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L-INDISTINGUISHABILITY FOR SL(2) 

J-P. LABESSE AND R. P. LANGLANDS 

1. I n t r o d u c t i o n . The notion of L-indistinguishabili ty, like many others 
current in the s tudy of L-functions, has yet to be completely defined, bu t it is 
in our opinion impor tan t for the s tudy of automorphic forms and of representa
tions of algebraic groups. In this paper we s tudy it for the simplest class of 
groups, basically forms of SL(2). Although the definition we use is applicable 
to very few groups, there is every reason to believe t ha t the results will have 
general analogues [12]. 

The phenomena which the notion is intended to express have been met— 
and exploited—by others (Hecke [5] § 13, Shimura [17]). Thei r source seems 
to lie in the distinction between conjugacy and stable conjugacy. If F is a field, 
G a reductive algebraic group over F, and F the algebraic closure of F then 
two elements of G(F) may be conjugate in G(F) wi thout being conjugate in 
G(F). In addit ion, if .Fis a local field then in many cases there is a rough dual i ty 
between conjugacy classes in G(F) and equivalence classes of irreducible repre
sentat ions of G(F)} and one might expect the coarse classification of stable 
conjugacy to lead to a grouping of these equivalence classes. One of the groups 
is now called an L-packet and the elements in it are said to be L-indistinguish
able because in the cases t ha t are understood they have the same L-functions. 

I t was the L-packets with which we s tar ted. If G is GL(2) , or even GL{n), 
then stable conjugacy is the same as conjugacy and the L-packets will consist 
of a single element, and there is no need to introduce them. They do not appear 
in [6]. The group GL(2, F) acts on SL(2, F) by g : h —> h° = g~lhg and, if F is 
a local field, on the irreducible representat ions of SL(2, F) by TT —> wg with 
irg(h(J) = ir(h). Two elements of SL(2) are stably conjugate if and only if they 
lie in the same orbit under GL(2, F) and it is expedient to define two irreducible 
representat ions of SL (2, F) to be L-indistinguishable if they lie in the same orbit 
under GL(2, F), or, more precisely, if the induced representat ions of the Hecke 
algebra lie in the same orbit. This definition can only be provisional bu t it will 
serve our purpose, which is to explore the notion for SL(2) and some related 
groups thoroughly, a t t empt ing to formulate and verify theorems which are 
likely to be of general validity. 

Our original purpose was more specific. Suppose F is a global field and 
7T = 07T„, the product being taken over all places of F, is an automorphic 
representat ion of SL(2, AF). If for each v we choose a irj which is L-indistin
guishable from irv and equivalent to it for almost all v then irf = ®irv

f might 
or might not be an automorphic representat ion. We wished to show t h a t it is, 
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L-INDISTINGUISHABILITY FOR SL(2) 727 

except for a very special class of 71-, those associated to characters of the group 
of idèles of norm one in a quadrat ic extension, and this we could do without 
too much difficulty. The problem was posed and solved in the spring of 1971 
while we were together a t the Mathemat ical Inst i tute in Bonn in the Sonder-
forschungsbereich Theoretische Mathemat ik , and the paper could have been 
wri t ten then, except t ha t we could not formulate the results in a satisfying 
fashion. For this the groups i^of [12] are needed, for which an adequate general 
definition was found only after many conversations with Shelstad, as well as 
the groups S and S°, whose introduction was suggested by the work of Knapp-
Zuckerman [7]. 

Because we had some specific applications in mind we have considered groups 
slightly more general than twisted forms of SL(2), but they can be left to the 
body of the paper. If G is SL(2) or a twisted form then the L-group LG can, 
for the present purpose, be taken to be PGL(2} C ) . If F is a local field and <p 
a homomorphism of the Weil group WF into LG there is in general (cf. [18]) an 
associated L-packet II (<p), and according to the results of § 3 it will contain 
only finitely many equivalence classes. If S<p is the centralizer of (f(WF) in LG 
and Sp0 the connected component of the identi ty in S<p then, as will be seen in 
§ 6 and § 7, there is a pairing (s, IT) between .S^Vv and II(<p) which is often 
bu t not always a duality. 

This local pairing is of interest in itself, and is also of some significance in 
global multiplicity questions. To form a global L-packet IT one chooses local 
L-packets Uv, such tha t 11^ contains the unramified representation irv° for 
almost all v, and takes II to be the collection 

II = {IT = (£)TTV\ TV (E 11^ for all v and irv = irv° for almost all v). 

Some of the ir may be automorphic and others not. I t is shown in § 6 and § 7 
tha t they are automorphic simultaneously unless II is the L-packet II (<p) 
associated to a homomorphism <p : WF —> LG = PGL(2, C) obtained from an 
irreducible induced two-dimensional representation of WF. If <pv is the restric
tion of <p to the decomposition group a t v and T = <S>TV lies in II (<p) then irv 

lies in TL((pv) and Sv Q S<pv, S?0 Q S<pv°. We may define (s, w) to be Uv(s, TV). 
One of the principal conclusions of this paper is tha t the multiplicity with which 
7T occurs in the space of cusp forms is 

7~^ TTÔT 2-r (s> n). 

One hopes tha t a similar result is valid for every L-packet containing an auto
morphic representation, bu t even its formulation would demand the introduc
tion of the problematical group GUÇF) of § 2 of [15]. 

Although the main results of the paper are in § 6 and § 7, the technical 
burden is carried by § 5, in which the analysis of the trace formula suggested 
in [12] is carried out a t length. The trace formula seldom functions without 
some local harmonic analysis, but usually with much less than appears neces-
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sary at first sight, and once it is primed it will start to pump out many local 
results. Since we are dealing with an easy group for which we could establish 
many of the local results directly, we have done so. For other groups, 
where local information is harder to come by, it will be necessary to bring 
the trace formula into play sooner, and so the reader who has his eye on 
generalizations should not spend too much time on the details of § 2, § 3, and 
§ 4. The critical observations are that the function $T' (f) : y —» $ r ' ( 7 , / ) is 
smooth and that the map on distributions dual t o / —» $ T ' (/) sends a character 
to a difference of characters. 

Finally we observe that [8] and [16] serve to some extent as introductions 
to this paper and that to avoid technical complications we have confined 
ourselves to fields of characteristic zero. 

2. Local theory. Let F be a local field of characteristic zero and G the 
group SL (2). Let T be a Cartan subgroup of G defined over F. Since G is simply-
connected and 

H'(F,G) = {1} 

the two sets S)(T) and (£(T) introduced in [12] are equal to each other and to 

Hl(F, T). 

Let G be the group GL(2). Then the centralizer T of T in G is a Cartan sub
group of G. Since 

Hl(F, T) = 1 

any g in %{T) ([12]) may be written as a product sh with s Ç T(F) and h in 
G(F). Conversely any h in G(F) is a product s~lg with g £ G (F) and 5 £ T(F). 
The element g must lie in 21(2") for 

h-Hh = g-Hg te T(F). 

If L is the centralizer of T(F) in the algebra of 2 X 2 matrices over F then 

{det*|* e T(F)} = {NmL/Fx\x G Lx} 
and 

g —> det h mod NmL/FLx 

yields an isomorphism 

T)(T) = g ( D ~ Fx/NmL/FL*. 

More generally we could suppose that F was an extension of some field E 
and then consider a group G' over E with 

Re$L/EG Q G' Ç Res^/^G. 

Thus C7r is defined by a subgroup A of Res^/^G^ and 

G'(F) = {g£ £ ( J 0 | d e t g É 4 ( E ) } . 
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If T' is the centralizer of Res^ /^T in G then one shows, jus t as above, t ha t 

£ ( r ) = 3 ) ( r / £ ) ~ F*/A(E) N m L / F Z A 

For our purposes it is best simply to take a closed subgroup A of Fx and to let 

G' = U € G(F)\detg e A}; 

so tha t G may no longer be the set of points on an algebraic group rational 
over some field. T' will be the intersection of G with T(F) and we set 

T ) ( r ) = T{F)\G{F)/G ~ F*A4 N m L / , L x . 

I t is a group, and is either trivial or of order two. 
We return for a moment to G. Suppose, as in [12], t ha t K is a homomorphism 

of X#(T) into C x t ha t is invariant under the Galois group. There are two 
possibilities. 

a) T is split and the Galois group acts trivially. Then K is any homomorphism 
of X%(T) into C x . On the other hand X*(T) has no elements of norm 0, 
T)(T) is trivial, and so K restricted to T)(T) is also trivial. 

b) T is not split. Then the action of the Galois group factors through 
®(L/F) = {l,cr} and a acts as — 1 . Thus K is of order 2, every element is of 
norm 0, and 

S ) ( r ) = X*(T)/2X*(T) 

is of order 2. Since neither root av lies in 2X4t(T)} K(av) ^ — 1 if and only if 
K is not trivial. 

The group H associated to the pair T, K ([12]) is either G or T, and we shall 
only be interested in the case t ha t it is T. Yet in the following discussion it is 
the restriction of K to T)(T) which plays a role, and this is not enough to deter
mine H. W h a t we do is introduce a character K of T)(T;) and assume tha t if T 
is not split then K is not trivial. 

We fix Haar measures on G and T' and let y be a regular element in T'. If 
h Ç G (F) we may transfer the measure from T' to h~1T'h. Hf is a smooth func
tion on G with compact support and ô is the image of h in 3 ) ( r 7 ) we set 

$ ô ( 7 , / ) = I f(g~lh~lyhg)dg. 
u h-1T'h\G' 

We are going to introduce a function d(y) on the set of regular elements of T' 
and will set 

*T,*'(y,f) = *T'(y,f) = d(y)Zs>iT>)K'(ô)*'(y,f). 

Let 7i and y2 be the eigenvalues of y. If T is split 

d{y) = | ( T I - 7 2 ) 2 | 1 / V ! T I 7 2 | 1 / 2 . 

If d is not split the definition is more complicated, and requires several choices 
to be made, K may now be regarded as the non-trivial character of F x / N m Lx. 
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Let 7° be a fixed regular element in T(F) and let î / 'bea fixed non-trivial addi
tive character of F. The factor 

\(L/F, 4,) 

has been introduced in [13]. Moreover, an order on the eigenvalues 710, 72° of 
7° determines an order 71, 72 on those of 7. Set 

d(y) = X(L/F, ^ ) / ( ^ - ^ B ) ^ V - 7 ^ -
\ 7 i — 72 / |7 i72 | 

Different choices of \p and 70 lead either to ^(7) once again or to — d(y). The 
change of sign is not important. 

LEMMA 2.1. We may extend 

7 ^ * r ' ( 7 , / ) 

to a smooth function on T' with compact support. 

What we must do is define $T' (y,f) when 7 is a scalar matrix in G' and show 
that the resultant function is smooth in the neighbourhood of such a 7. This 
is not difficult but some care must be taken with the normalization of measures. 
The coset space T'\G is open in T(F)\G(F) and the given measure on T'\G' 
defines one on T(F)\G(F). We may write 

* r ' ( 7 , / ) =d(y) f /(g_17g)K'(detg)dg. 
*> T(F)/G(F) 

It is enough to prove the lemma for one choice of the measure on T(F)\G(F). 
For a given regular 7, T(F)\G(F) may be identified with the orbit 0{y) of 7 
on G(F) under conjugacy. We may assume that the measure on T(F)\G(F) is 

W/I71 — 72I 

if co is defined as in Lemma 6.1 of [9] and co7 as on p. 77 of the same paper. Then 

<£T\yJ) = \(L/F, MÂ-^^e) — ^ f e(h)f(h)\œy\ 
vyi - 72 / |7 i72 | J 0(7) 

if 
t(g~lyg) = *'(det g). 

It is understood that 

X(L/F, ^ ) / ( - ^ - — ^ 0 ) = 1 
\ 7 i — 72 / 

if T is split. 
If a e Fx let 

y(a)=a[l
0 J). 

The form co7(rt) is still defined on 0(y(a)). 
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Definition 2.2. If T is split and a lies in the centre of V set 

**>,/) = ±f f(h)dh. 
\a\ J 0{y{a)) 

If T' is defined by a quadratic extension L, we may regard G(F) as the 
group of invertible linear transformations of L. Then T(F) = Lx, the elements 
acting by multiplication. Choose a basis {1, r) for L over T7 and let 

T2 = UT + V. 

Let 7 = a + &r lie in !T(F) or Lx . Its eigenvalues are then y\ = a + br, 
72 = (i + &f, and 

7 i — 72 = b(r — f). 

Moreover, 7 corresponds to the matrix 

If 

then 

la bv \ 
\b a + buj' 

cii bA 

h = g\g 

-bNmL/F(bi + div) 
detg 

bNmL/F(ai + CXT) 
detg 

If 

then 

\c2 d2/ 

,( 71 - 72 \ *[ T - ~ * \ ' ( r \ >( T ~ * \ ' 
\ 7 i — 72 / \ 7 i — 72 / \ 7 i — 72 / 

K ' ( - & 2 ) . 

\ 7 i ~~ 72 / 

However, an element on 0(y(a)) has the form 

/ J l \ 

\ d e t g * / 

If both 62 and c2 are not zero then their quotient is a square. Moreover, one 
of them is always different from zero, so 

e(h) = K'(CZ) = / ( - M 

is a well-defined function on 0(y(a)). 
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732 J-P. LABESSE AND R. P. LANGLANDS 

Definition 2.3. If T is not split and a lies in the centre of V set 

$ r > , / ) = HL/F, ^ ' ( - ^ - o ) Tïï f e(A)/(*)k(. , | . 
\ 7 i — 72 / | a | */ o(7(a)) 

We have not mentioned it before but we identify G(F) with a set of linear 
transformations of L by choosing a vector x in 7̂ 2 and identifying L with F2 

by means of 7 —•» 7X. The standard basis of F2 then yields a basis of L. It is 
understood in the above discussion that {1, r} can be obtained from this basis 
by an element of G'. 

With these definitions the function &T'(y,f) is certainly smooth when the 
support of/ does not meet the set of scalar matrices. To prove it in general we 
have only to show that there exists a function c(a) on Fx so that $T'(•, f) 
extends to a smooth function on T' which equals 

c(a) I e(h)f(h)\œy(a)\ 
J 0(y(a)) 

on Fx. Here e(h) is to be identically 1 if T is split. 
For split T this is a well-known and basic fact about orbital integrals. If F is 

R but T is not split it follows readily from Harish-Chandra's study of orbital 
integrals for real groups (cf. [4]). For non-archimedean fields and non-split T 
we carry out the necessary calculation. 

Again we regard G(F) as the group of invertible linear transformations of L. 
At a cost of no more than a change of sign for &T' (•, / ) we may suppose that 
{1, T) is a basis over 0F of the ring of integers 0L in L. Let G(0F) be the 
stabilizer of 0L in G(F). Replacing/ by 

/ . 
/ (* - 1 g*y(de tè )d* 

G(0F) 

if necessary, we may assume that 

f(k-igk) = K'(detk)f(g) ktG{0F). 

The calculation now proceeds along the lines of the proof of Lemma 7.3.2 of 
[6]. If m is a generator of the maximal ideal of 0F then every double coset in 
T(F)\G(F)/G(0F) contains a g so that 

gOL = 0F + mmOFr m ^ 0. 

In other words it contains a representative 

(1 o\ 
\0 vrmJ 

m ^ 0. 

It is clear that m is uniquely determined. 
If m is unramified the index 

<$m = 
1 0 ) 
0 wmJ 

W n mG(0F) : FxG(0F) 
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is given by 

/ . 1 , m_i w > 0. 

If L is ramified 

tm = 2qm. 

Here g is the number of elements in the residue field. Moreover, apar t from a 
constant t ha t does not depend on / or on y the function $T' (y, f) is given by 

(2..) £ /(i,«r-,WS„/((j_, /»"J) 
iî y = a + br. 

If L is unramified then apar t from a factor 2 the index ôm is |iD-~m|. If |6| = 
Iru-1^ the above sum is twice 

r Kf(x)f((a b2v/x))dx. 
J \x\>\-a\N \\x a + bul 1 \x\^\-a\N 

If y is close to a scalar <20 and N therefore very large then 

and 

Since 

\b*v/x\ g \m\N\v\ 

lia b\/x\\lU 0\\ 
\\x a + bul J \\x a J J 

(2.2) I n'(x)dx = 0 
J |x!<|tsj-|^ 

the above integral equals 

/ «-(«vu0; i))i*. 
T h e desired assertion now follows from simple, s tandard integration formulae. 

If L is unramified the sum (2.1) is equal to 

The second term is equal to 

(l + i) f K'(x)f((a b%/x))dx. 
\ <7' J ixi^l&o-M \ \ x a-\-bul I 
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We argue as before except t ha t (2.2) is replaced by 

f K'(x)dx = £ K'(bmm)\bwm\ = K'^lbl/il+q-1). 
J U I < | 6 C J - l | m=0 

There is a supplement to the lemma which we will have to take account. 
Suppose / is the restriction to G of the characterist ic function of G(0F) 
divided by its measure. I t is clear t ha t 

*T'(y,f) = 0 

if L is ramified. If L is unramified and T(F) intersected with G(0F), which we 
denote T(0F), corresponds to the uni ts of 0L then <£T' (7, / ) is 0 unless 7 is 
a unit , bu t then, if |6| = \m\n, it is given by 

(meas T(0F))~n ( - l)nq~n + (1 + g-1)THn^i(-l)n-nqm^} 

= ( m e a s f ( O i p ) ) - 1 . 
T h e map 

/ ^ $ * - ( • , / ) = $ r ' ( / ) 

induces an adjoint map on distr ibutions. We wan t to examine its effect on 
characters . If T is split then every character 0' of T' defines a principal series 
representation 7r(0') of G and it is easily seen tha t 

if Xir(ef) is the character of ir(d'). Before considering T t h a t are not split we s ta te 
and prove some simple lemmas. 

LEMMA 2.4. If i- is an irreducible admissible representation of G{F) then the 
restriction of it to G is the direct sum of finitely many irreducible representations. 

LEMMA 2.5. / / IT' is an irreducible admissible representation of G then there 
exists an irreducible admissible representation ir of G(F) which contains TT'. 

More general forms of the first lemma are known, bu t we are dealing with a 
very simple s i tuat ion. We may replace G by FXG' and hence suppose t ha t 

5 ( F ) / G ' ~ Z 2
n 

with some integer n, for we have assumed t ha t F is of characterist ic 0. If the 
obvious induction is applied, it is enough to prove the two lemmas with G(F) 
replaced by G\ where G ÇZ G' C G (F) and 

G"IG ~ Z2 . 

T is replaced by ir". Suppose 7rr/ acts on V. T h e restriction of 7rr/ to G is admis
sible. If it is irreducible the first lemma is valid for -w". Otherwise V contains 
a non-trivial invariant subspace W. If g G G" — G' then 

V = W + w"(g)W 
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and 

wr^ir"{g)w 
is invariant under G". Thus it must be 0 and 

V = W ® ir"(g)W. 

I t is clear t ha t G must act irreducibly on the two summands. 
To prove the second lemma we s ta r t from ir' and consider 

a = I nd (G" ,G ' ,* r ' ) . 

If g e G" - G and 

h-tr'ir'hg) he G 

is not equivalent to ir' then a is irreducible and contains w'. Otherwise if ir' 
acts on W then 

ir'ir^g) =*A-W(h)A h e G. 

We may assume tha t 

A* = T'(g») 

and then extend wf to a representation wn of G" on W satisfying 

*"(g) = A. 

The map from W to the space of a which takes w to 

yields x " as a component of a. Indeed if co is the non-trivial character of 
G"/G' it is clear t ha t 

o- ~ TT" © (TT" ® co). 

LEMMA 2.6. 77*e restriction of ir to G contains no representation IT' with multi
plicity greater than one. 

This lemma is known for archimedean fields. We verify it only for non-
archimedean. We may certainly suppose tha t % is not one-dimensional, and 
hence tha t it is infinite-dimensional and possesses a Whi t taker model [6]. 

We also assume once again tha t G 3 Fx. We s tar t from a given infinite-
dimensional 7r/ and consider 

a = Ind(G(F),G',T'). 

By the Frobenius reciprocity law, T' is contained in a representation w with 
the same multiplicity tha t T is contained in a. 

Suppose \p is a given non-trivial addit ive character of F and thus of 
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T o say t ha t it has a Whi t t ake r model is to say tha t it is contained in 

lnd(G(F),N(F)^). 

However 

N(F) Ç G ' QG(F) 

and every coset of G in G(F) is represented by a matr ix of the form 

(a 0\ 

Since these matrices normalize N(F) we infer from Lemma 2.5 t ha t for some 
non-trivial character \(/' of F the representation it' is a const i tuent of 

\nà(G',N(F),V). 

The t ransi t ivi ty of induction and the uniqueness of the Whi t t ake r model imply 
tha t it is contained a t most once in a. 

We associate to n' the group G(T') of all g Ç G (F) for which 

is equivalent to ir' and we associate to it the set X (it) of all characters œ of 
G(F)/G' for which 

Any co in X (it) is trivial on squares and hence of order two. 

COROLLARY 2.7. Suppose irf is a component of Ind(G' , N(F), \f/f). Fhen it is 
also a component of Ind(G' , N(F), \pi) if and only if \pi (x) = \pf (fix) for some 
Pin {detg\g e G(ir')}. 

If \pi (x) = \pf (fix) and irf is realized on a space V of functions ç satisfying 

<p((l fjg) = rwv(g) 
and if 

* - (s Î) 
lies in G(w') then it is also realized on 

W'W(g) = <p(hgh-i),<p e v} 

and 

(2.3) <p'((l fjg) = 4,i'(x)<p'(g). 

Conversely suppose ir' is realized on V and on a space of functions satisfying 
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(2.3). Then *•' and 

TT/ : g - » T ' ( A - W 

are both contained in 

Ind(G' , N(F), * ' ) . 

The uniqueness of the Whi t t aker model for G{F) implies t ha t T ^ TT\ and 

t ha t h Ç G(7r'). 

LEMMA 2.8. Suppose 7/ is a component of T. The character co belongs to X(ir) 
if and only if it is trivial on G Or'). Moreover, the number of components of the 
restriction of it to G is |X(7?)|. 

Let the restriction of 7? to G be a direct sum 

TT/ © . . . © 7r/ 

of irreducible representations with 71Y = irf. If 7? acts on V and 

V = Vi © . . . © Vr 

then V\ is invariant under G{TT'). If 71-1 is the representation of G(irf) on V\ then 

7? = Ind(G(F),G(7T ,) ,7r1) . 

Consequently 

r = [G(F) : G ( 0 ] 

and every character of G(F)/G(irf) belongs to ^(7?). If co belongs to ^(7?) and 
A intertwines 7? and TT (g) co then 4̂ : F* —> F* and it acts as a scalar on F<. 
Therefore 71-1 and 7n 0 co are not merely equivalent bu t in fact equal. Hence 
co is trivial on G (71-'). 

Suppose 7? and â are two irreducible representations of G(F) whose restric
tions to G contain T\ We may also decompose the restriction of â to G into 
a direct sum 

oY © . . . © <ir 

with r — [G(F) : G(7rr)] and with <r\ = 7r'. If c? acts on IF and oY on PFi then 
W\ is invar iant under G(7r/) and if a\ is the representation of G (71-') on Wx then 

<T\ = COi 0 7Ti 

where coi is a character of G\G(irf). Thus 

0= = Ind(G(F) ,G(7T , ) ,^ 1 ) 

is equivalent co (8) 7? where co is any extension of coi from G(7r/) to G(F). In 
part icular if w and co <g> 7? have the same restriction to G then co = coico2 with 
coi trivial on A and co2 ® 7? ̂  7?. 
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Suppose co is a character of Fx of order two and L the corresponding quadra t ic 
extension. One knows [6] t h a t to each character 6 of L x , of absolute value one 
or not, there is associated an irreducible admissible representat ion ir(6) of 
G(F). Moreover, by Lemma 5.16 of [11], if co lies in X(it) there is a character 6 
so tha t it = 7r(6). If G(oo) is the kernel of co, regarded as a character of G(F), 
then it restricted to G(œ) is the direct sum of two irreducible representat ions. 
Suppose T(F) is a Car tan subgroup corresponding to L, \p a non-trivial 
character of F, and 7 0 a regular element of T(F). According to Lemma 5.18 of 
[11] we may label these two components as 7r+(0) and T~(6) in such a way t h a t 

(2.4) x*+«»(7) - X*-(*)(7) = ML/F, tfOco 
V71 — 

— 72_\ # ( 7 ) + 6(wyw *) 

Here w lies in the normalizer of T(F) but not in T(F) and 

A ( T ) = l (7i - 7 2 ) 2 | 1 / 2 / | 7 i 7 2 | 1 / 2 . 

Let 

0(7) = 6(wyw-1) = 0(y). 

Observe in part icular t ha t ir(di) qk w(6) unless di = 6 or Qx = 0. 
Suppose H+(6) and H~(9) are the components of the restrictions of ir+(6) 

and TT~(6) to G/ ; then a simple calculation shows t ha t the m a p adjoint to 

/ - * r , ( / ) 

takes 6 to 

(2.5) Z^r'€n+(0)X7r' — 2^7r'6ri-(0)X7r'. 

If X(-7r) has r elements then there must be r — 1 non-isomorphic L and to 
each L a 0 so t h a t £ = TT(0). T h e span of the dis t r ibut ions (2.5) together with 
XXTT' where the sum is taken over all components of the restriction of it to G' 
is the same as the span of the x^-

We say tha t two irreducible admissible representat ions 71-/, AY of Gf are 
L-indistinguishable if they both occur in the restriction of an irreducible, 
admissible representat ion of G(F) to G' or, in other words, if -nV is equivalent 
to h —> ni (g~lhg) for some g in G(F). Th i s gives a par t i t ion of the equivalence 
classes of irreducible admissible representat ions of G' into finite sets. If there 
is no L and 6 such tha t 7/ is a component of ir(6) or if the quadra t ic character 
corresponding to L is not trivial on G'', then the L-indistinguishable class of 71-' 
consists of 7r' alone. Otherwise it consists of two representat ions, or more pre
cisely two equivalence classes, unless there are two different Li , L2 as well as 
#1, 62 so tha t Gr is contained in the kernel of coi and of co2 and 7rr is a component 
of both TT(0I) and TT(02). 

Indeed applying the Weyl integrat ion to the formula (2.4) we see t ha t 

Z r ( [ 0 ( r ' ) ] meas ( Z ' X D ) - 1 J W 1x^(0 (7) - X X - ( « | 2 A 2 ( T ) ^ 7 
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is equal to 4 if 

for all 7 in V and to 2 otherwise. Here tt(Tf) is the Weyl group of V in G and 
the sum is over the conjugacy classes of elliptic Car tan subgroups. Since wyw~l 

corresponds to the conjugation 7 — ^ 7 we conclude from the orthogonali ty 
relations for square-integrable representations t ha t if 0(7) ^ 0(7) then the 
L-indistinguishable class of irf consists of two elements if 0(7) = 0(7) on T' 
and of four if &(y) = 0(7) on T'. 

In the la t ter case 

7 -» 0 (7 /7 ) 

is not trivial bu t of order two. If B C Fx is 

{NmL/Fy\6(y/y) = 1! 

then [Fx : B] = 4. If L\ = L, L2, L3 are the three quadrat ic extensions with 
B C N m Lu then it is easily seen tha t there are characters 0i = 0, 02, 03 of L^x 

so tha t the three representations 

Pi = lnd(WLi/F, WLi/Li,0t) 

of the Weil group are equivalent after inflation. Thus 

7r(0!) = 7r(02) = 7r(03). 

Since [Fx : J5] = 4 and there are only four classes L-indistinguishable from 
7T(0), 

7r(0) ~ CO ® 7r(0) 

only if co is trivial on B. Thus there cannot exist a further field L4 different from 
Li, L2, and L 3 and a 04 so tha t 71-(0i) ^^ 7r(04). 

If 0(7) = 0(7) then 7r(0) lies in the principal series and the L-indistinguish
able class of 7r/ is easily seen to consist of two elements. In general, therefore, 
an L-indistinguishable class consists of 1, 2, or 4 elements. 

As we have described them the sets n+(0) and n~(0) seem to depend on 
four choices, t ha t of an addit ive character, a Car tan subgroup T' corresponding 
to the field L, an isomorphism of F' with 

{x G L x | N m x Ç A] 

and a regular element 70 . However, the last three choices can be dispensed 
with, and it can be arranged tha t 11+(0) and I I - (0) depend only on \J/. This 
may not be significant. Given L we choose r to lie in L bu t not in F and as 
above let 

T2 = UT + V. 

Take the imbedding of L x in G(F) t ha t assigns to a + br its matrix with 
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respect to the basis {1, r } , viz. 

(a bv \ 

\b a + bit) a + &/*y 

This fixes T' and the isomorphism. We take 70 to be the image of the conjugate 
of r. If we replace r by x + yr we replace 7V by g~lTg where det g = y and 
(71 — 7 2 ) / ( T I ° — 720) by y~l{y\ — 7 2 ) / ( T I ° — 720). Consequent ly the sets 
II+(0) and II~(0) remain the same. According to the proof of Lemma 5.18 of 
[11], the elements of n + ( 0 ) are the const i tuents of the representat ion 71-(0, \p) 
of Theorem 4.6 of [6]. 

I t follows from the linear independence of characters t ha t n + ( 0 ) and II~(0) 
are determined by the restriction 0' of 0 to T''; it is often convenient to write 
11+(0') and n - ( 0 ' ) . We set 

n(0') = n+(0') u n-(0'). 
If 0 / and 02' are two characters of 7V and 11(0/) and 11(020 are the same, then 
0 / and 02' extend to characters 0i and 02 of 7^(7^) or Lx with 7r(0i) f̂  OJ ® 7r(02). 
Here œ is a character of G'\G(F) or of y l \7 ' x . If 0/(7) = co(Nm 7) then we may 
replace 02 by o/02 and suppose 7r(0i) ^ 7r(02). Then 0i = 02 or 0i = 02. Conse
quent ly n ( 0 / ) = n ( 0 / ) if and only if 0 / = 0 / or 0 / = 02'. 

We have described the properties of the transform 

for functions with compact support . If §Z' is a closed subgroup of the centre of 
G' the transform may also be defined for functions which transform according 
to a character of $Z' and have suppor t which is compact modulo oZ''. I t has 
similar properties, and they can be easily deduced from wha t we have already 
done (cf. [11]). 

3 . S t a b l y i n v a r i a n t d i s t r i b u t i o n s . Two possible ways to define the notion 
of a s tably invar iant distr ibution on G' present themselves. We could define a 
distr ibution to be s tably invar iant if it can be approximated by finite linear 
combinations of the distr ibutions 

/ - > X ^ 2 ) ( 7 - ) $ ô ( 7 j ) 

with 7 regular in T' or, more naively, if it is invar iant under conjugation by 
elements of G(F). T h e two possibilities are likely to be equivalent , bu t we do 
not trouble ourselves about this, and simply choose the second, because it is 
easier to work with. In this paragraph we shall examine a number of distr ibu
tions t ha t arise in the trace formula to see how far they depar t from stable 
invariance. 

Let A' be the group of diagonal matrices in G', let 

N{F) - { ( l î ) x 6 Fj 
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and let rj be a character of A'. We do not assume tha t r? has absolute value 1. 
We introduce the representation 

p(v) • g-> p(g,rj) 

of G on the space of smooth functions <p on N(F)\G satisfying 

<p(ag) = v(a) 
1 / 2 / x (« 0 \ r A> 

If / is a smooth function on G with compact support set 

p(f>v) = I f(g)p(g,Tl)dg-
j G, 

LEMMA 3.1. The distribution 

/ - > trace P ( / , T ? ) 

is stably invariant. 

If g G G (F) we set 

We have to show tha t 

trace p(gf, rj) = trace p(/ , 77), 

bu t it is enough to do this when g is diagonal because G(F) = A (F)G'. Then 

maps the space on which p(??) acts to itself. Since 

P(af, v)Ra = # f l P ( / , .7) 

and 

the lemma is clear. 

If F is non-archimedean 

i T = G C\G(0F) 

where 0 F is the ring of integers in F. Otherwise let K' be the group of orthog
onal or uni tary matrices in G. Let A' be the group of diagonal matrices in G. 
Every element of G may be writ ten as a product g = nak with k Ç Kf, 

- f e u ) 
and 

- - ( S i ) 
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Set/3(g) = |«//3| and X(g) = /3(g) + 0(wg) with 

0 1 
-1 0 

Then X(g) = /3(w«). If 7 lies in .4 ' and has dist inct eigenvalues a, /3 set 

A ( 7 ) = ja - /3|/ |a/3|" '2 

and introduce two distr ibutions 

F(y,f) = A (7) f / ( g - l T g ) 4 ' 

^ 1 ( 7 , / ) = A(7) I /(g_ 1Tg) In \{g)dg. 
J A'\G' 

In both cases the integral may be replaced by one over A(F)\G(F) because 
A'\G' = A(F)\G(F). The first distr ibution is clearly s tably invariant . 

The second is not even invariant . However, it is invar iant under G(0F). 
Since A'\G' is equal to A(F)\G(F) we may regard the space of functions on 
which p(rj) acts as a space of functions on G(F). We extend rj to a character 
T) of A(F) and t rea t p(rj) as the restriction of p(r}). We may identify the space 
of p(rj) with a space of functions on G(0F), for the functions on which p(77) 
acts are determined by their values on G{0F). The space of functions is the 
same for rj and for 

* : a = (0 s ) 0 / " ( a ) 

and this will allow us to introduce derivatives with respect to s. If g £ (5(F) let 
&g = fiiciiki and let iV(g) be the operator on the space of p(rj) given by mult i
plication by In fi((ii). We introduce dual measures on A' and on D°, its Pontr ja-
gin dual. The kernel of p(f, rj) is 

Kr,(ki, k2) = I I f(ki~1ank2)\(a)1/2dadn 
J A' J N(F) 

provided the measure on K' is so chosen tha t 

I f(g)dg = I I I f(ank)dadndk. 
J G' J A' U N(F) *> K' 

T h e Fourier transform of 

X Kv(k,k)dk 
' K' 

is easily seen to be F(y,f). T h e trace of p(f, rj)N(g) is 

/ . 
Kv(k,k) In Piajdk. 

K' 
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Taking the Fourier transform with respect to 77 we obtain 

I I f(k~lank)$(a)1'2 In fi(a1)da,dndkf. 
J N{F) J K' 

LEMMA 3.2. The difference 

is the sum of the Fourier transform of 

trace p(/ f v)N(g) 

at y and y where 

h 0\ 
\0 a! 

if 

{a 0 
7 \ 0 ft 

The difference is equal to the sum of 

A(7) I . . /(A_17A){ln/3(Ag) - \xxfi(h))dh 
J A(F)\G(F) 

and 

A (7) I f(h~lyh){\n ft(whg) - In ft(wh)}dh. 
J À(F)\G(F) 

Replacing h by w~lh in the second integral we see tha t it is enough to show 
tha t the first integral is the value of the Fourier transform of trace p( / , rj)N(g) 
a t 7. However, if h = nak then Ag = naniaikiand In ft(hg) — \nft(h) = ln/3(ai) . 
S tandard manipulations complete the proof. 

There are still more distributions to be investigated. Let L{\ + 5, 1F) be 
the local zeta-function of F a t 1 + s. If a lies in Z ' the centre of G and 

n" = a\l \ 
set 

0(a, s , / ) = Ypr^—.7-7 f . f(g-ln„g)P(gr'dg. 
-L(l ~T S, if) -J Gn(F)\G(F) 

We suppose tha t the measure on Gn(F), the centralizer of n, is t ha t associated 
to the form 

dz , 
— #x 
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if a typical element of Gn is 

1 xi 
s \o i 

and that the measure on A(F) is that associated to 

dad§_ 
a P 

when the typical element is 

(a 0\ 
lo BI 

LEMMA 3.3. The distribution 

±e(a,0,-f)-£e(a,0,f) 

is minus the Fourier transform of 

trace p(f,rj)N(g) 

at a divided by L( l , 1F). 

When we take the derivative and then the difference, the term involving the 
derivative of the L-function drops out and we are left with 

T 7 T 1 T f - /(A~V,A){In B(hg) - In B(h)}dh 

or 

77TT~T ! f(h~\inah) In p(ai)dh 
1^{1, lF) J Gn(F)\G(F) 

if d\ is defined as above. However, the integral may be written 

I I f{k~\irlnatk) In p(ai)\(t)dtdk. 
J Z(F)\À(F) J G(OF) 

Changing variables we see that this equals 

) l f(k~ ank) In ${a\)dndk 
N(F) J G(OF) 

which is, because of the normalization of measures, also 

J I f{k~xank) In j3(ai)dndk. 
N(F) J K' 

The next distributions to be considered are defined by intertwining operators. 
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We associate to 77 the character 

a 0 

of Fx and consider the normalized intertwining operators R(y) on the space 
of p(y]) o r p (^ ) 

R(v)<p(g) = «(0, M, *) 7 7 M / ^(wng)dw. 
J, M ) d N( L ( 0 , JU; ^AT(F) 

Here 1/̂  is some non-trivial addit ive character of F and e(0, /x, i/0 is the usual 
factor. The measure on N(F) is t ha t associated to the form dx and the character 
\p. The integrals converge when |M(W)| < 1 and the intertwining operator can 
be defined by analytic continuation for |JU(CO)| = 1. Here œ is a uniformizing 
parameter for F. When |/x(w)| = 1 the operator R(rj) is invertible. 

LEMMA 3.4. The difference 

trace R~'(v)R
f Mp^f, v) - trace R-i(v)R'(ri)p(f, v) 

is equal to 

trace p(/ , v)N(g) + trace p(f, vi)N(g). 

The prime denotes differentiation with respect to the parameter s. I t will be 
enough to show tha t 

P(g, m)R'(v)p(g, v)-1 - R'(v) = R(v)N(g) + N(g)R(v). 

Here 771 is defined by 

« oU .lip 0 
vl\\o nil =v\\o 

and 771 has been defined in a similar fashion. Because we can invoke the principle 
of permanence of functional relations, it suffices to verify the desired relation 
when |ju(w)| < 1 and the intertwining operator is defined by the integral. In 
the difference the derivative of the L-functions disappear and it is therefore 
adequate to verify the analogous relation for the unnormalized intertwining 
operators 

M(ri)<p(g) = I <p(wng)dn. 

Then 

M'(ri)<p(k) = I cp'(wnk)dn 
J N(F) 

where in the integrand it is understood tha t we s tar t from a fixed function on 
G(0F) and then extend it to a function in the space of p(r)) or p(rj). The 
extended function will then depend on the parameter 5 locally, and the prime 
indicates tha t the derivative with respect to 5 has been taken. 
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If wnk = nidiki the integrand is equal to In 0(ai)(p(wnk). If kg = ntfiiki and 

wnk 2 = ni'iii'ki then 

p(g, Vi)M'(ri)p(rl, îMk) = J 77i(a2)/31/2(a2) In ${al')<p(wnk2g-l)dn. 

Since 

k<ig~l = a<rln<rlk 

we may change variables in the integrand, replacing n by a<rlnniU2 to obtain 

j In P(cii)(p(wnk)dn 

where a / is now defined by 

wa2~1nn2(t2k2 = nîaîkî. 

But the left side is wa2~
1w~1wnkg. If kxg = tizciikz then 

a / = wa,2~~lw~laiaz 

and 

ln/3(ai ' ) = ln/3(a2) + l n ^ ( a i ) + ln/3(a3) . 

Since 

M(rj)N(g)<p(k) = I lnp(az)(p(wnk)dn 
J N{F) 

and 

N(g)M(r))<p(k) = I In 0((i2)<p(wnk)dn 

the lemma follows. 

Suppose x is a given character of 0Z' , a closed subgroup of the centre of G'. 
If / is a function which is smooth and compact ly supported modulo QZ' and 
satisfies 

f(zg) = x(z)/(g) 2 e 0z' 
and if 77 is a character of A' whose restriction to $Z' is x~l then we may define 
p ( / , 77) to be 

I f(g)p(g,y 
U oZ'\ G' 

)dg. 

We can also define distr ibutions for the class of these functions and carry out 
a completely analogous discussion. 

There are two more lemmas about intertwining operators t h a t we will need 
for our t r ea tmen t of the trace formula. If 77 = 771 then R(rj) intertwines the 
representation p(r]) with itself. 

LEMMA 3.5. If rj can be extended to a character 77 of A(F) which satisfies 771 = 77, 
then R(ri) is the identity. 
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This is basically the first par t of Lemma 5.7 of [11]. If rj = 771 but 77 does not 
extend to an 77 with 77 = 771 then the character p, of Fx associated to 77 by 

"(a) = n ( o a0-1)) 
is quadrat ic bu t not trivial and hence defines a quadrat ic extension L. We 
associate to L a Car tan subgroup T of G with T(F) ^ Lx. I ts intersection with 
G' is then a Car tan subgroup of G' and 

Define a character 0 of T' by 

•w- ' ( ( N r ?))• 
The elements of 11(0) are the irreducible consti tuents of p(rj). Since we have 
chosen the addit ive character \p we can speak of 11+ (0) and II~(0). 

LEMMA 3.6. The trace 

trace R(r])p(f, 77) 

is equal to 

Z^en+(0)X7r(/) — 2l*en-(6)Xir(f)> 

Observe tha t the previous lemma could be formulated in the same way if 
we took T' to be the split Car tan subgroup, IT~(0) to be empty, and n + ( 0 ) to 
be the const i tuents of p(rj). Lemma 3.6 will be proved in much the same way 
as Lemma 5.8 of [11]. Notice how impor tant the choice of normalization is! 
According to the discussion of [11], we replace R(rj) by p(a)R(r]) if we replace 
\p(x) by \p{ax). If p(a) = — 1 this is compensated by the interchange of n + ( 0 ) 
and n - ( 0 ) . 

I t is certainly enough to prove the lemma when 

G' = G(v) = {g|M(detg) = 1}. 

Then 11+(0) consists of a single element T+ and n~(0) of 7r~ and 

p(rj) = 7T+ © 7T~. 

Suppose first t ha t F is non-archimedean. If we take the Kirillov model of p(rj) 
then its space V is the sum of the space V+ of functions in it with support on 
N m Lx and the space V~ of functions in it with support in Fx — N m Lx. 
7T+ acts on V+ and ir~ on V~. Since R(rj) commutes with G' it is multiplication 
by a function a + bp(a). Here a and b are constants and a is a variable in Fx. 

If rj is an extension of 77 to A (F) then 77 has the form 
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and R(rj) is equal to R(rj). We are going to apply formula (1) of § 5 of [11], 
taking account of the differences in notat ion. If 

*w - w{(; »)) 
is a function in V then 

t(a)~cv(a)\a\^{cp(l) + n(a)R(r,)<p(l)}. 

c is a constant , namely 

M ( - l ) G ( 0 , / X , ^ ) . 

As we observed the effect of applying R(rj) is to mult iply by a + bii(a). On the 
other hand the effect on the asymptot ic expression above is to change it to 

Cv(a)\a\^{R(V)<p(l) + n(a)R*(v)<p(l)}. 

Lemma 5.8 of [11] implies t ha t R2(rj) is the identi ty. We conclude tha t 

M l ) +bR(v)<p(l) = RW<P(1) 

M l ) + aR(r,)<p(l) = <p(l) 

and hence tha t 

ai + (b - l)R(ri) = 0. 

The operator R(rj) cannot be a scalar because 771 ^ rj. We conclude t ha t a = 
b — 1 = 0. The lemma follows. 

If F is archimedean then F is R ; and the lemma is proved by evaluat ing the 
appropr ia te definite integrals. This is straightforward. Since it is possible, a t 
the cost of a little additional effort, to manage wi thout the lemma for archi
medean fields, and indeed to deduce it from the global considerations, we omit 
the calculations. 

We should remark a t some point and we do it now tha t if 6 is unramified and 
0F is the largest ideal in which \p is trivial then there is exactly one element of 
11(0) tha t contains the trivial representation of K' and it lies in I l + (0) . This can 
be seen by examining the constructions of [6]. 

4. Q u a t e r n i o n a lgebras . We now let G(F) be the multiplicative group Dx 

of a quaternion algebra D over F and, choosing A as before with A C N m Dx, 
define G to be 

{ g € G(F)\Nmg£ A}. 

A Car tan subgroup T' of G' is again of the form G' C\ T(F) where T is a Car tan 
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subgroup of G over F. T' or T correspond to a quadrat ic extension L of F. Set 

g ( r ) = F*/A N m L x 

S D ( r ) - N m D x M N m l x 

If F is real © ( T ' ) is a proper subset of S ( r ' ) . 
If 7 in 7^ is regular and 8 in T)(T') is represented by /& in C7(/0 we set 

^ h~lT'h\G' 
yhg)dg 

' h~lT'h\G' 

as before and define 

*T'"'(y,f) = ^ ( 7 , « ' ) Z S ) ( ^ ) K ' ( 5 ) $ S ( T , / ) . 

K' is a character of (&(T'). If a' is not trivial we define 

d(y) =d(y,K') 

as in § 2 and set 

* r ' ( 7 , / ) = ^ ' ' ' ' ( T , / ) -

Let Z' be the centre of G' and extend <I>77' (/) to all of T' by the equation 

$ T ' ( a , / ) = 0 a G Z ' . 

LEMMA 4.1. The function $T' (f) is smooth. 

Since Z'\G' is compact the function y —-» $ ô ( 7 , / ) is given by 

(kr7) L^fte-^ihgidg 
meas (Z \ 7 " ) •> Z>\G'' 

and is defined and smooth on all of T'. If F is R then d(y) is also smooth on all 
of T' and 0 on Z'. If T7 is non-archimedean then T)(T') = &(Tf) and 

T,SHT')K'(ô)&(y,f) 

is 0 near Z'. 
The dual map on distributions takes the character d' of T' to a function 9 

which satisfies 

e(hr*gh) = K'(6)e{g), 

ii h (z G(F) represents <5, and which is supported on the union of the Car tan 
subgroups stably conjugate to T'. Let co be the quadrat ic character of Fx 

associated to L, so tha t co(Nm h) = K (8) and let the s tandard involution in D 
be denoted by a bar. If w in G{F) satisfies w~~lyw = y for y in T' then co(Nm w) 
= — co(—1). Formal manipulat ions then establish tha t on T' the function 9 
is given by 

9 ( 7 ) = X(L/F, * ) w ^ 7 - - ^ j - ^ 
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In par t icular 6 is identically 0 if 0' (7) = 0' (7), and when F is non-archimedean 
is 0 near Z'. 

If 0 is an extension of 0' to r ( F ) and 7r(0) the associated irreducible admis
sible representation of G(F) let 11(0') be components of the restriction of 7r(0) 
to G'. If 0(7) = 0(7) then 7r(0) does not exist, bu t it does otherwise, and if 
F = R the set II(0 ;) consists of a single element TT. I t is easily seen tha t 

x* = ±e. 

As in § 2 we say t ha t two irreducible admissible representat ions 7ri, 7r2 of 
G' are L-indistinguishable if 7r2 = ic\g with g G G (F). I t is clear t ha t 71-1 and 71-2 

are L-indistinguishable if and only if there is a representat ion 7? of G(F) whose 
restriction to G' contains both 71-1 and 7r2. In general 

Tç\G' ^ © i = i CTT i 

where c = c(w) = c{iTi) is a positive integer and the sum is over an L-indistin-
guishable class. T h e number c may not be 1. In order to discover something 
about it we compare representat ions of G(F) with representat ions of GL(2} F). 
We now denote GL(2) by H and change the notat ion of § 2 accordingly. T h u s 

R' = {h G GL(2} F)\ deth G A}. 

Let f be the representation of H(F) associated to 7? and let 

ï\H' = ®8
i = lTt. 

With no loss of generality we may assume tha t the central character of 7? 
has absolute value 1. T h e character \f of T on the elliptic elements is the nega
tive of XTT, and x* restricted to G' and \f restricted to H' are stable. T h e or tho
gonality relations on H' s ta te t ha t 

2 Ç më^Z7W ) z „ v , |X?(T)! A (T)rf7 = S-
T h e sum is over a set of representat ions for the stable conjugacy classes of 
elliptic Car tan subgroups. If F is non-archimedean the or thogonal i ty relations 
on G' s ta te t ha t 

T h e sum is over a set of representat ives for the stable conjugacy classes of 
Car tan subgroups. If F is non-archimedean and F' and U' are Car tan sub
groups corresponding to the same quadra t ic extension then 

[© (n i = [®(^)]. 
If F i s R then [ 2 ) ( r ) ] is always 1 while [©(£/ ' ) ] is 1 or 2, bu t then 5 = [£>(£/')]• 
T h e conclusion is t ha t re2 = 5 when F is non-archimedean and t ha t re2 = 1 
when F is R. T h u s when F is R the integers r and c are both 1. When F is non-
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archimedean 5 is 1, 2, or 4. If s is 1 or 2 then r = s and c = 1. If 5 is 4 either 

r = 4 and c = 1 or r = 1 and c = 2. We shall see eventually tha t only the 

la t ter possibility occurs, bu t we will need the help of the trace formula. 

In order to apply the trace formula we will need to compare distributions on 

G and on H'. We set 

<*>T'll(yJ) = E s > ( 7 ' > * * ( 7 , / ) . 

If we agreed tha t $>ô(y,f) = 0 for ô in d(T;) but not in T)(T') we could also 
write the sum on the right as 

Z<S(2") $ 8 (7 , / ) -

I t is a stably invariant distribution and does not depend on the choice of T' 
within a stable conjugacy class. If we replace V by h~lT'h and 7 by hrlyh 
with h in G(F) we obtain the same distribution. T' determines a stable con
jugacy class { U'\ of Hf and an isomorphism \p : Tr ^ U'', determined up to 
stable conjugation. If 0 is a smooth function on iiT with compact support we 
may also introduce 

*u'n«,<t>) =XW')*,G\«). 
I t follows easily from Lemma 4.1 of [11] tha t if/ is given there is a 0 satisfying 

if £/' is split and 

* " ' " « • , * ) = $ r , / 1 ( 7 , f ) 

if r r and wr are corresponding tori and 'Ç = ^ ( 7 ) . The adjoint map is only 
defined on stably invariant distributions. 

Suppose T is an L-indistinguishable class for H'. If the elements of T belong 
to the principal series then 

Z ^ G T Xr —>0. 

However, if the elements of T belong to the discrete series and II is the cor
responding class for G' then 

If T is one-dimensional and IT is the corresponding one-dimensional representa

tion of G' then %r —> XTT-

5. T h e trace f o r m u l a . F will now be a global field. Let A be a closed sub
group of iV = GL{\, AF) of the form 

A = IIvAv. 

The product is over all places of F and Av is a closed subgroup of GL(\, Fv). 
We suppose in addition tha t FXA is closed. If B is an open subgroup of A and 
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A F = A P Fx we also demand that [A : A2A FB] < co . Set 

G' = | g e G(AF)\ detg G 4 } . 

Let 0Z' be a closed subgroup of the centre Z' of G', with oZf Fx closed, 

oZ = ri» oZt,, 

and 

oZ'z/xz', z / = z' p FX 

compact. Let x be a character of 0Z' trivial on 0 Z / = 0Z' H Fx and of absolute 
value one. 

We want to apply the trace formula to the space of measurable functions 
<p on GF'\G'j with GF = G(F) P G', which satisfy 

(i) <p(zg) = x~\z)v(g) * 6 oZ' 

(ii) I k te) | 2 dg<cx) . 
J oZ'GF'\G' 

This is not the exact context in which a detailed proof has been published, 
but that may be in the nature of things, for it is a principle that Selberg dis
covered, more than a formula, and principles when they are effective are also 
plastic, and do not admit a definitive form. To carry out the verification of the 
formula with the minor modifications now required would not however be very 
profitable, for it would amount to little more than a transcription of [6]. We 
content ourselves with stating the result. 

The space of functions ^ is a direct sum of two subspaces 

L'{GF'\G',x) ®L"(GF'\G',X) 

both invariant under the action of G'. The representation of G' on the first 
subspace is a continuous direct integral of irreducible representations and is 
constructed by the Eisenstein series, while V {GF'\G', x) is a direct sum of 
irreducible representations. Let r be the representation of G' on it. Suppose 

/ : g - n / t ( g 8 ) 

is a function on G'. We suppose that 

/(zg) = x(z)/(g) z € oZ' 

and that its support is compact modulo 0Zr. Moreover, each/^ is to be smooth 
and for almost all v,fv is to be supported on 0 Z / ( L 7 / P I G(0FV)) and the relation 

meas («Zv\,Zv
f(G' P G(0Fv))f(zk) = x(z)tz G oZ/, K f f H G(0Fv) 

is to be satisfied. We define 

r(f) = f f(g)r(g)dg. 
+> QZ'\G' 
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The operator r(j) is of trace class and the trace formula provides a complicated 
bu t useful expression for it. 

This expression is usually presented as the sum of several par ts ([1], [3], [6], 
[11]. The authors of [6] do not seem to have been able to keep a firm grip 
on the constants t ha t arose in their discussion of the trace formula. We timor
ously suggest the following corrections: p. 516, line 2*, replace c by c/4; p. 531, 
divide the second, third, and fourth displayed expressions by 2; p. 540, lines 
7, 9, and 11, replace Ci2s and Ci2t by ds and C\ '. The last change has then to be 
made in the ensuing calculations as well. However, we are going to s ta te the 
formula in a slightly different situation, and will have the oppor tuni ty to make 
new errors all of our own.) The first pa r t is 

(5 .1) ^ytoZF'\ZF'f(y)' 

The second is a sum over the elliptic conjugacy classes {7} in (0Zr O FX)\GF' 
of 

(5.2) ô ( 7 ) - 1 m e a s ( o Z ^ / ( 7 ) W ( T ) ) f j(g-\g)dg. 

Here G'(y) and GF'(y) are the centralizers of 7 in G' and GF and ô(y) is the 
index of QZ'\HZ'GF {y) in the centralizer of 7 in OZ'\QZ'GF'. I t is 1 or 2. 

As before, let A' be the group of diagonal matrices in G' and let 

Kv' = G' C\ G(0Fv). 

I t is understood tha t G{0Fv) is to be the group of orthogonal or uni tary 
matrices when v is real or complex. Let 

A- - {{; ») 6 r i W - I«I 

The group ^4°\^4/ is isomorphic to R by means of 

• x = In 
a 6\ 
0 8/ 0/ 

We choose a measure on oZf\A' composed of the measure dx on A°\A' and a 
measure on 0Z'\A° for which 

meas 0Z'AF'\A° = 1. 

Here A / is A' C\ A (F). We may also suppose tha t this measure is given as a 
product measure. The next term of the trace formula is then 

(5 3) -~ Y Y' AlkhIA TT F(y>fw) 
^ v yeozF'\AF' F(l, rv) w^v L(l,jw) 

with QZF' = §Z' C\ Fx. Here X is the residue of the global L-function L(s, 1F) 
a t 5 = 1. The factor X and the denominators appear because of the relation 
between local and global Tamagawa measures. 
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On 

"(A) = {(j * ) | * € A } 
we choose a product measure for which 

meas (N(F)\N(A)) = 1. 

The next part of the trace formula appears at first in a garb that conceals 
the features of concern to us. It is the constant term of the Laurent expansion of 

(5-4) £ £ meas ( , Z ' Z , V ' ) f Agnail *)g)\(g)-dg 
'j F \AF X^t - Ap 

at 5 = 0. Here A F = A C\ Fx and if 

-(s Ï)(Ô >• ***•-«; 
then 

/3(g) = l«/0|-

Suppose Z}° is the set of all characters of AF'\Af which equal x~l in oZ'. 
Another contribution to the trace formula is the sum over all 77 in D° for which 
77 = 77i Of 

(5.5) - J trace ( M ^ P C / , ^ ) ) . 

Recall that 

«-((.'3) 
There are two more contributions. DQ is the union of connected components, 

the component containing 770 consisting of those 77 of the form 

" : a = (0 ô ) ^ ° ( f l ) 

with s purely imaginary. The dual measure on D° is l/2ir |ds|. If 

then /x is a character of the idèle class group. We set 

m(v) = L( l f M - i ) /L( l , /x ) . 

One contribution is 

(5.6) — I m(rj) trace p(f,v)\ds|. 
4t7T «/ nO 
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Another is 

X) 7 - I {trace FT1 (r]v)R
f(rjv)p(/„ rjv)}) Yl trace p(/w , rjw) \\ds\. 

The representations p( • , 77 J have been defined in the third paragraph. 
The distribution 

/ —> trace r(f) 

will not be stable. Our purpose is to write it as the sum of a stable term, and a 
term which can be analyzed by means of the stabilized trace formula for groups 
of lower dimension and the principle of functoriality. The group G = SL(2) 

is very special, and for it the lower dimensional groups are just Car tan sub
groups, bu t one of our purposes is to illuminate the definitions of [12], and so 
we begin with them in mind, with G' = G (A), and with 0Z' = 1. 

Two elements of G(F) will be called stably conjugate* if they are conjugate 
in G(F) or, what is the same, in G(F). We take the expression (5.2) and sum 
over the conjugacy classes within the stable conjugacy class of 7. If we intro
duce the global form of the notation of the second paragraph, this sum may be 
writ ten 

(5.7) meas ( r ( F ) \ r ( A ) ) £»(*• / J» $ 5 ( Y , / ) 

with T = G(7) . With the present assumptions 0(7) is 1. 
If T)(T\A) is the direct sum of the T)(T/FV) we have a map 

T)(T/F)-^T)(T/A). 

There are a number of simplifying factors in the present circumstances. First 
of all 

T)(T/F) = &(T/F) = Hl{F, T) 

and 

S ) ( r / A ) = @(7VA) = © H'(FV, T). 

Moreover 

Hl(F, T) - • © Hl(FVJ T) 

is injective. If L is the quadrat ic extension defined by T and CL the idèle class 
group of L then 

(5.8) W(F, T) -> © H'(FV, T) -+ H'(&(L/F), X*(T) ® CL) 

is exact. Since T is not split the T a t e - N a k a y a m a theory shows tha t the last 
group is 

H-H®(L/F), x*(T)) = z,(r)/{5>x - x|x e x*(T), a ç ®(L/F)\ 

*Prudence must be exercised when transferring this notion to other groups. 
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There are analogues of these statements for general groups. A special feature 
of G = SL(2) is that the second arrow of (5.8) is surjective. Thus the dual of 
&(T/F)\0*(T/A) is isomorphic to the set of &(L/F)-invariant homomorphisms 
KOI X*{T) into C x . 

The sum (5.7) is equal to 

meas (T(F)\T(A))[($(T/A) : ®(T/F)]-> £ « Z e < m ) «(«)*8(7,/)-

According to the définitions of [12], a group H is associated to the pair T, K. 
If K is trivial this group is just the quasi-split form of G, namely G itself, and 

/ -> Z<£(m) $ô(yJ) 
is a stable distribution. 

If K is the non-trivial homomorphism, and there is only one of them, the 
group H is T. If w is a divisor of v in L then by the Tate-Nakayama theory 

H*(FV, r ) H ^ x*<j)\ Z®(LW/F,) *\ = O}/{I>A — x|x e x*(T), 
at &(LJFV)} 

and the map 

IP(F„ T) -> W(&(L/F), X,(T) ® C,) 

is simply X —» X. In particular K determines a homomorphism KW of ^)(T/FV) 
into C x . It is trivial if v splits and non-trivial otherwise. Choose Y° in F(F) 
and a non-trivial character of F\A. Then 

FT \(T /W 1 \ / T i - 72 \ | ( T I - 7 2 ) 2 | J / 2 , 
1 1 ^{^v/^v, VV)KV\—ô " of j TT72 = A 

v \7i — 72 / |7i72| „ 
and 

£<S<TVA)«(5 )S 8 (7 , / ) = n ,d> r ' " ( 7 , / , ) 
and 

meas ( Z T ( F ) \ r ( A ) ) n ! * r / " ( 7 , / . ) 

is one term of the trace formula for the abelian pair Z'F(F), T(A) and the 
function 

7 _ > n , $ r ' « ( 7 , / , ) = *T/'(y,f) 

on T(A). 
For each isomorphism class of quadratic extension we choose a torus F, 

in other words we choose a set of representatives for the stable conjugacy classes 
of non-split tori. We may choose the representatives y of the stable conjugacy 
classes arising from (5.2) to lie in one of these F. The stable conjugacy class 
determines F, but within F there are two possible representatives for the 
stable conjugacy classes, and so we must divide by 2 if we want to sum over all 
regular elements in F(F). Since the index [d(F/A) : &(F/F)] is also 2, the 
total unstable contribution from (5.2) is \ times the sum over F of 

(5.9) meas (F(F)\F(A)) £ ' S r / «(7, / ) . 
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The prime indicates t ha t we only sum over the regular elements y of T(F). We 

almost have what we were seeking. We must now hope tha t when we remove 

the stable par t from the remaining terms of the trace formula we will be left 

with the summands missing from (5.9), namely 

l E r m e a s (T(F)\T(A)) Zy^in * r / * ( 7 , / ) . 

Here Z is the centre of G and Z(F) consists of two elements. 
We have preferred to t reat not merely the group G (A) bu t the groups G as 

well, and we carry out the complete discussion for them. We examine the terms 
(5.2) once again. The group GF {y) is the intersection F F of GF' with a torus 
T in G. If T is assooiated to the quadrat ic extension L we define 

<§,{T'/F) = Fx/AFNmL/FL>< A F = A H F* 

and 

@ ( r / A ) = IF/ANmL/FIL 

where IF and IL are the idèles of F and L. I t is also useful to introduce the 
subsets T)(T/F) and £ ) ( J H / A ) whose elements can be realized as norms from G, 
but only for groups defined by quaternion algebras is this necessary. The 
natural map from &(Tf/F) to S ( r ' / A ) has a cokernel of order 1 or 2. Let /JL be 
the order of its kernel. 

If the cokernel is trivial and we sum over the stable conjugacy classes within 
the conjugacy class of y we obtain 

M ^ T ^ m e a s (oZ'GF'(y)\G'(y)) Z ^ ( T V A ) * 8 ( T , / ) , 

which is a stable distribution. If it is not trivial the contribution of the stable 
conjugacy class of y to the trace formula is \ the sum of this expression and 

^ ( T ) - 1 meas (,Z'GF'(y)\G>(y)) & ( r / A ) «' W $ ô ( T , / ) . 

Here K is the non-trivial character of Im (Tf/A)/'(5(2"'/F). The stable conjugacy 
class of 7 has two representatives within a given T' modulo QZ' if and only if 
5(7) = 1. T h u s if we choose a set of representatives F' for the stable conjugacy 
classes of Car tan subgroups with 

[ ® ( r / A ) : I m ( g ( r / / 0 ] = 2 

the total labile contribution to the trace formula of the sum over the terms 
(5.2) is 

(5.10) ÏZT'» meas {,Z'FF'\Ff) Z' * r ' ( 7 , / ) . 

T h e inner sum is over the regular elements of FF modulo QZ/. For the T' 
occurring in this sum 

IF 9± FXA Nm IL. 
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Since A = UAV this is possible only if A C Nm 7L and then the formula given 
below shows that /x, which seems to depend on T, is in fact 1. But we prefer 
not to make use of this until it is necessary, and perhaps not at all. 

The missing terms in (5.10) will be extracted from (5.4). It is convenient to 
perform a sequence of modifications of (5.4) and (5.10) before comparing 
them. We write 

meas {,Z'TF'\T) = meas (QZ'ZF
f\Zf) meas (Z'TF'\V). 

Since meas (0Z'ZF'\Z') is common to (5.4) and (5.10) it will be ignored. 
Suppose B = AIF

2 and let 

G" = {g\detge B}. 

The various objects associated to G" will be denoted in the same way as those 
associated to G', except that the prime will be doubled. Since Z"\G" = Z'\G' 
we may take the measures on the two spaces to be the same and replace the 
space of integration in (5.4) by Z"N(A)\G". The sum over x appearing there 
may be replaced by [B F : AFFx2] times a sum over B F\FX. 

We want to replace G' by G" and V by T" in (5.10). Since T"\G" = Tf\G' 
and Z"\T" = Z'\T' this is certainly possible. However 

meas (Z"TF"\T") = [TF" : TF'F*2] meas {Z"TF
n\Tf) 

and if T' corresponds to the quadratic extension L 

M = M(7V) = [Fx H A Nm IL : i f N m Lx] 

while 

ti(T") = [Fx^B Nm IL : BF Nm Lx]. 

However 

A NmIL = B N m / L ; 

so that 

n(T')[TF" : TF'F*2] = n(T")[BF Nm L* : A F Nm Lx] 

X [ ^ ^ H N m L x : (A F C\ N m L x ) P 2 ] . 

The middle factor equals 

[BF : 5 f n i f N m L x ] . 

Moreover, the map 

BFr\NmL*-^BFr\AF Nm L x / ^ FFx2 

is surjective with kernel 

AFFx2 nNmL* = (AFnNmLx)Fx\ 

Thus the product of the last two factors is [B F : T F J F X 2 ] . If we disregard this 
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integer, which is common to (5.4) and (5.10), we may replace G' by G". In 
order not to burden the notation we now assume that A contains IF

2 and that 
G' is G". 

The symbols G" and B are now free again and we set B = A Fx and define 
G" in terms of B as before. The quotient Z'\G' is open in Z"\G" and we choose 
the invariant measure on Z"\G" so that it restricts to that on Z'\G'. We may 
drop the sum over x from (5.4) provided we now integrate over Zf,N(A)\Gff. 
The space T'\Gf is the same as T,f\T"G'', which is open in T"\G", and we 
choose the measures to be compatible. Then T)(T"/F) = {1} and 

Z®(T" /F ) $0(yJ) 

is equal to 

I f(f\g)dg. 

We now have no choice for the measure on Z"\T". It must be compatible with 
that on the open subset Z'\T''. 

Since 

[TV' C\ V : 7V] = [A FFX H A : A F] = 1 

we have 

meas (Z"TF"\T") = [V : 7 V T ' ] meas ( Z T / \ r ) . 

Moreover 

| T " : TVT ' ] = [AFX H N m / , : f i F x H Nm Lx) (A H Nm IL)] 

which may be simplified to 

[AFX H Nm 7L : Nm LX(A H Nm IL)]. 

We claim that this index equals 

M ( r ) = [FXHA NmIL : i , N m L x ] . 

Suppose u in Nm 7L equals xy with x £ ^4, 3/ Ç Fx. Then 3; lies in 
Fx C\ A Nm /jr. If w = vw with i; Ç Nm Lx, w ^ A C\ Nm 7L, then y = 
(x~lw)v and x~lw = v~ly. Clearly x~lw lies in A F. Conversely, if y £ Fx C\ 
A Nm 7^ then we may find u £ Nm 7L, x (E 4̂ with ẑ  = xy. If 3/ = zv with 
s G 4̂ F, v (z Nm L x then u = v(xz) and z; Ç Nm L x , X2 Ç i H Nm 7^. The 
conclusion is that we may suppose that A contains both Fx and IF

2. 
The quotient G'\G(A) is now compact and abelian. We take its measure to 

be one and write the integral of (5.4) as a sum over its characters 

(5.11) £ f . « ( d e t g X - v f n î ) sW)~ '<fe -
K ^ 7>Y(A)\G(A) \ \U 1 / / 
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It should perhaps be stressed that for a given/ only finitely many terms of this 
sum are not 0. By global class field theory each non-trivial K occurring in this 
sum determines a quadratic extension of F and the quadratic extensions so 
obtained are precisely those for which 

[ ® ( r / A ) : I m g ( r / / 0 ] = 2 

when T' is the corresponding Cartan subgroup of G'. Since Z/ is just the set of 
singular elements in T F and since there is in (5.4) a sum over §ZF'\ZF we 
can hope that the term of (5.11) corresponding to K is just the missing term in 
(5.10) corresponding to a and the T' defined by K. The expression 

i meas {ZfTF'\Tf) Z ^ / A / W ^ T , / ) = \ meas (Z'TF'\V) 

X * r ' ( 7 , / ) 
may be written 

| m e a s ( / F f ( / - ) \ f ( A ) ) f f(g-\g)K(detg)dg 
J T(A)\G(A) 

if we so normalize measures that 

meas [T'\T(A)) = 1. 

We take K to be non-trivial and write the corresponding integral in (5.11) 
as a product 

(5-12) [1 f x . «.(detgtf.lV1^ ])g)p(grdg. 

Suppose KV is unramified, and/^ is supported on QZV'KV' and satisfies 

f(zk) = x(z)f(k). 

Then the local integral is equal to 

meas (F*N(FV) H G(0Fv>)\G(0Fv)f(") £»=o Kv(mv
n)\m»\l+° 

and the sum is equal to L( l + s, KV). Since the global L-function 

n ,L( l + S,KV) = L( l + s, K) 

is regular at 5 = 0 the constant term of the Laurent expansion of (5.12) at 
5 = 0 is 

L(1,K) H 77TT—T / x _ «.(detg)/f(ra(j l )^)^ 
v ^\1, Kv) J FV

XN(FV)\G(FV) \ \U 1/ / 

We have fixed the measure on N(A) but not on T(A) or on IF\T(A). 
Since the results are independent of this choice we may pick any measure that 
is convenient for the completion of the computations. If Z is the centre of G 
then IF\T(A) is Z\T(A) and we take the unnormalized Tamagawa measure 
([9], § 6). The measure on N(A) may also be taken to be the unnormalized 
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Tamagawa measure for it has the desired property tha t 

meas (N(F)\N(A)) = 1. 

The lattice of characters of Z\T is Z with the action of ®(L/F) = {1, a] 
given by oz = — z. With this action 

[IP(®(L/F),Z)] = 2. 

Moreover, the kernel of 

HHF, Z\T) -> IlvHi(Fv, Z\T) 

is trivial. T h u s by a general theorem of Ono on the Tamagawa number of a 
torus 

§ m e a s ( / , f ( F ) \ f ( A ) ) = L ( l , K). 

Finally 

I . f(f1yg)i<(àetg)dg = H L _ fv(g~l7g)Kv(detg)dg. 
U 3T(A)\G(A) V «̂  T(FV)\G(FV) 

We have seen in § 2 tha t if a £ Z / then 

hm I /.(g'VgKCdetg)^ 
7->« u T(Fv)\G(Fv) 

is equal to a constant cw times 

"ÛTT7Ï ï I v ~ '<v(detg)fv\g~1a[ Jgjdg. 
\a\vL(L, Kv) J Fv

XN(Fv)\G(Fi}) \ \U 1/ / 

All we need do is show tha t cv is 1 for almost all v and tha t 

Uvcv = 1. 

We define the local Tamagawa measure on TV by means of the form dx if 

» - ( ; •;) 

and on Z\T as the quotient of 

1 dyidy2 

by 

0 0 
7i — 72 7i 72 

fife 

z 

However, we might as well use a more natural Tamagawa measure locally, 
t ha t obtained by suppressing the factor L ( l , \v) from the definition in [9]. We 
must then suppress the factor L ( l , KV) in the définition of cv as well. We may 
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assume tha t the form r\ on 

Hfeî)} 
appearing in Lemma 6.1 of [9] is 

dad§_ 

a ~$ 

and tha t the measure on Z is given by the form dz/z. Then Lemma 2.1 together 
with Definitions 2.2 and 2.3 and the discussion following the aforementioned 
Lemma 6.1 show tha t 

cv= | ( 7 i ° - 7 2 ° ) 2 | 1 / 2 . 

We have still to consider the contr ibution to (5.4) from the trivial character 
as well as the remaining terms of the trace formula, bu t we first examine the 
contribution 

i E r c t n meas (()Z'TF'\T')Z<i>T'(j,f) 

more closely. Applying the trace formula to the pairs TF
f, Tf we see t ha t this 

equals 

iIrM(nE»(C$r(/)> 
where 6 runs through all characters of TF'\Tf which equal KX - 1 on 0Z

f. Appeal
ing to the discussion of § 2 we transform this to 

iZlT'^(Tf-)22eTlv(2lirv^u+(ev)Xirv(fv) ~ z2irven-{ev)Xirv(fv))-

I t should perhaps be stressed tha t for almost all v the trace x*v(fv) is 0 when 
wv £ n -(0fl). Moreover, when v splits U~(6V) is empty and H+(6v) consists of 
the components of the principal series defined by 6V. 

We distinguish three types of 6. Let 7—^7 be the automorphism of T' or 
of T(A) corresponding to conjugation on the corresponding quadra t ic field. 
We first introduce a provisional classification: 

ai) On V 

Biy/y) ïé 1. 

h) On V 

0(7/7) ^ 1 

bu t 6 cannot be extended to a character 6 of T(F)\T(A) satisfying 

B(y) = Hi)-

Ci) 6 can be extended to a character of T(F)\T(A) satisfying this identi ty. 
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Suppose there are two elliptic Cartan subgroups 7Y, 7Y which are not stably 
conjugate and two characters 01 and 02 for which 

n(0') = {® TTV\TTV e n(0/) = n + ( 0 u n-(0/)} 

are the same. It is understood that in each product wv contains the trivial 
representation of Kv' for almost all v. Suppose also that 

(5.13) [@(77/A) :Im@(2V/F)] = 2. 

Extend Bl to a character Ql of T(F)\T(A). Then 7r(e/) and 7r0/) determine 
the same L-indistinguishable class of G{FV) for all v. We may regard ^ as a 
character of Lt

x\ILi and consider 

p' = \nà{WLl/F, WLllLl,¥). 

When we compose pl with 

GL(2, C) ->PGZ(2, C) ->GZ,(3, C) 

we obtain three-dimensional representations which are locally equivalent every
where and hence, by Lemma 12.3 of [6], equivalent. It is easy to see that this 
is possible only if 

is of order 2 but not trivial. In addition Fx Nm IL2 must contain 

Fx{NmLllFx\6l(x/x) = I). 

Indeed this set must be 

Fx Nm ILl C\ Fx Nm IL2. 

If follows from (5.13) that 7\, 01 must be of type (bi). 
Conversely if the pair (7\, 01) is of type (bi) and 01 lifts to 01 then 

is of order 2. There are exactly three different quadratic extensions Lx, L2, Lz 

of F for which 

FxNmILl 3 Fx{NmLl/Fx\dl(x/x) = l j . 

There are also three characters 01, 02, and 03 so that the representations 

p' = Ind (T^^/i,, W ^ , - , ^ ) 

become equivalent upon inflation. Thus 

11(00 = n(02) = n(03) 

if 61 is the restriction of 0* to T\ We say that (Tu 01) is of type (V) if 

A C f i f ^ N m ^ 

and of type (61") otherwise. 
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The final classification is: 

type (a) £=> type (cii) or type {In") 
type (b) <=> type (6 / ) 
type (c) <=> type (ci) 

If 0 is of type (c) and extends to 6 with §(y) = 0(7) then 

0(7) = co(Nm 7) 

and the elements of 11(0) are the components of the principal series associated 

to the character 

„:(j | °)-+a,(a/3V(/3) 

of A'. /{is the quadra t ic character associated to the quadra t ic extension defined 
by T'. We do not expect to see them in the discrete spectrum or in the stable 
or labile pa r t of the trace formula, and it turns out t ha t the corresponding 
contr ibution to (5.14) is cancelled by the labile pa r t of (5.5). 

The operator M(rj) appearing in (5.5) is equal to 

77T~~=T\~ ÇQvRivv)' 
M l , M ) 

Here JU is of order 2. If it is trivial then the quot ient L(l, /x ) /L( l , M-1)* which is 
defined as a limit, is equal to — 1. Since each R(r]v) is then the identi ty, the 
corresponding contr ibut ion to the trace is stable. If n is not tr ivial , the quot ient 
is 1 and by Lemmas 3.5 and 3.6 

I!» trace R(rjv)p(/, r?„) 

is equal to 

Rv(z^nrv£n+(9v)Xirv\fv) — Z-jTrven-(6v)X*v(fv))' 

Observe t ha t class field theory associates to /x a quadra t ic extension L. T' is 
the corresponding Car tan subgroup and 6 is defined by 

m- , ( ( N r ?))• 
For a in A 

because 77 = 771. T h u s i C i ? x N m IL and 

[ @ ( r / A ) : I m ® ( r / F ) ] = 2. 

In order to verify t ha t the expected cancellation occurs we have to check 
t h a t if 6 extends to a character 6> of T(F)\T(A) with S(x) = S(x) then there are 
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exactly n(T') characters 77 with rj = rj! yielding the pair (T, 6). If a Ç N m IL C\ 

A we must have 

n((l J ) ) =0(Jt), « = Nm/3 

and we must have 

n(o a-1))= K(a) 

if K is the quadrat ic character associated to T'. Then 

rj(z) = K(Z)0 (* ) , 2 G Z'. 

In part icular 77 is equal to x~l o n oZ'. The number of possibilities for rj is there
fore 

[A : AF(NmILr\A)]. 

However, A is contained in Fx N m 7L and if we write a = xy then a —> x 
yields an injection of i / i F ( N m / j , P\ .4) into FX/AF Nm L x . The image is 

F H i N m IJ A F N m L x 

and the order of this group is p{T'). 
The terms (5.1) and (5.6) are clearly stably invariant . We shall show tha t 

the last term of the trace formula combines with (5.3) and the remaining par t 
of (5.4) to give a stably invariant distribution. Denote these three terms by 
Si, 5 2 , 53. We take g = Ugv in (5(A) and show tha t 

According to Lemma 3.4 the distribution Si0'1 — 5i is given by 

X) IT \ | t r a c e p ( / 5 , î / s ) i V y n n t r a c e p(fu» Vw) (\ds\. 

For brevity denote the function 

trace p(fv, riv)N(gv) 

by Hv(rjv) and the function trace p(fw, rjw) by Iw(r)w). Then 

(5.15) Hv(r]v)UwIw(7]w) 

is a function on DA°, the set of all characters of A' which are of absolute value 
1 and equal x~l on 0Z'. According to Lemma 3.2 the difference S2

s(f) — 5 2 ( / ) 
is equal to 

_x £ £ H/M n IwV{y) 

v OZF'\AF' F{1, rV) W9£V L(l, rw) 

Here Hv
v and Iw

v are the local Fourier transforms of Hv and Iw. The global 
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Fourier transform of (5.15) is 

_> \ HvV(yy) FT ïwV(lw) 

If we can show t h a t Szg(f) — S%(f) is equal to 

- A x; ^ HvV(y) n IwV(y) 

v ozF'\zF' -1^(1, rv) w=v L(l, rw) 
when ZF is the group of scalar matrices in G', then an appeal to the Poisson 
summat ion formula will establish t ha t the sum of the three differences is 0. 

T h e value of S 3 a t / is the constant term of the Lauren t expansion a t 0 of 

Z_jozF' \ z 

The distr ibution 6(a, 0, /„) is s tably invariant . Hence 

W ) - s*(j) 
is equal to 

^ Z o z ^ w E . f ^ O , / , ' - 1 ) -df(a,0,fv)}{nw6(a,0Jw)} 

if X is the residue oi L(l -\- s, 1F) at s = 0. We now invoke Lemma 3.3. 

6. C o n s e q u e n c e s . Let m(j) be the multiplicity with which an irreducible 
admissible representation of G occurs in the representat ion r. Then 

t r a c e r (J) = J2mM t race 7r(/). 

If 7T belongs to no 11(0) with 

[ @ ( r / A ) : I m g ( r / F ) ] = 2 

we set n(ir) = m(ir). If T belongs to some such 11(0) we say t h a t IT is of type (a) 
or type (b) according as 6 is of type (a) or (b). 

If 7T is of type (a) and 61 is a character of T\ then T can belong to II(6 l) 
only if T\ and T' are s tably conjugate. If TV = ^ ' then 

u+(ev) = n+0V) n-(0„) = n-(fl/) 

for all v. Let e(ir) be the number of characters of TF'\T' for which TT £ II(0). 
Let (e, 7T») be 1 or —1 according as TTV £ n+(0») or TV G n~(0»). Then (e, irv) 
is 1 for almost all v, and we set 

(e, IT) = ILv(e, wv). 

T h e local factors depend upon a number of choices bu t (e, IT) itself is well-
defined when the local choices are made to depend in a consistent manner on 
global da ta , and this was done. Finally set 

n(ir) = m (IT) — | ( e , ir)e(w)ii(T'). 
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If 7r is of type (c) there are three distinct quadrat ic extensions Li, L2, Li with 

associated Car tan subgroups T/ satisfying 

[ @ ( 7 7 / A ) , Im d(T//F)] = 2 

and characters 6l of 7"/ with TT (E H(dl). Let e^ir) be the number of characters 
of TI trivial in T( C\ GF' for which T Ç II(0*). For each i we may introduce 
(ti, irv) and set 

(ez-, TT) = n»(e ï , 7T»). 

Then we introduce 

n(ir) = m(j) - i J ] L i (**, T T ^ ^ T T ^ U Y ) . 

There is a curious property of the triple (ei, TT), (e2, 7r), (e3, 7r) which should 
be remarked. If we let Lt = F(ji) then, as a t the end of § 2, rt determines 
a part icular T( and a particular 7*° Ç Tf(F). These we use to define 11+ (0 / ) 
and I I~ (0 / ) . The set 11(0/) is the same for all i and a 7rw in the set acts on the 
space of functions in the Kirillov model supported by 

{a e / V W ( a ) = (u,Tv),i = 1 , 2 ,31 . 

Consequently 

(ei , TV) (e2 , 7r,) = (e3 , TV) 

and 
(ei , 7r) (e2 , 7r) = (e3 , w). 

The distribution 

/ - > X ^ ( T T ) trace TT(/) 

is stable. 

LEMMA 6.1. If g 6 G (A) define irg by 

TT* : fc-nrteftg-i). 

77^W n{TT°) = W(7r). 

Set 

/(TT) = n(wg) - n(ir) 

and let B be the space of finite linear combinations of functions to which we 
have applied the trace formula. B is closed u n d e r / — » / * with 

rig) =/(g-1) 

and under the obvious convolution product. Moreover, f o r / in B 

J^I(TT) trace ir(f) 
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is absolutely convergent and equal to 0. In part icular 

(6.1) 2 K T ) > O lM trace TT(//*) = E ^ x o - J M trace TT(//*). 

Let X+ be the set of ?r with /(TT) > 0 and X~ the set with /(TT) < 0. All we 

need do is show tha t X~ is empty . If not, c h o o s e / so t ha t the maximum eigen

value \(ir) of 7T(//*), 7T G X~, is 1. Let X(7T0) = 1 with 7r0 in X - and let x0 be 

a unit vector in the space of 7r0 with 7ro(//*)xo = x0. 

Set 

ô = m a x f ^ + X(7r). 

8 is finite because the representat ions TV are uni tary. Moreover, it is positive. 

If / i lies in 5 let | |7r(/i) | | be the Hilbert-Schmid norm of 7r(/i). As on p. 498 of 

[6] we may choose / i so t ha t 

Z r € . V + / W l k ( / l ) H 2 < - / W / 2 5 

and so tha t 

lko(/ i )^o | | = ||#o||-

In (6.1) we r e p l a c e / by fif. T h e left side is then less than — l(irQ)/2. T h e 
right side is a t least 

- / (TTO) trace ir0(fiff*fi*) = - / f r o ) trace T T 0 ( / 1 * / I / / * ) 

and this is greater than or equal to 

-/(7r0) | |7r0(/i)xo| |2 = - / ( T T 0 ) . 

The resulting contradict ion proves the lemma. 

Suppose it = ® itv is a representat ion of (5(A) and let 7r be one of the ir
reducible components of its restriction to G (A). Let G(ir) or G (it) be the set of 
all h in (5(A) for which hir : g —» ir(hrlgh) is equivalent to 7r. Let AT(7r) = X(7r) 
be the set of all characters co of IF for which T ^^ co 0 7r. -^(TT) consists of the 
characters trivial on {det h\h 6 G(7r)}. Let F be the set of characters of Fx IF 

and Y (it) the set of all characters co of IF for which co ® it is au tomorphic and 
cuspidal. Let 

? W =<!(*) = [Y(ir)/YX(ir)l 

I t will be seen in a moment t ha t this index is finite; it is likely to always be 0 
or 1 and to be 0 if it = 7r(/x, V) with two characters /x, v in F ; bu t the only proof 
we can envisage a t the moment is difficult and lies beyond the scope of this 
paper. 

LEMMA 6.2. Suppose G' = G (A) and T is infinite-dimensional with IT(Z) = 

X~l(z)I,z G oZ'. Then 

qM = Yl5(F)G(Tr)\cAA)m(hir). 
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It follows easily from this equation that q(irf) is finite. We may suppose that 

0Z' = Z'. If Z is the centre of G let G" = Z(A)G' = Z"G'. From the relation 

F* H 7F
2 - Fx2 

we conclude that 

G! C\ Z"GF" = Z'GF' 

and tha t 

GF
fZ'\Gf ~GF"Z"\Gn. 

T h u s if we extend x to a character x " of Z " and let -K" be the corresponding 
extension of T to G", we need only show tha t 

CM = YjG{F)G{ir)\Gt\)ni{h1v'f). 

Let L", Lx, and L be the spaces of cusp forms on GF"\G", G(F)\G"G(F), 
and G(F)\G(A) transforming according to a given character of Z", and let s", 
si, and s be the representations of the three groups G"', G"G(F), and G (A) on 
these three spaces. L " and L are the same as spaces. Suppose IT" is a representa
tion occurring in s" with multiplicity m(ir"). Let T be its restriction to G' and 
let 

GI(TT) = G"G(F) HG(7r ) . 

I t follows easily from Lemma 2.6 tha t IT" extends to a representation a of G(w) 
on the same space. Let a\ be the restriction of a to Gi(7r). 

The subspace V" of L " transforming according to ir" transforms under 
G\(j) according to 

where co* is a character of G"\G\{j). The smallest invariant subspace of Lx 

containing V transforms according to 

0 < l n d (G"G( /0 ,GiOr) ,co<® cn), 

and each summand is irreducible. 
Since 

s = Ind (G(A), G"G{F), Sl) 

we have 

s = 0 1 . 1 0 . Ind ( 5 ( A ) , GiOr), co, ® (n). 

In this sum two representations -K and 7ri are taken to be equivalent if m = 
nir with det h £ Fx. The induction can be carried out in two steps, first from 
Gi(T) to G(w)j and then from G(IT) to G(A) . The quotient GI(T)\G(IT) is a 
subquotient of FXIF

2\IF and hence compact; and 

I l ld (G(7r), G I ( 7 T ) , CO* ® (Ji) = 0WCO ® 0\ 

https://doi.org/10.4153/CJM-1979-070-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-070-3


770 J-P. LABESSE AND R. P. LANGLANDS 

The sum is over all characters œ of G(T) which agree with œt on Gi(ir). At the 
second step we obtain the summands 

Ind (G(A), G(TT),CO <g> a), 

which are irreducible. Since each of these representations contains 7r", any 
one of them arises also from in" if and only if TT\" = hir" with h Ç G (A). The 
lemma is therefore clear if q(ir) = 0. 

If q(w) 7e Q we may take i to be automorphic and cuspidal. Let Y'(ir) and 
Y' be the elements of order two in Y(T) and Y. All elements of X(ir) are of 
order two and every element of Y(ir) is trivial on Fx\ Since 

FXIF
2/FX* ~ fx/77x2 x iF2/Fx* 

the set F(TT) is equal to Yf(ir) Y and 

The lemma now follows easily from multiplicity one for G (A) and the observa

tion that a character lies in Y'X(ir) if and only if it is trivial on Gi(ir). 

Now suppose G1 is arbitrary and n a cuspidal automorphic representation. 
We attempt to compute m (71-') in terms of the m(ir) for cuspidal automorphic 
forms for G (A). We may suppose that oZ' = Zf. We may also replace G (A) 
by G" = Z ;G(A) because 

G(A) C\Z'GF" = Z(A)G(F) 
and 

Z(A)G(F)\G(A) = Z'GF"\G". 

We proceed as in the proof of the lemma with G' replacing G (A). Set 

G'Or) = G' C\ G(TT) G/(7r) = G"GF' C\ G(TT). 

Let a and oY be the restriction of a and ci to G'(ir) and G\ (IT). We obtain a 
direct sum decomposition of the representation of G' on the space of cusp forms 
transforming according to \~x under Z'. It is 

©lx-, ©? i ï ' } ©co' Ind (G'f G'(TT), CO' ® O . 

For the purposes of this sum TÇ" and in" are taken as equivalent if 

in" ~ V det A G 4 F . 

For each 7r/; and each i there is a character oo/ of G"\Gi (ir) and the inner sum 
is over all characters a/ of Gr(7r) whose restriction to Gi (T) is co/. The space of 
functions on 

/^ " \ /^^ r* '\ r1'*n ' 
KJ p \LT — Lr F \{jr Cz F 

transforming according to ir" transforms under Gi (w) according to 

https://doi.org/10.4153/CJM-1979-070-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-070-3


L-INDISTINGUISHABILITY FOR SL(2) 771 

If the summands corresponding to 7r/r, i, co', and f", j , œ are equivalent then 

(6.2) #" ~ Y ' h Ç G'. 

Suppose that (6.2) is satisfied and that g(7r) is 1. Then in addition f" c^ V 
with g £ G{F). Thus / r ^ G G(TT). Also m(*") = m{i") = 1, and 

Thus 
«i ' ® àx ~*(co i ' ® oV) 

and the summand indexed by w", 1, and any a/ is equivalent to tha t indexed 

by it" y 1, and some a/. We have established: 

COROLLARY 6.3. Suppose wf is a cuspidal automorphic representation of G and 

T one of the irreducible components of the restriction of wf to G (A). Let A{ir') = 

A (w) = {det g\ g G G(w)}. If q(ir) is 1 then the multiplicity with which ir' occurs 

in the space of automorphic forms on GF'\G' is 

[AA(w) r\ FXA(T) : AFAM)] = [FX^AA(TT) : AFA(T)F}. 

PROPOSITION 6.4. Suppose w is a representation of G. If m(ir°) is not equal to 
m(j)for all g Ç 6 ( A ) there is a V with [ @ ( r ' / A ) : Im ®(T'/F)] = 2 and a 6 
so that 7T belongs to U (6). 

If there were no such T' and 6 then m(ir9) would be n(ir°) for all g. 

PROPOSITION 6.5. Suppose œ is a non-trivial character of FX\IF of order 2 and 
7T is a constituent of the space of cusp forms of (3(A). / / T C^ CO 0 T then there is 
a character 6 of LX\IL, where L is the quadratic extension of F defined by co, for 

Which 7T = 7r(0). 

Let G' be the group defined by 

A = N m L / f IL. 

The restriction of TT to G{F)G is the direct sum of two irreducible representa
tions 7T and 7Ti. Let -K' and wi be irreducible components of the restrictions of TT 
and 7Ti to G'. One of ir' and wi must occur in the space of cusp forms on G'. 
Suppose they both do. Taking the Fourier expansion with respect to the group 
N(F)\N(A) we see tha t there are two characters \f/ and \pi of F\A so tha t T' 
is contained in Ind (G, N(A), ^) and TT/ in Ind (G, N(A), ^ i ) . Let 

iK*) = *i(fix) p G F*. 

There is a g in G (A) with co (a) = — liî a = det g for which TT is equivalent to 

h-*iri{ghg-1). 

T h u s 7T is also contained in Ind (G', N(A), \pr) if \p'(x) = \pi(ax). Since G / = 
G(ir J) for all v it follows from Corollary 2.7 tha t co(/3) = co(a). This is a contra-
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diction, and so one of m{j') and m(71-/) is 0. The proof is completed by an 
appeal to Proposition 6.4. 

COROLLARY 6.6. Suppose L is a quadratic extension of F, 6 a character of 
LX\IL which does not factor through the norm, and it = ir(6). Then q(it) = 1. 

If co is the quadratic character of FX\IF defined by L then 

CO ® it C^. it. 

Suppose v is a character of IF and it' = v ® it is also a constituent of the space 
of cusp forms. Since co ® it' ^ it' there is a 6' for which it' = 7r(0'). The two 
characters 6 and 0' define representations of the Weil group WL/F in GL(2, C) 
and because it' = v ® it the three-dimensional representations obtained from 

GL(2, C) -> PGL(2, C) -> GL(3, C) 

have equivalent restrictions to the local Weil groups at every place. Glancing 

at Lemma 12.3 of [6], we conclude that the three-dimensional representations 

of WL/F itself are equivalent. Writing the representations out explicitly and 

recalling that the first cohomology group of LX\IL is trivial, we see that 

0'(x) = co'(Nmx)0 

with some character of FX\IF. Thus 

it' ^ œf ® it. 

We suppose more generally that it = w(p) where p is an irreducible two-
dimensional representation of the Weil group. We assume that for every place 
v and every character uv of Fv

x, 

ir(pv) ^ co„ ® 7r(pv) 

if and only if 

pv ~ co, ® pv. 

This is known in general, and in the case of primary concern to us that p is 
induced it is a consequence of the discussion of § 2. 

There are two notions of equivalence on the set of representations p — 
co 0 p, co a character of FX\IF. 

i) Global: p ^ p if and only if the representation p is equivalent to a/ ® p 
with a/ trivial on AFX. 

ii) Local: p ^ p if and only if for every place v the representation p / is 
equivalent to co/ ® pv with co/ trivial on Av. 
Global equivalence means that 

co = co'co" 
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with co" trivial on A(ir)Fx. Such a factorization is possible if and only if co is 
trivial on AFX P\ A (ir)Fx. Local equivalence means that for every v 

with co/' trivial on A(ir)v. This factorization is possible if and only if co is 
trivial on FX(A C\ A (IT)). Thus the number of global equivalence classes with
in one local equivalence class is 

[AFX C\ A (T)FX : FX(A H A (TT))] = [A H A (T)FX :AF(AnA (TT))]. 

This is the index of Corollary 6.3. It depends only on the L-indistinguishability 
class to which T belongs, that is, it is the same for T and for 9ir, g £ G (A). 
We denote it by d(w). More generally if -w' is a representation of G' and T a 
component of its restriction to G(Â) we set d(ir') = d(w). 

Suppose L is a quadratic extension and 

Pt = lnd(WL/F, WL/L,6t). 

The representations 7r(p*) = ir(fii) determine the same L-indistinguishability 
class of representations of G' if and only if 

P2 ^ W 0 pi 

with co trivial on FX(A C\ A (îr)), ïï = 7r(0i). However, p2 ^ co ® pi if and only 
if 

02(7) = co(Nm 7)^1(7) 
or 

0 2 (T) = w(Nm 7)01(7). 

The bar denotes conjugation on L. However, B\ and 02 have the same restric
tions to T' if and only if 

02(7) = co(Nm 7)01(7) 

with co trivial on FX(A H Nm IL). 
Thus the number of characters 0' of TF'\T' which yield the same L-indis

tinguishability class II(0/) is 

2[FX(A r\ Nm IL) : FX{A C\ A (TT))] 

unless 

Oi(x/x) = 1 

when it is simply 

[FX{A H N m / J : FX{A f\ A (*))]. 

We are going to multiply the latter number by n(T'). Any element a of 
A C\ Fx Nm IL is of course also equal to xy, x £ Fx, y Ç Nm IL and the 
map a -^ x yields an isomorphism 

A C\ Fx Nm IL/AF(A Pi Nm IL) - ^ H i N m IJ A F Nm L x . 
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Thus 

M ( r ) = [FXA H Fx Nm IL : FX(A H Nm IL)] 

and the product is 

[Fx,4 H Fx Nm JL : FX(A HA (it))]. 

If TT' lies in 11(6') this is d(Tr') times 

(6.3) [FXA r\ Fx Nm IL : ^xy4 H FXA (it)] 

= [An FxNmIL: A H FXA (it)]. 

Take a character 0 of Lx and let T = ir(6). Every character of IF/A (it)Fx 

is of order two and it ^ œ ® it. Thus IF/A (it)Fx is of order 1, 2, or 4 and is 
of order 4 if and only if 

x —>6(x/x) 

is of order two but not identically 1. There are then three different quadratic 

extensions L = Lh L2, L$ and characters dh #2, 03 so that 7r = 7r(0*). In addition 

3 

A(i)Fx= f]FxNmIL,. 
2 = 1 

U A Q Fx Nm L then the index (6.3) is 1 unless 

[IF : A(ir)Fx] = 4 

and 

A £ FxNm IL2 A £ Fx Nm / ^ 

when it is 2. 
Suppose 0 does not factor through the norm. Since q(it) is 1 the discussion 

culminating in Corollary 6.3 shows in addition that for ir' in the /.-indistin
guishable class 11(0') defined by ir, m (IT') is 0 or d(ir'), that for one of these w', 

m(T>) = d(ir') 

and that then 

m ( V ) = d(irf) 

if and only if det g Ç AA(it)Fx. The results of the previous paragraph yield 
in combination with the considerations above a more precise statement. 

PROPOSITION 6.7. Suppose 6 is a character of TF\Tf with 

[<S(r/A) : I m ( g ( r / / 0 ] = 2 

and ir in 11(0) is of type (a). Then 

n(ir) = d(w)/2 
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and 

w ( x ) = ^ ( l + <6fir». 

One need only observe that when 0 is of type (a) 

e(ir)n(r) = 2d(j). 

PROPOSITION 6.8. Suppose T is of type (b) and lies in II (01), II (d2), II (fl3), 
where 6f is a character of T/ trivial on T/ C\ GF and 

[@(r//A):Img(r (7F)] = 2. 
Then 

n(T) = d(w)/4: 
and 

m(T) = ^ 1 ji + (ei, v) + <62, v) + (ej, ,>}. 

When 0 is of type (b) 

e (T) M ( r ) = d(ir). 

There is a more suggestive way to state the propositions. We first work 
locally. Suppose F is an extension of E so that 

G(F) = ResF/E G(E) 

and the determinant map is from 

Res^/i? G(F) —-> ResF/# GL(\). 

We replace 4̂ by 4̂ (£) where i is a connected algebraic subgroup of 
KesF/EGL(l) defined over E. The group G' is now G(E) where G is the inverse 
image of A. Let LG be the associate group of G. If 7r = 7r(p) is the irreducible, 
admissible representation associated to a two-dimensional representation of the 
Weil group WF over F then the components of the restriction of w to G' form 
the L-indistinguishable class II (p) associated to the corresponding homo-
morphism p of H^ to ^G, a quotient of the associate group of ResF/EG by a 
central torus. Let S be the centralizer of p(WE) in LG° and 5° the product of 
its connected component and its intersection with the centre of LG°. We shall 
show that the quotient KS0VS is abelian and that the set II (p) may be mapped 
in a natural and bijective manner to its dual. 

We first remind ourselves of the definitions of p and LG [10]. If K is a large 
Galois extension of E containing F then 

X* = X*(ResF/BGL(l)) = Ind (®(K/E), ®(K/F), 1) 

= (B®(K/F)\®(K/E) % 
and 

X*(A) - X*/F*. 
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Let F* be the orthogonal complement of F* in the dual module. The group LG 

is the quot ient of the semi-direct product 

(IlmK/F)mK/E)GL(2y O ) X ®(K/F) 

by 

Lz° = Wz* ° ÏÏ-®(K/F)\®(K/E) K(z*) = 1 for all X = (X,) in F* 
\0 za 

Choose a set of representatives v for WK/F\WK/E. H w £ WK/E let 

vw = dv{w)vf dv(w) Ç WX/F. 

If w -> o- in &(K/F) then p(w) is the image in LG of 

(Up(dv(w))) X (7. 

Notice that the cosets in ®(K/F)\($(K/E) may also be labelled by the v. 
We may suppose that one of the v is 1. Suppose lia, commutes with P(WK/F). 

Then 

avp(dv(w))av~
l = zvp{dv(w)) 

with 

Uv\v(zv) = 1 

for all X = (XB) in LZ°. If p is a representat ion by scalar matrices then 5 is the 

product of its intersection with the centre and the image of GL(2, C) in LG° 

under the diagonal map . T h u s S°\S = 1. In this case EE(p) consists, as we 

have seen, of a single element. If p is not a representat ion by scalar matrices 

and is not induced from a one-dimensional representat ion of a Weil group over 

a quadrat ic extension then the associated projective representat ion is irreduc

ible and S is contained in the centre of LG°. Again S 0 ^ = 1 and II (p) consists 

of a single element. 

Suppose 

p = Ind(WK/F, WK/L,6) 

where 6 is a one-dimensional representation of WK/L, t h a t is, a character of 
Lx. We suppose § does not factor through the norm. Suppose T is a Car tan 
subgroup of G associated to L and T = G C\ ResF/ET. T h e associate group LT 
is a semi-direct product 

(Cx X Cx) X ®(K/F). 

&(L/F) acts on C x X C x by permut ing the two factors and (S)(K/F) acts 
through its projection on &(L/F). § may be regarded as a character of T(F) 
and is associated to a homomorphism <p : WK/F —> LT. There is a homo-
morphism 
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given by 

t : ( a , b ) X v ^ ( l J) X<x 

if a acts trivially on L and by 

# = « . . * > x — ( s ;)(? 
if a does not act trivially on L. Then p = $ o <£ and 7r(p) is the image ot 6 
under the map $ # associated to $ by the principle of functoriality. The formalism 
of [10] then yields 

t : LT-> LG 

and if 6 is the restriction of 8 to T{E) then \p* takes {6} to the set II(p) and 6 is 
associated to <p : PT^/^ -^ LT. 

Consider the set (5(7") introduced in [12] and suppose K is a homomorphism 
of (5(7") into C x , t ha t is, a homomorphism of X*(TSC) into C x which is trivial 
on 

X*(TBC) n (^1®(K/E) (o- — i)x#(r)). 

Then K extends to a &(K/F)-invariant homomorphism K of X*{T) into C x . 
Since 

^ r ° = Horn (X*(T), C x ) 

the homomorphism K! is an element of LT° which commutes with <3(K/E) and 
hence with (p(WK/E). Then e = ^{Kf) commutes with p(WK/E) and lies in S. 
Since e is uniquely determined modulo this centre by K, its image in 5 ° \ 5 is 
uniquely determined. 

If there is a non-trivial K it is unique, and there exists a non-trivial character 
if and only if [ g ( r ) ] = 2. However, it is easy to see tha t if V = T(E) Ç T(F) 
and if (5(7"') is defined as in § 2 then 

e(r)~g(r). 
If K is non-trivial then e is represented by an element which is congruent to 

<«> (l - Î ) x • • - * (i - Ï ) 
modulo scalars. 

For each L, f, 5 with [@(r)] - 2 and 

p ^ I n d ( ^ / F , WK/L,S) 

we obtain an e, uniquely determined modulo the centre. When p is fixed within 
its equivalence class then e has the form (6.4) only after conjugation. If (av) 
lies in S then all the av have the same image in the projective group and lie 
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in the projective centralizer of p(WK/F). But the projective centralizer of 
p(WK/F) consists of two or four elements, two when 

§(x)2 ^ d(x)2 

and four otherwise. If G is SL(2) so that [S(7 )] is always 2 it is easily seen that 
this centralizer consists of the identity and the e obtained from non-isomorphic 
L, T, 0. 

To show that in general S is formed of S° and the 5°e, where e is obtained 
from the L, T, d with [@(T)] = 2 we show that if we start from L, T, S with 

P = Ind(WK/F, WK/L,6) 

and form the corresponding i in the associate group of ResE/FSL(2), which is 

(UmK/F)mK/E)PGL(2} O ) X &(K/E), 

and e lifts to e in LG° then e lies in 5 only if [S(T)] = 2. But e is still the image 
of K and if e lies in S then K' is invariant under &(K/E) and its restriction to 
-^*(Tsc) is non-trivial. 

If e lies in 5° we set (e, w) = 1. Otherwise e in S is associated to a V and 

a 0 w i t h [ g ( r ) ] = 2and7rÇ 11(0). We set (e, TT) equal to 1 or to - 1 according 
as 7T £ n+(fl) or T ê n~(fl). We have already observed that (e, TT) is then 
multiplicative in e. If to each T in 11(0) we associate the character e —> (e, w) 
we obtain a bijection from ir(Q) to the dual of KS°\5. 

Now we treat a global field F. We again suppose that A is A (E) where 

A Q ResF/EGL(l). 

If w is a place of E then over Ew the group on the right becomes 

Uv\w ResF,/j&u, GL(1). 

In order to remain within the framework of the earlier paragraph we suppose 
that over Ew the group A is also a product IL4 v with 

AVQ ResFv/EwGL(l), 

but this is only a matter of convenience. The definition of S is now somewhat 
different. It is the set of all 5 such that for each place w there is an aw in the 
centre of LG° which is such that aws commutes with p(WEw)- S° can therefore 
be taken to be the connected component of S. The analysis of 5 0 \ 5 may be 
repeated, because (&(Tf/A)/(&(T'/F)) may be identified by means of Tate-
Nakayama duality with a quotient of X#(TBC). If w is a place of E the local 
analogue of 5 is 

and the local analogue of S° is 

w invito ^v ' 
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We clearly have a map e —> ew = Uvev of S°\S to SW°\SW. If 

then II(p) consists of the representations T = ® 7r, where TTP 6 II (pp) for all 
v and 7T|; contains the trivial representation of Kv' for almost all v. We introduce 
the pairing of 5 ° \ 5 with II (p) given by 

(e, 7r) = n , ( e „ 7r„). 

T h e product is over all places of F and yields a surjection from II(p) to the 
dual of 5 0 \ 5 . The numbers m(ir) appearing in Propositions 6.7 and 6.8 may 
be writ ten as 

We have also to find another interpretation for d(ir). w is ir(p) where 

p:WB-+ LG. 

Suppose *we have another 

<r:WE-> LG. 

p is defined by p : WF —> LG and, by Lemma 3 of [12], a too is defined by 
a : WF —> LG. I t is easy enough to deduce from the results of [14] t ha t aw 

and pw are conjugate under LG° for all places w of E if and only if B ^^ co 0 p 
and â and p are locally equivalent in the sense defined earlier. T h u s local 
equivalence is more appropriately defined as the conjugacy of aw and pw under 
LG° for all w. 

I t also follows from [14] t ha t p and a themselves are conjugate under LGQ 

if and only if â ^ co ® p where co is 1 on the group £ of all x £ IF such t ha t 
for some finite extension K oi F there is a y (E i £ x with x;y (E 4̂ ( A x ) . Since .S 
contains .Fx^4 (AB) this is stronger than global equivalence, p and d are globally 
equivalent if and only if a is conjugate under LG° to 

w —» co(w)p(w) 

where ^ —> co(w) is a continuous locally trivial 1-cocycle of WE with values in 
L^40, the centre of LG°. In any event we can define local and global equivalence 
and the integer d(ir) entirely in terms of p and the associate group. 

7. Q u a t e r n i o n a lgebras a g a i n . I t is a straightforward mat te r to decompose 
the trace formula for a quaternion algebra into a stable and a labile part . Let 
G be the group defined by a quaternion algebra over the global field F, let A 
be as in § 5 with A Ç N m G (A), and let 

G' = {gt G ( A ) | N m g G A}. 

Otherwise our notat ion will be along the lines of § 5. We want to evaluate the 
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trace of the representation s on the space of functions (p which satisfy 

and which are square integrable on oZ'GVV?'. If / is a function on G (A) with 

f(g) = n,/,(g,), 

where the/» satisfy the usual conditions, in particular 

fv(zgv) = x(z)fv(gv), * £ oZv 

then 

*(/)*>(*) = f Ahg)f(g)dg. 
J QZ'\G' 

The results and definitions of § 4 clearly have analogues for the functions fv, 

and we shall employ them. 

The first and trivial term of the trace formula is 

LWi^Zp'XZjr '/M-

The second term will be broken up immediately into a stable and a labile part. 
If n(Tf) is the order of the kernel of 

@(r//o-»g(r/A) 

then the stable part is 

with 

$ r , / 1 ( 7 , / ) = n„$ r ' /U7 , /„ ) . 
The outer sum is over a set of representations for the stable conjugacy classes 
of Cartan subgroups. The inner sum is over the regular elements of TF' modulo 
oZ/ . The Habile part is a sum over representatives of those stable conjugacy 
classes for which 

[ g ( r / A ) : I m g ( r / f ) ] = 2 

of 

(7.1) i X X n meas ( 0 Z ' 7 y \ r ) * r ' ( 7 , / ) . 

We note also that 
3) ( r / F ) = Nm D*/A F Nm L x 

and that it is implicit in the above discussion that Nm Dx consists of the 
elements of Fx that are positive at every real place where D does not split. 
The sum in (7.1) is at first only over the regular elements in TF' modulo 
0ZF but we may extend it over all of TF for the additional terms will all be 0. 
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Let H be GL(2) over F and define H' accordingly. For almost all v, 

H: ~ G: 

and we may choose the isomorphism so that the maximal compacts correspond. 
For these v let </>, be the image of/, by the isomorphism. For the v at which H 
does not split define <f>v as in § 4. An easy comparison, as in § 16 of [6], shows 
tha t the stable par ts of trace s(f) and trace r(<j>) are equal. We write the first as 

X ^ ( T T ) trace ir(f) 

and the second as 

^ T w ( r ) trace r ( 0 ) . 

The argument used to prove Lemma 6.1 and the remarks of § 4 imply tha t 
if r lies in the L-indistinguishable class corresponding to tha t of ir then 

n(ir) = ?I(T)I1VC(TV). 

Here c(irv) is 1 when Hv is split. 
We first s tudy the labile par t for a particular G'. If F' is a given non-

archimedean local field and Lr a given quadrat ic extension of F' we choose a 
totally real field F and a totally imaginary quadrat ic extension of it so t ha t for 
some place v of F the pair Fv, Lv is isomorphic to F', L'. Choose a quaternion 
algebra which splits a t every finite place except v, and let 

A = Nm IL. 

There is only one stable conjugacy class of Car tan subgroups with 

[ ( g ( r / A ) : I m g ( r / F ) ] = 2 

and the labile par t of the trace formula is the sum over the characters of 
TF'\Ff which equal x _ 1 

on o Z ' o f 

(7.2) i e , ( / , ) i w l ^ 
We have fixed a non-trivial character \p of F\A and a t a place where the quater
nion algebra splits the sets 11+ (6W) and U~(6W) are defined with respect to \pw. 
Qv is defined with respect to \pv as in § 4. At an archimedean place w where the 
algebra does not split 11(0^) consists of a single element ir. We place it in 
n+(0„>) or I I - ^ ) according as 6^ equals +XTT or — XTT. One of the two sets 
remains empty. 

Define 0 by 

Hi) = e(y) 

where y —» y is the involution. If 9V = 6V then B^ = 0. Otherwise replacing 0 
by 0 changes the sign of an even number of factors in (7.2) bu t does not change 
the expression itself. We sum over pairs {0, 0} with 0 ^ 0 and replace the J by \. 
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It is clear that Qv is a finite linear combination of irreducible characters 

Consider 

7T = 7r/ ® (<8W»7rJ 

with 7rw in n(0w). If w(7r) is the multiplicity with which 7r occurs in 5 then 

m(ir) = n(ir) ±at/2. 

Varying the TW within IL(9W) does not change n(ir) but it does change the sign. 
We conclude that at is an integer. Moreover if at ^ 0 we may arrange that 
m (T) be positive. Since w must lie in the restriction to G' of an automorphic 
representation of G (A) we conclude from the strong form of the multiplicity 
one theorem that irv

i Ç U(6V) when at ^ 0. We know that U(6V) consists of 
two elements when 6V 7^ 6V. 

The orthogonality relations for characters of Gv' show that 

z Tv> meas LV\IV J ZV'\TV' 

The sum is over a set of representatives for stable conjugacy classes of Cartan 
subgroups of GJ. However, the formula for Qv shows immediately that the left 
side is 2 when6^ ^ 6V. Thus at = ± 1 . Since there are two a* and 9*, is not stable, 
they must have opposite signs, and with an appropriate choice of H+(dv) and 
U~(6V) we have 

(7.3) Qv = Z^*ven+(ev)Xirv — ^TT^IT-CM*^. 

More generally if Gv' is defined by Âv and if Tj belongs to the stable con
jugacy class associated to Lv then 

[S)(F,')] = 2 

if and only if Âv C Nm Lv
x and G J Q Gv'. If irv

+ and irv~ are the restrictions 
of the elements of IL+(0V) and IL~(0v) then Qv is equal to 

^ 7 T + ^ 7 T _ 

on Gv
f. If ?» and 6V are not equal on Tj then 7r„+ and x »~ are not equivalent. 

Otherwise they are and C(TTV
+) ^ 2. We know already that c(wv

+) ^ 2. 
We can summarize the local results. 

LEMMA 7.1. Suppose F is a local field. The L-indistinguishable class of -K 
consists of 1 or 2 elements. It consists of two elements if and only if TT lies in 11(6), 
where 6 is a character of T', [35 (T7)] = 2, and 6(y) ^ 6(y). Moreover c(ir) is 1 
unless TT lies in 11(0), where [35(7"')] = 2, and B(y) = 6{y) when C(T) = 2. 

When IL (6) consists of two elements we may decompose it into IL+(d) and 
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II" (0) in such a way that 

6 = 2-^n+(0)^r ~ 2^en-(0)X7r. 

If 0 is replaced by 0 then G is replaced by - 9 , and consequently II+(0) = 11" (0). 

If F is a global field and 0 a character of TF'\T' we let 11(0) be the set of 
tensor products ® TTV with 7r» in II (6V) for all y. It is understood that in such a 
tensor product irv contains the trivial representation of the maximal compact 
for almost all v. 

PROPOSITION 7.2. Suppose -w = ® TV is contained in no 11(6) where 0 is a 
character of TF'\T' and 

[SD(r/A) : lm ®(T'/F)] = 2. 

Let T be in the L-indistinguishable class of Hf corresponding to that of T. For all 
g e 5(A) 

m(-K°) = m (IT) 

and 

W(TT) = n(r)Uvc(TTv). 

Now suppose 7T belongs to n(0) and [ S ( r V A ) : lm%) (T'/F)] = 2. The type 
of 7r is again defined to be that of 0, either (a) or (b). Let r be a representation 
of Hf whose L-indistinguishable class is that of ir. It is reasonable to set 

d(w) = d{r). 

Suppose 7T is of type (a). We introduce the group consisting of two elements 
1, e. At a place v where the quaternion algebra splits we define (1, TTV) to be 1 
and (e, irv) to be as before. At a place v where the algebra does not split but 
6V 5* 6V set (1,71-») = 1 and (e, TV) equal to + 1 or —1 according as irv £ n+(0„) 
or irv G n~ (6V). Observe that (e, irv ) depends on 6V. At a place where the quater
nion algebra does not split and 6V = 6V we set (1, irv) = 2 and (e, irv) = 0. Let 

( 1 , 7 T ) = 1 1 , ( 1 , 7T,> 

and 

(e, 7r) = 11,(6, irv). 

PROPOSITION 7.3. If ir is of type (a) then 

mi*) = ^ «1, ^) + <«, *». 

If 0P = 6V for some v then 

m(v) = „(W) = „(T) n C(,rt) = -r f4- n C{T,) = ̂ - a, TT) 
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and (t, w) = 0. If 6, ^ dv for all v then 

«Or) = «(TT) + ^ (e, T> = ^ «1, *> + <e, TT». 

If 7T is of type (b) we introduce a group consisting of four elements 1, ti, e2, 
e3 with e*2 = 1. The numbers (e*, 7r^) are defined just like those (e, irv) of the 
previous lemma and 

(et, 7r) = Uv(ei} TTV). 

Since 6i = d\ i — 1, 2, 3 and x Ç II(0), the algebra is split a t the infinite 

places and not split a t some finite places. Consequently 

(UiW) = o i= 1,2,3. 

PROPOSITION 7.4. / / T is of type (b) then 

m(«) = -^-]- ((1, *) + <£ll v) + (£2l *) + (e3l *». 

For such a 7r, 

W ( r ) = „(T) = „(T) [ ] C ( T , ) = ^ < 1 , T > . 

When G' is defined by a connected subgroup of Res F/EGL (1), we may in
terpret the groups appearing in these two propositions as S°\S, jus t as in the 
previous paragraph. 

8. Afterword. There is a condition implicit when we take the group G' 
to be G(AE) where G is a subgroup of ResF/EG defined as the inverse image of 
the subgroup A of G\ = ResF/EGL(l). A is of course taken to be connected and 

A(AE) =Y\WA{EW), 

the product being restricted, and 

A(EW) Ç G ! ( £ W ) = UvlwFv\ 

However, A (Ew) need not be a product 

IIvIw-<*- v 

with Av ÇZ Fv
x, and we may not be free to apply the results of the early para

graphs. 
We might have developed the local theory of L-indistinguishabili ty for the 

groups G(EW). However &(T/EW) may no longer be of order 2. All of its charac
ters would have to be considered, and some of them give rise to groups H 
which are not abelian. T h e local theory would provide a linear t ransformation 
from stable distr ibutions on H to distr ibutions on G. Although not difficult 
it would have been elaborate, and unnecessary for the global theory. 

In the global theory it is the quot ient 

®(T/AE)/lm($(r/E) 
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which is central. If T is a Cartan subgroup of G associated to the quadratic 
extension L it is again 

IF/A(AE)F*NmIL 

and of order 1 or 2. The local theory need only be developed for the character 
of d(T/Ew) obtained by pulling back the non-trivial character of the quotient 
via 

%{T/EW) -> d(T/AE) -> <g(r/A*)/Im g ( r / E ) . 

The necessary results are easily deduced from § 2 - § 4. 
The principal results of § 5 - § 7 remain valid, and the proofs are the same. 

We remark only that Sw is no longer a product Hv\w Sv. 
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