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AN EFFECTIVE SEVEN CUBE THEOREM

R.J. COOK

I t is well-known that every sufficiently large positive integer

is the sum of seven cubes. Both proofs of this result , due to

Linnik and Watson, are ineffective. Here we show that Watson's

proof may be made effective.

1. Introduction

I t is well-known that every sufficiently large positive integer

may be represented as the sum of seven cubes of positive integers. This

was first proved by Linnik [3] in 19^3, and a much simpler proof was

provided by Watson [4]. Recently Hooley [2] has announced a conditional

proof of the asymptotic formula for the number of representations, his

proof depending on conjectured properties of the Hasse-Weil L-functions.

The methods of Linnik and Watson are ineffective, incapable of

providing an explicit value n such that a l l n > n are the sum of

seven cubes. The purpose of this note is to show that Watson's proof can

be modified to give an effective result. Thus i t may now be possible, with

sufficient diligence and computer time, to prove that every integer

n > I+5U is representable as the sum of seven cubes of positive integers.

I am grateful to Professor Watson for pointing out to me that no effective
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proof of the result was known.

THEOREM. There exists an effectively computable number n such that

every integer n > n is the sum of seven cubes of positive integers.

2. Primes in arithmetic progressions

We use the notation of Davenport [ J ] , on p. 123 of which is the

following effective version of the prime number theorem for an arithmetic

progression a mod q , where {a, q) = 1 .

LEMMA 1. Let 6 > 0 and

(1) q < (log x) 1 " 6

then, for some absolute constant a ,

(2) iKx, q, a) = ^ y + 0{x exp[-c(log x)h]}

or equivalently

(3) TT(X, q, a) = jj^rry + 0{x exp[-e(log x )P} .

The range (l) is inadequate for our purposes and the restr ict ion i s

caused by the possible existence of Siegel zeros. However the moduli q

for which Siegel zeros exist are scarce and we can avoid them. Then, from

[ 1 , p . 123, equation (9)] we obtain a version of Lemma 1 effective and

uniform for

(U) q S (log x ) 1 0 0 ,

or indeed over a larger range.

Let q., <?_, . . . be the (possible) sequence of positive integers for

which there exists a real primitive character X (mod q) for which

L(s •, x) has a real zero 3 satisfying

(5) B > 1 - T/log q , T > 0 .

Choosing T > 0 as a suitably small constant we have, see [I, p. 91*],

2
q . > q . and so at most log x values q . 5 x . We shall call a modulus
7"KL Q Q

q "good" if q and al l i ts divisors are not in the sequence {q.} .
3
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Then the characters mod q , primitive or imprimitive, do not have Siegel
zeros and the corresponding term in equation (9) on p. 123 of Davenport [I]
may be omitted. Hence we obtain

LEMMA 2. For any good modulus q satisfying W we have (2) and (3)

holding effectively and uniformly in q .

From this we obtain, as in Lemma 2 of Watson [4],

LEMMA 3. if X is sufficiently large, q is a good modulus

satisfying CO and (a, q) = 1 then for some absolute constant A > 0

there are at least A li(x)/<p(q) primes p = a mod q in the interval

X < p < 1.01 X .

In the case q = 6 we can deduce Lemma 3 from Lemma 1.

3. Proof of theorem

We begin by quoting Lemma 3 of Watson [4] .

LEMMA 4. Let N be a positive integer, and suppose there exist
distinct primes p, q, r such that

(6) p = q = r = -1 mod 6 ,

(7) r < q < 1.01 r ,

(8) hqX%3 < N < ql8
P

3 ,

(9) N = 3p mod 6p ,

(10) hN = rl8p3 mod q6 ,

(11) 2N = qlQp3 mod r 6 .

Then N is representable as the sum of six positive integral cubes.

LEMMA 5. For some constant B > 0 and n > «0(5) there are at

k 2
least B(log n) /(log log n) pairs of primes q, r , neither of which
divides n and which satisfy {6), (7) and

(12) *i(log n)2 < q, r < (log n)2 .
p

Proof. We apply Lemma 3 with a = -1 , q = 6 and X = (log n) and

100(log n) /101 successively. This gives
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C(log «)2/log log n {C > 0)

primes p = -1 mod 6 , any two of which satisfy (9) and (lU). Now the

number of primes p > ^(log n) which divide n is at most

h 2
log n/log log n , for n > 10 . Thus we can choose S(log n) /(log log n)

pairs of primes q, r , neither of which divides n .

For each such pair q, v consider the number

(13) k = 6q6r6 < 6(log n)2h .

Each such k has 196 divisors and the number of moduli q < 6(log n)

with a real primitive character X having a Siegel zero is 0(log log n) .

Thus we can choose a pair q, r , and so k , such that k and i t s

divisors are not moduli corresponding to Siegel zeros. Thus k is a good

modulus. Let

(1U) X = nl/3q~6 ,

then log X > h log n i f n is sufficiently large. Thus

k < (log X) . Now every number prime to qr is congruent to a cube to

the modulus q and also the modulus r , so we can find a number I

such that

(15) hn = r I mod C7 , 2n = q I mod r

Now we apply Lemma 3 with the good modulus k < (log X) . There exists

a prime p satisfying

(16) p = -1 mod 6 , p = I mod q r ,

(17) X < p < 1.01 X .

The remainder of the proof follows Watson exactly, but we include it

for completeness. By (15) we have

18 3 6 18 3 6
hn = r p mod q , 2n - q p mod r .

Since every integer is congruent to a cube mod 6p there is an integer t

satisfying
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0 < t 5 6pq2r2 ,

o 2 2

w - 3p ; t mod 6p , t = 0 mod q r

Now ff = n - t3 s a t i s f i e s (9 ) , (10) and ( l l ) . Also

n - t3 < n = ql8X3 < ql8p3 ,

n - t3 > n - 2l6p3q6r6 = ql8X3 - 2l6p3q6r6

> (1.O1)"V8P3 - 2l6q6r6p3 > kql8p3 .

Th\is a l l the conditions of Lemma 1+ are satisfied, since (Ik) and (17) show

that p is different from q and r . Hence N = n - t3 is the sum of

six cubes and so n is the sum of seven cubes.
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