
CONVERGENCE OF THE HAUSDORFF MEANS OF 
DOUBLE FOURIER SERIES* 

F r e d Ust ina 

( rece ived J anua ry 29, 1968) 

In this pape r we p r o v e that if {s (x, y)) is the sequence of 
m, n J ^ 

p a r t i a l s u m s of the F o u r i e r s e r i e s of a function f(x, y), which is 
p e r i o d i c in each v a r i a b l e and of bounded v a r i a t i o n in the s ense of 
H a r d y - K r a u s e in the per iod r e c t a n g l e , then {s (x, y)} c o n v e r g e s 

un i formly to f(x, y) in any closed r e g i o n D in which this function 
is cont inuous at eve ry point . This r e s u l t is then used to p rove that 
the r e g u l a r Hausdorff m e a n s of the F o u r i e r s e r i e s of such a function 
a l so conve rge un i formly in such a r eg ion . 

A s imp le c o r o l l a r y of t hese r e s u l t s is that ne i the r the p a r t i a l 
s u m s nor the r e g u l a r Hausdorff m e a n s of the F o u r i e r s e r i e s of such 
a function will d i sp lay the Gibbs phenomenon at any point of continui ty 
of the funct ion. 

Let f(x, y) be p e r i o d i c with per iod 2 ir in each v a r i a b l e , and 

t 

Then 

let s (x, y) be the m n - t h p a r t i a l sum of the F o u r i e r s e r i e s of f(x, y) . 
m , n 

(1) s ( x , y ) = / , T g ( s , t ) * % J ^ £2%aL ds dt 
m ' n 0 ,0 

w h e r e 

*The p r e p a r a t i o n of th is paper was financed in p a r t by a Canadian 
M a t h e m a t i c a l Congre s s s u m m e r r e s e a r c h g ran t (1967), and in p a r t 
by a p o s t - d o c t o r a l fe l lowship at the Un ive r s i t y of A l b e r t a (1966-67) . 
The author is m o s t g ra te fu l to the r e f e r e e whose e a r l i e r c o m m e n t s 
w e r e b a s i c to the p r e p a r a t i o n of th is p a p e r . 

Canad. Math . Bu l l . vo l . 11 , no . 4, 1968. 

585 

https://doi.org/10.4153/CMB-1968-070-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-070-5


(2) g(s, t) = -i, ss-s lêrr <f(x + 2s- y + 2t) + f(x + 2s- y "2 t ) 

+ f(x - 2 s , y + 2t) + f(x - 2 s , y - 2t)} 

and 

p = 2m + 1; q = 2n + 1 . 

If g(s , t) is abso lu te ly bounded, non -nega t i ve , and mono ton ica l ly 
d e c r e a s i n g in each v a r i a b l e , then a s l ight modi f i ca t ion of the proof 
given by Hobson [2, p . 705-709] l eads to the r e s u l t 

(3) | s m n (x , y) - f(x, y) | < 2TT2 cj> (0, 0) 

oo - 1 
+ g(0 ,0) {4îr/r + 2 £ {v(v+r )} } + (2 / r )g(e , e) + 6 , 

for p, q > k1 = k ! (5) , 

w h e r e 6 > 0 and G a r e fixed but o t h e r w i s e a r b i t r a r y , 
0 < e < TT/2, r = m i n {[pe/rr ] , [qe/ir]} - 3 and c>(0, 0) = g(0, 0) - g ( € , e), 
taking (s in x ) / x = 1 when x = 0. 

In (3), 6 m a y be chosen a r b i t r a r i l y s m a l l . As for the o the r 
t e r m s , a l l but the f i r s t one tend to z e r o as r t ends to infinity, that i s , 
as p and q tend to infinity. Choos ing k" l a rge enough so that for 
p ,q > k", the con t r ibu t ion of t he se t e r m s is l e s s than ô , it follows 
that 

(4) Is (x, y) - f(x, y ) | < 2TT2 cb (0, 0) + 2 5, p, q > m a x (k 1 , k") . 1 m , n 

If, in addit ion, f(x, y) i s cont inuous at (x, y), then G m a y be taken 
2 

s m a l l enough so that § (0, 0) < 6/2TT . Then we have that 

(5) s (x, y) -*• f(x, y), m, n -*- oo . 
m , n 

Hobson ' s proof leading to the conc lus ion e x p r e s s e d in (4) is 
a l so valid if only g(s , t) can be e x p r e s s e d as the d i f fe rence of two 
non -nega t ive , bounded, mono ton ica l ly dee r eas ing funct ions . F o r 
then the i n t e g r a l (1) m a y be e x p r e s s e d as the d i f fe rence of two such 
i n t e g r a l s and a l l the ca l cu la t ions c a r r y th rough . 

An examina t ion of the foregoing ind ica t e s that the p a r t i a l s u m s 
of the F o u r i e r s e r i e s of f(x, y) wi l l conve rge un i fo rmly to f(x, y) in any 
r eg ion over which g(s , t) m a y be e x p r e s s e d as the d i f fe rence of two 
non -nega t i ve , mono ton ica l ly d e c r e a s i n g funct ions , p rov ided that t h e s e 
funct ions can be chosen in such a way that they a r e un i fo rmly bounded 
and equicont inuous at the o r i g i n . F o r then the inequa l i ty (4) wil l hold 
un i fo rmly for a l l po in t s (x, y) in th is r eg ion by the un i fo rm b o u n d e d n e s s , 

5 8 6 

https://doi.org/10.4153/CMB-1968-070-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-070-5


2 
and G m a y be chosen s m a l l enough so that <\>(0, 0) < 5/2TT un i formly 
by the equicont inui ty . 

THEOREM 1. Let f(x, y) be n o r m a l i z e d , p e r i o d i c with per iod 
2TT in each v a r i a b l e , and of bounded v a r i a t i o n in the s e n s e of 
H a r d y - K r a u s e in the per iod c e l l . If f(x, y) i s a l so cont inuous at 
eve ry point of a c losed reg ion D, then the p a r t i a l sums of the F o u r i e r 
s e r i e s wil l conve rge to it un i formly on D. Consequent ly , the p a r t i a l 
s u m s of the F o u r i e r s e r i e s of f (x, y) cannot exhibit the Gibbs 
phenomenon at any point of continuity of f(x, y) . 

Proof . The a s s u m p t i o n s on f(x, y) a r e sufficient to al low 
us to a s s u m e that t h e r e ex i s t s a r eg ion D1 such that D is contained 
in the i n t e r i o r of D1, both D and D1 a r e r e c t a n g u l a r with s ides 
p a r a l l e l to the coord ina te axes , and f(x, y) i s cont inuous at eve ry 
point of D ! . By the foregoing d i s cus s ion , to p rove the t h e o r e m , it 
i s sufficient to p r o v e that for each (x, y) e D, g(s , t) can be e x p r e s s e d 
as the d i f ference of two non-nega t ive , monoton ica l ly d e c r e a s i n g 
funct ions , g(s , t) = m ( s , t) - p(s , t), such that the fami ly 
{ m ( s , t), p ( s , t ) : (x, y) e D} is un i formly bounded and equicont inuous 
at the o r i g i n . 

Denote the ce l l d e t e r m i n e d by the coo rd ina t e s (a , b ), (a , b ), 

(a »b ) and ( a ^ b ^ , B,^ < a ^ b
d < b

2> bY [a
2> b

2'
 a i ' b l - l ' D i v i d e 

the ce l l [2TT, 2TT; - 2TT, - 2IT] into the nine subce l l s [x , y ; - 2TT, - 2ir] t 

' • X 2 ' y i ; X l ' " 2lT^ ^ ' Y1; X 2 ' " Zl*1' t X l ' y 2 ; " 2 lT ' Yj\)' '•Z7T' Y 2 ; X 2 , y l • ' , 

[x , 2TT; - 2TT, y ], [x , 2 i r ; x l f y ], [2TT, 2TT; X ^ y^] and 

D ! = [x , y ; x , y ] . T h e r e is an ove r l ap along the b o u n d a r i e s in s o m e 

of t h e s e c e l l s . However , this difficulty i s ea s i ly r e m o v e d by defining 
the ce l l s so that they a r e open along the upper and r igh t hand 
b o u n d a r i e s whenever t h e r e is ove r l ap o t h e r w i s e . 

R e s t r i c t f(x, y) to the cel l [x , y ; - 2TT, - 2TT] and w r i t e 

(6) e(x, y) = f(x, y) - f(- 2TT, y) - f (x , - 2TT) + f( - 2TT, - 2TT) . 

Then e( - 2TT, ~ 2TT) = e( - 2TT, y) = e(x, - 2ir) = 0. Since e(x, y) is of 
bounded va r i a t i on , it can be e x p r e s s e d as the di f ference of two 
pos i t ive ly monotonie funct ions , name ly , i t s pos i t ive and negat ive 
v a r i a t i o n func t ions . See McShane [3, p . 2 5 0 ] , By cons ide r ing the 
nega t ives of t hese funct ions , it follows that e(x, y) can be e x p r e s s e d 
a s the d i f fe rence of two nega t ive ly monotonie funct ions , 
e(x, y) = n (x, y) - q. (x, y)f and choosing these functions so that they 

a r e z e r o along the l ines x = - 2TT, y = - 2TT, it i s e a s y to show that 
they a r e monoton ica l ly d e c r e a s i n g in each v a r i a b l e . 

Now se t e (y) = f( - 2TT, y ) - f( - 2TT, - 2TT) SO that e ( - 2TT) = 0. 
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Then aga in e (y) m a y be e x p r e s s e d as the d i f fe rence of the n e g a t i v e s 

of i t s nega t ive and pos i t ive v a r i a t i o n funct ions , e (y) = n (y) - q (y), 

w h e r e n (0) = q (0) = 0, and e a c h of t h e s e funct ions i s mono ton i ca l l y 

d e c r e a s i n g . With e (x) and i ts d e c o m p o s i t i o n n (x) - q~(x) s i m i l a r l y 

defined, we have 

f(x, y) = { n ^ x , y) + n ^ y ) + n ^ x ) + f( - 2TT, - 2TT)} 

- ( q 1 ( x » y ) + q 2
( y ) + q 3 ( x ) ^ 

= n1 (x, y) - q'(x, y) , 

w h e r e n ' (x , y) and q f(x, y) a r e each abso lu te ly bounded and 
mono ton ica l ly d e c r e a s i n g in each v a r i a b l e . 

In a s i m i l a r m a n n e r , f(x, y) m a y be r e s t r i c t e d to each of the 
r e m a i n i n g eight subce l l s in tu rn , and e x p r e s s e d as the d i f fe rence of 
two abso lu te ly bounded, mono ton ica l ly d e c r e a s i n g funct ions in each 
c e l l . The addi t ion of a su i t ab le cons t an t to the d e c o m p o s i t i o n funct ions 
in each ce l l and a combina t ion of the r e s u l t s then y ie lds a 
d e c o m p o s i t i o n of f(x, y) into two non-nega t ive , mono ton ica l ly 
d e c r e a s i n g , bounded funct ions on the ce l l [2TT, 2TT; - 2TT, - 2TT], 

(7) f(x, y) = n(x, y) - q(x, y) . 

Note tha t n(x, y) and q(x, y) a r e cont inuous , hence un i fo rmly 
cont inuous on D1, and that th is i m p l i e s the e qui cont inui ty of the 
fami ly { n ( x ' , y ) , n(x, y')> q(x, y1), q ( x ' , y ) : ( x ^ y 1 ) e D1} on D ! . 

F o r (x, y) e D , le t 

(8) h(s , t) = g(s , t) - g(s , 0) - g(0, t) + g(0, 0) . 

Then h(s , 0) = h(0, t) = h(0, 0) = 0, and again we m a y e x p r e s s h(s , t) as 
the d i f fe rence of the nega t i ve s of i ts nega t ive and pos i t i ve v a r i a t i o n 
funct ions , h(s , t) = m ( s , t ) - p ( s , t ) , w h e r e t h e s e funct ions a r e 

mono ton ica l ly d e c r e a s i n g , and for 0 <_ s, t < TT/2, they a r e bounded 
abso lu te ly and un i fo rmly by V(f), w h e r e V(f) deno tes the to ta l 
v a r i a t i o n of f(x, y) in the pe r iod ce l l . 

Now let 

M = max{n( - 2TT, - 2TT), q( - 2IT, - 2TT)} . 

Then g(s , 0) = m ( s ) - p ( s ) and g(0, t) = m 3 ( t ) - p 3 ( t ) , w h e r e 
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(9) m 2 ( s ) = — {-^—- {n(x + 2x, y) - q(x - 2 s , y)} + M(ir - s)} 
IT 

P2(s) = JL { _J { q ( x + 2s> j _ n ( x _ 2S} )} + M(ir _ g)} 
^ ^ Z s m s 

with m (t) and p~(t) s i m i l a r l y defined, is a decompos i t i on of g(s , 0) 

and g(0, t ) . Then 

(10) g ( s , t ) = m ( s , t ) - p (s , t) 

w h e r e 

(11) m ( s , t) = m ^ s , t) + V(f) + m (s) + m ^ t ) + |g(0, 0) | 

p ( s , t ) = P l ( s , t ) + V ( f ) + p 2 ( s ) + p 3 ( t ) + g ( 0 , 0 ) + |g(0, 0 ) | 

i s the r e q u i r e d decompos i t i on of g ( s , t ) . 

To comple te the proof, we examine the fami ly 
{ m ( s , t), p ( s , t) : (x, y) G D} for the non-nega t ive p r o p e r t y , un i fo rm 
boundedness , monoton ic i ty and equicont inui ty at the o r ig in . The 
funct ions m (s , t) + V(f ) + | g(0, 0) | and p (s , t) + V(f) + g(0, 0) + | g(0, 0) | 

a r e c l e a r l y non -nega t ive , monoton ica l ly d e c r e a s i n g and un i formly 
bounded by 2V(f) + 2 sup |f(x, y) | . As for the r e m a i n i n g functions 
on the r igh t s ide in (11) , we cons ide r m (s) and r e m a r k that the s a m e 

a r g u m e n t holds for the o t h e r s . The function m (s) i s bounded by M 

in view of (9) and the definit ion of M . It is non-nega t ive s ince the 
functions {n(x + 2s , y) - q(x - 2s , y) + TTM/2} and M(TT/2 - s) a r e 

n o n - n e g a t i v e . Also, the function {n(x + 2s , y) - q(x - 2s , y) + TTM/2} 
i s mono ton ica l ly d e c r e a s i n g . To i n s u r e the monotonic i ty after 
mul t ip ly ing by the fac tor s / s i n s, the function M(TT/2 - s) has been 
added. 

We check equicont inui ty at the o r ig in . F o r this p u r p o s e , we 
examine only m (s , t) and m (s), the a r g u m e n t for 

p ( s , t ) , m (t), p (s) and p^(t) being s i m i l a r , and the cons tan t s 

V(f), g(0, 0) and |g(0, 0)| have no b e a r i n g on equicont inui ty . Since 
the v a r i a t i o n funct ions for f(x, y) a r e cont inuous, hence un i formly 
cont inuous on D ! , the equicont inui ty of the fami ly 
{ m (s , t) : (x, y) e D} fol lows, s ince | m (0, 0) - m ( s , t) | , 0 £ s, t < G , 

does not exceed the v a r i a t i o n of f(x, y) in the ce l l [x + e, y + G ; x - e, y - G]. 
Also , by the e a r l i e r r e m a r k s , the family 

{n (x f , y ) , n(x, y1), q(x f , y), q(x, y1) : (x1, y !) € D} i s equicont inuous 
on D1 . But this i m p l i e s the equicont inui ty of the fami ly 
{ n ( x j ; 2 s , y ) , n(x, y j h 2 t ) , q ( x j ; 2 s , y), q(x, y +_ 2t) : (x, y) e D } at 
the o r i g i n . This c o m p l e t e s the proof. 

589 

https://doi.org/10.4153/CMB-1968-070-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-070-5


THEOREM Z. Let f(x, y) be n o r m a l i z e d , p e r i o d i c with pe r iod 
2TT in each v a r i a b l e , and of bounded v a r i a t i o n in the pe r iod ce l l . If 
f(x, y) is a l so cont inuous in a c losed r e g i o n D, then the r e g u l a r 
Hausdorff m e a n s of the p a r t i a l s u m s of the F o u r i e r s e r i e s of f (x, y) 
conve rge to f(x, y) un i fo rmly on D. Consequent ly , the r e g u l a r 
Hausdorff m e a n s of the p a r t i a l s u m s of the F o u r i e r s e r i e s of f (x, y) 
cannot exhibi t the Gibbs phenomenon at any point of cont inui ty of f(x, y ) . 

P roof . If {s } i s any sequence , then the m n - t h r e g u l a r 
** m , n ^ 

Hausdorff t r a n s f o r m of th is s e q u e n c e is given by 

1, 1 
IA~>\ u i \ m > n ,m ,n C IA x m - k k , . x n- i I ,2 
( 1 2 ) h m , n ( S M ) = S Q Q V i l n

( 1 " ^ ^ " ^ v d g t ^ v ) , 
0, 0 ° ' ° 

w h e r e g(|j., v) is of bounded v a r i a t i o n in the ce l l [ 1 , 1; 0, 0], g ( l , 1) = 1 and 

g(0, 0) = g(Hi, 0) = g(ii, 0+) = g(0 ,v) = g ( 0 + , v ) = 0, 0 < JJL, v < 1. 

As such, g([i, v) m a y be sp l i t up into two pos i t ive ly monoton ie func t ions , 

g([j., v) = p(|j,, v) - n(jjL, v) , 

w h e r e p(|±, v) and n(|i, v), be ing the pos i t i ve and nega t ive v a r i a t i o n 
functions of g( | i ,v) a r e of bounded v a r i a t i o n in the uni t c e l l and 
V(g) = V(p) + V(n). The e x p r e s s i o n on the r igh t in (12) m a y be then 
sp l i t into two p a r t s , one involving an i n t e g r a l with r e s p e c t to n(n, v) , 
and the o the r an i n t e g r a l with r e s p e c t to P(JJL, v ) . Doing t h i s , we have 

m , n 1,1 
= S © 0 { B k i ( x i y ) - £ ( x i y ) } / ( l ^ r V d - v ^ v ^ ^ . v ) 

0, 0 x '* 0 ,0 

m, n 1,1 

" S O0t-k l(x,y) - f(*,y)} / ( 1 . , ) m " V ( l - v ) n - V d 2 n ( H L , v ) . 
°> ° ' 0, 0 

Set <h = sup{ | s (x, y) - f(x, y) | : (x, y) e D} . Then by T h e o r e m 1, 

{<\> A is a nul l s e q u e n c e . Also , s ince p((ji, v) and n(|jL, v) a r e of 
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bounded variation in [1, 1; 0, 0], and, being the positive and negative 
variation function of g(jji,v), are zero along the coordinate axes, it 
follows that the Hausdorff transform relative to them is convergence 
preserving and regular for null sequences. See [1, pp. 17 and 33]. 

Thus 

' W W * * * » - f ( x 'y ) | 

m, n 1,1 

< s ( D Û * , „ f lA x m " k k /„ xn"^ * i 2 / 
~~ 0 0 k * k , i 0 0 ( " ^ ^ ( " V ) V p ( ^ ' v ) 

m, n 1,1 , , 
S U A J ^ W 9 J ( 1 " ^ M- (* " v ) v d n ( | j . f v ) 

0, 0 ' 0, 0 

-*• 0, m, n ->• oo , 

uniformly in D . This proves the theorem. 

Remark. It is easy to show by example that the results expressed 
in Theorems 1 and 2 are not the best possible. However, the derivation 
of the best possible results appears to present some difficulties, so that 
the widest class of functions for which these theorems hold is an open 
question at the present time. 

REFERENCES 

1. F . Hallenbach, Zur Théorie der Limitierungsverfahren von 
Doppelfolgen. Inaugerral-Dissertation, Rheinischen Friedrich-
Wilhelms-Universitat, Bonn (1933). 

2. E. W. Hobson, The theory of functions of a real variable. 
(Cambridge University Press, 2nd éd., Vol. 2, 1926). 

3. E.J . McShane, Integration. (Princeton University Press, 1944). 

University of Alberta 
Edmonton 
Alberta 

5 9 1 

https://doi.org/10.4153/CMB-1968-070-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-070-5

