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Abstract

In this paper, our main aim is to discuss the properties of harmonic mappings in the unit ball B". First,
we characterize the harmonic Bloch spaces and the little harmonic Bloch spaces from B" to C in terms
of weighted Lipschitz functions. Then we prove the existence of a Landau—Bloch constant for a class of
vector-valued harmonic Bloch mappings from B” to C".
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1. Introduction and preliminaries

Let C denote the complex plane and let D={z € C: |z] < 1}. Alsowe let C" = {z =
(Zty-+-y20):21s--.,2n €Cland fora = (ay, ..., a,) € C",

n
B"(a,r):{ze(cnilz—alz Z|Zk—ak|2<r}-

k=1

Especially, we use B" to denote the unit ball B" (0, 1) and for a € R”,

n
Z lxe — ax)? <r}.
k=1

A function f =u +iv of an open subset Q C C" into C is called a harmonic
mapping if both u and v are real harmonic in €2, that is, Au = 0 and Av = 0, where A
represents the complex Laplacian operator (see [10, 15-17])

n 82 82
A= Z 3ZkaZk ;(7 * _2>

ox;  y;

’k(a,r):{xe]R":lx—al:

and foreach k € {1, ..., n}, zx = xx + iyx.
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A planar harmonic mapping f in D is called a harmonic Bloch mapping if and only
if the Lipschitz number

B 1f@) — f(w)]
Br= sup - <

+OO,
z,weD,z#w oz, w)

where

1 2—w _
L__Zw) = arctanh ‘ﬂ‘
- |1zf?uzi)| I —Zw

1
s =—1o
p(z, w) > g(
denotes the hyperbolic distance between z and w in D. In [7], Colonna proved that

Br= sug(l — 12 £+ | fz(2)]] (see also [3-6]).

DEFINITION 1.1. The harmonic Bloch space HB consists of all harmonic mappings
f of B" into C such that

£ ll25 = sup {(1 — [PV @) + IV (@I} < o0,

zeB"

where Vf = (3f/8z1, ..., df/dz,) denotes the complex gradient of f and V f =

DEFINITION 1.2. The little harmonic Bloch space HBg consists of all mappings
f € HB such that

im (1= [PV @I+ VT @) =0,

For any z £ w € B", let

(A= 1zP720 = w21 f @) = f(w)]

|z — w]

Lz, w)=

denote the weighted Lipschitz function, where f :B" — C is a harmonic mapping.
The relationship between L7(z, w) and the Bloch space (or the little Bloch space)
has attracted much attention (see [7, 9, 13, 17]). Recently, many authors have also
discussed the relationship between Lipschitz continuity and harmonic quasi-conformal
(or quasi-regular) mappings in B” (see [1, 2, 11, 12, 15]). In this paper, we use the
weighted Lipschitz functions to characterize the harmonic Bloch spaces and the little
harmonic Bloch spaces in B”. Our main results are Theorems 2.2 and 2.4. Their proofs
will be presented in Section 2.

Let f = (f1, ..., fa) be avector-valued harmonic mapping from B" into C", that
is, foreach i € {1, 2, ..., n}, f; is a harmonic mapping from B" into C. Let H (B")
denote all harmonic mappings of B" into C". For any f = (f1, ..., f,) € HB"),
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denote by
fo= (i VT

the matrix formed by the complex gradients Vf1, ..., Vf,, where T denotes matrix
transposition, and let

= VT

For an n x n matrix A, we introduce the operator norm

|Ax| N
|A| = sup —| = max{|Af]|: 0 € dB"}.

x#0 lx
Here and in the following, we always treat any z € C" as a column vector, that is,
z=(z1, ..., zn)T, unless otherwise stated.

DEFINITION 1.3. The vector-valued harmonic Bloch space HB(n) consists of all
mappings f € H(B") such that

I flHBm) = Suﬁ{(l — 2P @]+ 1@} < oo
zeB?
In Section 3, we prove the existence of the Landau constant for a class of mappings
in HB(n), which is stated as Theorem 3.6.

2. The relationship between weighted Lipschitz functions and harmonic
Bloch spaces

We shall make use of the group consisting of all biholomorphic mappings of B"
onto itself, which is denoted by Aut(B"). The following results are from [16].
(i) For any a € B", let

a—Pyz—(1—a])'?Quz

$a(z) = I~ a)

Then ¢, € Aut(B"), where

(z,ay=z1a1+ - -+ zpan, Paz=

and Q,z =1z — P,z.

(i1) For any ¢,

$a(0) —a=da(@ =0, ¢a=0¢;"

and
1=z = |al)

11— (z,a)?

By using similar reasoning as in the proof of [15, Lemma 2.5], we have the
following lemma.

1= lga(P = &

2.1)
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LEMMA 2.1. Suppose that f :E’;e(a, r) — R is a continuous mapping in E;(a, r)
and harmonic in B (a, r). Then

V(@) < / £ (@) — FO)] do(y),
B’ (a,r)

Vn )r”

where do denotes the surface measure on 0B'y(a, r) and V (n) the volume of the unit
ball in R".

PROOF. Without loss of generality, we may assume that @ = 0 and f(0) = 0. Let

Kie, = B
X, )= —:.
Y wrVm)x — ypr

Then

f(x):/ K(x,t)f(t)do(t), xeBR(,r),
IB(0,r)

where do denotes the surface measure on 9B’ (0, r). Calculations lead to

iK(x, = 1 —2xi n(r? — |x>)(xi — ;)
ax; nrVn) | |x —t" |x — ¢|nt2
which yields
0 i
kO, = —1
ax; ©. 1) V(n)r+l
whence

n

V) = [Z

1=

2]1/2

/ iK(O, Hf(@)do(t)
OB (0,r) 0%

n

33

/ iK(O Hf(t)do(t)
9

BY(0,r) 0%

S/ do(t)
IBL(0,r)
n g 2\ 1/2
=vn |f(z)|<Z S oK. ) do (1)
n
= \/_,, | f(@®)]do(1).
Vmr" Jomno.r)

The proof of the lemma is complete. O

THEOREM 2.2. Let f be a harmonic mapping in B". Then f € HB if and only if

sup  Ly(z, w) < +oo.

Z,weB" z#w
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PROOF. First we prove the sufficiency. Let f(z) = u(z) + iv(z), where u and v are
real harmonic functions. Fix r € (0, 1). Then by (2.1),

|$a(2)] _\/Iz—al2+|(z, a)l> — |z]Plal® _ 1

|z —al?l = (z, a)? 1= (z, a)|

’

lz—al
which gives

|z —al |z —al
<

9a()] < [ S T (22)

whence for any a € B",

2
B" (a, W) CcE(,r),

where
E(a,r)={zeB" : ¢, (2)| <r}.

By Lemma 2.1,

V2n(1 —|z]?)

lu(¢) —u(z)| do (%)
v @n)[UER /aB"(z,r(1—|z|2>/2>

(1 —1z)Vu(z)| <

= M(|z|. ) u(¢) —u(2)| do(Z),
0B (z.r (1-[21)/2)

where V (2n) denotes the volume of the unit ball in R%* and

221 /2n

Similarly, we obtain

(1= 1z»IVu)| < M(lz], ) [v(§) —v(2)| do(£).
OB (2.r (1-[2[?)/2)

Cauchy’s inequality and chain rules of derivation show that

V@)= 3(IVu@| + Vo@D and |[VF@)| < 3(Vu@)] + Vo),
which implies that

(1= 1zPIVF@I+ IVF@D < (1 =12 (Vu@)| + Vo))

<M(|z|, r) (lu(¢) — u(@)|
OB (z,r(1-121%)/2)

+ (&) —v(z)) do (£)

< V2M(z|, r)M1/ do (%)
B (z,r(1—1212)/2)

_ 8Mn*?

=—
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where M| =sup{|f(z) — f(w)|:w € E(z,r)}. Hence for any w e B"(z, r(1 —
1z1%)/2) C E(z, r), it follows from (2.2) that

(A —1z)H72A — w2 A= zH720 = [wH? 1=z, w)
|z — w| [1—(z, w)l |z — w]

— 1_|¢)(w)|2.|1_(;w>|
v : |z — wl

3 11— (2 w)

>V1—-r

|z — w]
- V1 =12
— r .

Therefore, there exists a positive constant M;(n, r) such that

(1= ZDIVF@I+ V@I < Ma(n, 1) sup  Lr(z, w),
weE(z,r),w#z

from which we see that f € HB.
We now prove the necessity. For any z £ w € B”,

|f(@) = fw)| = —(zt+(1 —Dw) dt

1
k—wk)/ ﬁ(zt—i-(l—t)w) dt
dzk

+ Z(zk — W) / —(Zt + A =-nw)dt

§Z|Zk—wk|‘

+ Z|Zk — wy| - '/ —(zt+(1 —tHw) dt

/ ﬁ(zt + (1 —t)w)dt
dzk

f

5 1/2 n 1 9
< (; lzx — wi| ) {[;(/0 a—Zk(zt—i—(l—t)w)
n 1 af 12
+[Z</ (zt—i—(l—t)w)‘dt) } }
k=1

37
< Vnlz - wl[/ IV fz+ (1 —nw)|de
0

2412
dt) ]

1
+ / IV f(tz+ (1 —t)w)ldt],
0

https://doi.org/10.1017/5S0004972711002164 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002164

[7] On harmonic Bloch spaces in the unit ball of C" 73

from which we infer that

1f @) = fw)] f/ VAW + IV @A =yl ) 4

o lz—w| 1=y @)?
dt
S«/_”f”HB/(; W
< Jalf fl a
- s o [A =01 —[zDIV2[r(1 = |w])]/?
w/nl fllus

T A=) = [wh 2
where ¥ (t) =tz + (1 — t)w. Thus

sup  Ly(z, w) <27/nll fllns. (2.3)

Z,weB" z#w

Hence the proof is complete. u

REMARK 2.3. When n =1 (respectively n =1 and fz =0), Theorem 2.2 coincides
with [7, Theorem 1] (respectively [9, Theorem 3]).

THEOREM 2.4. Let f be a harmonic mapping in B". Then f € HBy if and only if

lim sup  Ly(z,w)=0. 2.4)

lzl=>1= 2 weBr, z#£w

PROOF. In order to prove the sufficiency, we assume that (2.4) holds. Then for any
& > 0, there exists § € (0, 1) such that

sup  Ly(z,w) <e,

z,weB" z#w

whenever § < |z| < 1. Similar arguments to the proof of the sufficiency of Theorem 2.2
show that

V2M([z], r)r /
V1 —r2 aB" (z,r(1—|z|2)/2)
- ﬁM(|z|,r>r8/
M1 =r2 aB" (z,r (1—|z|2)/2)
8n3/2

= —¢,
V1 =72

A= IV @I+ V@I < Ly(z, w)do(w)

do(w)

whenever § < |z|] < 1. Hence

fim (@ = 1zPIV @I +IV @ =0.
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We now prove the necessity. For r € (0, 1), let f,.(z) = f(rz). Similar reasoning
to the proof of (2.3) shows that there exist positive constants M3 and M, such that for
any z # w € B",

w212 I(f ) = fr(@) = (f(w) = fr(w))]

(1 =1z —|
|z — w]

<M\ f — frllns

and

(1= 1) (1 = w2 2r & = ]

|z — w]
_ r(l— |Z|2)1/2(1 - |w|2)1/2 (1— |ZI”|2)1/2(1 . |wr|2)1/2|fr(2) — fr(w)]
(1 —|zrPHV2(1 = Jwr?)1/2 lrz — rw|
Myr(1 —|z|%)!/?
< .
=17 I.f 175
These yield that

Mar(1 = [z[)/2
sup  Lyr(z, w) < M|l f — frlus + 5
Z,WEB", z4w (1 -r )

I fllHB-

In the above inequality, by letting |z| — 1— and then r — 1—, we obtain the desired
result. O

3. Landau constant for a class of harmonic Bloch mappings

We introduce a version of the Schwarz lemma for planar harmonic mappings, which
is from [8].

LEMMA 3.1 [8, Lemma]. Let f be a harmonic mapping of D such that f(0) =0 and
f (D) CD. Then

4 4
[f(@)] < — arctan Iz < ;|Z| forz €D,

The following result is a direct generalization of Lemma 3.1 to the setting of
harmonic mappings from B” to C.

LEMMA 3.2. Let [ be a harmonic mapping from B" to C satisfying f(0) =0 and
| f| < M, where M is a positive constant. Then

a4M |z]

COROLLARY 3.3. Let f € HB") such that f(0) =0 and |f| < M, where M is a
positive constant. Then

If (@) =<

4M./n |z]
T V1-=lz|
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PRrROOF. Let f = (f1, ..., fn). Then Lemma 3.2 implies that
u V2 oamn izl
f @)1= (Z |fk(Z)|2) < : .
=1 T JI-
which shows that our corollary holds. O

COROLLARY 3.4. Let A =(a;,j(z))uxn be a matrix-valued harmonic mapping of
B"(0, r) into the space of all n x n complex matrices, that is, each a; j(z) is a
harmonic mapping of B" (0, r) into C. If A(0) =0 and |A(z)| < M for z € B"(0, r),

then
4M/n ||
T

Vi =z
PROOF. For any fixed 6 € aB", let P(z) = A(z)6. Then P € H(B") and |P(z)| <M
for z € B"(0, r). By Corollary 3.3,

|A(Z)| <

4M \/n F
|P(2)| < : -
u r2 —z|?
The arbitrariness of 6 implies that
AM/n |2
lA(2)| = : ,
T =z
which completes the proof. U

The following lemma due to Liu is from [14], which is crucial for the proof of our
next main result.

LEMMA 3.5 [14, Lemma 4]. Let A be an n x n complex matrix. Then for any unit
vector 6 € dB", the inequality
|det A|

|AG| >
|A|”_1

holds.

THEOREM 3.6. Let f be a vector-valued harmonic mapping of B" into C" with
) =0, |det f(0)] —a=|fz(0)|=0 and ||fllnBw) <M, where M and a are
positive constants. Then f is univalent in B" (0, po/2), where

t J ot 3am
= — an. = .
=T 44 /aM"

Moreover, the range f(B"(0, po)) contains a univalent ball B" (0, R), where

R>@: a 22M\/ﬁ_ 00 }

Mn—1 3n JT=po )
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PROOF. For ¢ e B, let F(¢) =2f(1/2¢). Then

|Fe (O + [Fz(O)] =

and

™
|Fe Q) = Fr (O] < [Fe (O] + [Fp (0)] < =5

Corollary 3.4 implies that

28M /n I
3w Vi-il?

|Fp (§) — Fe (0)] =
Since for any ¢ € B”,

aM
IF2(0) = Fz(0)] = [Fe(D)] < =~
Corollary 3.4 again implies that

16M/n I
3w V-l

On the other hand, for any 6 € dB", we infer from Lemma 3.5 that

|F=(¢) — Fz(0)] <

o

o
F-(0)0| > > .
[Fe (0] = |F{(O)|"_1 = pn-1

In order to prove the univalence of F' in B"(0, p), we choose two distinct points
¢’ ¢” € B"(0, p) and let [¢’, ¢”'] denote the segment from ¢’ to ¢” with the endpoints
¢"and ¢”, where p =t/+/1 + 12 and t = 3an /44 /nM". Set d¢ = (d¢y, ..., de,)T
and (d¢ = (d¢y, ...,dc,)T. Then we have

IF(&) = FE") = ' /[ | Fe©)dg + Fe©) dE‘
C’a{”

- ‘ /[ (F() = FeO) de + (Fe@) = FzO) d?‘
/’é-//

> = ¢ o _44M\/ﬁ_ o
o Mn_1 3 ‘/l_pz

> 0.

This shows that F is univalent in B" (0, p).
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Furthermore, for any z with |[{| = p,

|[F(&) = FO)] =

/ F¢(0) d¢ + Fz(0) df)
[0.¢]

- ‘/{0 g](F;(C) — F(0)) d + (Fz(¢) — F7(0) d?‘
{ a 22M /n 0 }
> p - :

]‘4’1_1 3 ‘/1_102

Hence the range f(B" (0, pg)) contains a univalent ball B" (0, R), where

r=Pl @ 22M . /n P .
2| Ml RF/4 1 —p?
The proof of this theorem is complete. O
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