES AND P R O B L E M S NOTES E T P R O B L E M E S 

Th i s d e p a r t m e n t w e l c o m e s sho r t no tes and p r o b l e m s 
be l i eved to be new. C o n t r i b u t o r s should include so lu t ions 
w h e r e known, o r b a c k g r o u n d m a t e r i a l in c a s e the p r o b l e m is 
unso lved . Send a l l c o m m u n i c a t i o n s c o n c e r n i n g t h i s d e p a r t m e n t 
to I. G. Conne l l , D e p a r t m e n t of M a t h e m a t i c s , McGil l U n i v e r s i t y , 
M o n t r e a l , P . Q. 

A T H E O R E M ON HARMONIC HOMOLOGIES 

J . E. M a r s d e n 

In t roduc t ion . A co l l inea t ion i s a one-one mapp ing of a 
p r o j e c t i v e plane onto i tself , t ak ing points into po in t s , l ines into 
l i nes and p r e s e r v i n g inc idence , ( [ l ] , p . 247). A p e r s p e c t i v e 
co l l inea t ion ( s o m e t i m e s ca l l ed a c e n t r a l co l l inea t ion) i s a 
co l l inea t ion which l e a v e s i n v a r i a n t a l l poin ts on a l ine h c a l l e d 
the a x i s , and a l l l i nes t h rough a point H ca l l ed the c e n t r e . 
The p e r s p e c t i v e co l l inea t ion i s an e la t ion if H i s inc ident wi th 
h ; o t h e r w i s e it i s a homology . 

A h a r m o n i c homology is a homology of pe r iod two. ([!]), 
p . 248). Th i s note finds n e c e s s a r y and sufficient condi t ions 
under which a p roduc t of h a r m o n i c homolog i e s and c e r t a i n sub -
p r o d u c t s a r e a l s o h a r m o n i c h o m o l o g i e s . It i s a g e n e r a l i z a t i o n 
of a we l l -known t h e o r e m involving the p roduc t of two h a r m o n i c 
h o m o l o g i e s ([2], p . 64). Al though the plane in ques t ion is 
a s s u m e d to be D e s a r g u e s i a n , W. J o n s s o n has pointed out tha t 
the t h e o r e m can be p roved in m o r e g e n e r a l p l anes a s we l l . 

T H E O R E M . Le t (H , h ) denote h a r m o n i c homolog ie s 
k k 

wi th c e n t r e s H and a x e s h for k = 1, 2 , . . . , n . Then the 
k k 

p r o d u c t s 

(H , h )(H , h ) . . . ( H . , h . ) , j = 2 , . . . , n 
1 1 2 2 j j 

* M r . M a r s d e n is an u n d e r g r a d u a t e a t the U n i v e r s i t y of T o r o n t o . 
(Ed i to r ) 
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a r e a l l h a r m o n i c h o m o l o g i e s if and only if the following cond i t ions 
hold: 

(a) n = 2 (i) h p a s s e s th rough H 

(ii) H l i e s on h 

(b) n = 3 (i) the cond i t ions of (a) hold 

(ii) h , h , h a r e c o n c u r r e n t v 1 2 3 

(iii) H , H , H a r e c o l l i n e a r 
1 2 3 

(c) n > 3 (i) the cond i t ions of (b) hold 

(ii) h p a s s e s t h rough h " (H H ) 

k = 4 , 5 , .. . ,n 

(iii) H k l i e s on H ^ h ^ - h ^ ) 

k = 4 , 5 , . . . , n . 

Proof, (a) F o r a proof see [2] , pp. 6 4 - 6 5 . Note in con
nec t ion wi th t h i s r e f e r e n c e tha t in a g roup the p r o d u c t of two 
e l e m e n t s of p e r i o d two i s aga in of tha t type if and only if the 
e l e m e n t s c o m m u t e . Note a l s o tha t th i s proof i s va l id in any 
( D e s a r g u e s i a n ) p r o j e c t i v e plane ( [ l ] , p. 230), not s imply in the 
r e a l p ro j ec t ive p lane . 

(b) Suppose (H , h ) (H ,h ) = ( J , j ) and 
1 1 2 2 

( H l , h l ) ( H 2 ' h Z ) ( H 3 ' h 3 ) = , K ' k ) ° r ( J , J ) ( H 3 , h 3 ) = ( K ' k ) -
By (a) , H i s on j and h p a s s e s t h rough J. But j = H H 

and J = h h , a l s o by (a). 
1 2 

C o n v e r s e l y ( J , j ) (H , h ) be ing a h a r m o n i c homology 

i m p l i e s H i s on j = H H and h p a s s e s t h rough J = h -h -
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The case (c) proceeds in a way similar to (b) with repeated 
use of (a). 

Note that for n > 2, the harmonic homologies appearing 
may not be permuted amongst themselves. 

Finally, it is interesting to note the symmetry in the 
statement of the theorem. The theorem i s , in fact, its own dual. 
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