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MOST FINITELY GENERATED SUBGROUPS
OF INFINITE UNITRIANGULAR MATRICES ARE FREE

WALDEMAR HOLUBOWSKI

In this note we prove that the group G of infinite dimensional upper unitriangular
matrices over a finite field contains an explicit countable subgroup ‘full’ of free sub-
groups. We deduce from this fact that, in a suitable sense, almost all k—generator
subgroups of G are free groups of rank k. N

1. INTRODUCTION

Let G = UT(00,p®) be the group of all infinite dimensional (indexed by N) upper
unitriangular matrices over the finite field of order p® (where p is any prime). The set
N, of all matrices a from G such that first m columns of a are the same as those in the
unit matrix e is a normal subgroup of G. Clearly, we have |G : N,,| < oo and G is a
profinite group as an inverse limit of G/N,, ~ UT(m, p*) [12, 11]. The profinite topology
induces a metric d(z, y) under which G is a complete metric space. The same is true for
G* = G x ... x G, considering the natural direct product extension of the metric d(z, y).
If z € G* then (z) denotes the subgroup of G generated by the components of z. We put
F = {z € G* | (z) is a free group of rank k}.

A subset of a metric space is called nowhere dense if its complement contains a dense
open subset. The union of a countable family of nowhere dense sets is called a meagre set
(or of the first category in the sense of Baire). Baire’s theorem states that in a complete
metric space the complement of a meagre set is dense [8]. Thus in a complete metric
space a meagre set is very small; for example, the whole space cannot be written as the
union of a countable family of meagre subsets.

In (4] Epstein showed that almost all k—generator subgroups in a connected, non-
solvable, finite dimensional Lie group are free groups of rank k, where ‘almost all’ is
interpreted in terms of the natural Haar measure on the group. In [3] Dixon proved that
almost all k—generator subgroups in permutation groups of countably infinite degree are
free groups of rank £ in the natural permutation group topology. Bhattacharjee obtained
similar results in [1] for inverse limit of wreath products of non-trivial groups. We prove
the following
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THEOREM 1. Almost all k-generator subgroups of G = UT (00, p*) are free groups
of rank k, in the sense that G* \ F is meagre subset of G*.

The theorem above may be contrasted with the fact that the finite dimensional
groups UT (m,p°) are finite and the stable group U7, (p®), which is the direct limit of
UT(m,p*) under the natural embeddings, is locally finite, so it does not contain free
subgroups.

Gartside and Knight proposed in [5] a new approach, using Polish topological groups,
which gives many equivalent conditions for the property proved in Theorem 1. The Main
Theorem of [5] enables us to strengthen the result above in the following way

COROLLARY 1.
(i) Almost all countably generated subgroups of G = UT(o0o,p®) are free
groups of countable rank.
(iil) G = UT (oo, p®) contains a non-discrete free subgroup of rank two.

Our proof of Theorem 1 is different from those in [1, 3, 4, 5], and is extremely
explicit. We deduce it from the fact that G has an explicit countable subgroup ‘full’ of
free subgroups. Our main result is

THEOREM 2. The group G = UT(c0,p®) contains a countable subgroup H such
that the intersection of H* with any open ball in G* contains a free subgroup of rank k,
given by explicit generators.

Another advantage of our approach is the possibility of proving similar results for
semigroups. For example, almost all subsemigroups of the multiplicative semigroup of all
infinite upper triangular matrices over a finite field are free ([7]).

We conclude with some open questions. All free subgroups considered in this note
are discrete. So it would be interesting to find explicit generators of non-discrete free
subgroups of rank 2, which exist by Corollary 1 (ii). It is known that the group of all
permutations of an infinite set contains a free subgroup of rank 2%, Is the same true for
UT (o0, p*)?

2. PROOF OF THE MAIN RESULT

The profinite topology on G induces the following metric.

DEeFINITION 1: For z,y € G, if z = y, then we put d(z,y) =0, and if z # y, then
we put d(z,y) = 2™, where m € N is the least integer such that the m—th column of
and y are different, that is, zy~! € Ny,.

The group operations (z,y) — zy and z — z~! on G are continuous under this
metric and (G, d) is complete (as a metric space). We define a metric di on G¥ in the

natural way: ‘
di(z,y) = max{d(z,-,y,-) |z= 1,...,k},
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where = (zy,...,zx) and y = (y1,-..,%). We denote by B(z,n) the open ball in G*
with radius 2. B(z,n) is both open and closed (equal to the closed ball with radius
2-7=1) The ball (G*, d;) is complete and totally disconnected.

PROOF OF THEOREM 2: Let B(z,n) be any fixed open ball in G¥. So =z
= (zy,...,2¢) € G* and n € N. We want to show first that B(z,n) contains the
generators of a free subgroup. Let z,...,z} denote the images of z,,..., ¢ under the
homomorphism f : UT(oco,p®) — UT(n,p*) which deletes the rows and columns in-
dexed by n+1,n+2,.... If 41,...,yr generate a free subgroup of G, then the infinite
unitriangular matrices

z; = diag(zy, v1), - - -, 2x = diag(zy, yk)

generate a free subgroup too. Moreover z = (z1, ..., z) € B(z,n).

Now we give examples of free subgroups of G with explicit generators. The main
result of [10] shows that UT (oo, 2) contains a free product of three cyclic groups of order
two, and thus, by [9], contains a noncyclic free subgroup. In fact, in [10] two matrices
are given explicitly, which generate a free subgroup. In [6] it was shown that the two
infinite matrices

c= diag(tlg(l),tlz(l), .. ) and d = dlag(l, tu(l), tlg(l), .. .),

where t15(1) is the elementary transvection , generate a free subgroup in

0
UT (o0, Z). Forp > 2, they generate in UT (00, p) a free product of two cyclic groups of or-
der p, which, by [9], also contains a noncyclic free subgroup. For example, z = c(ed)c™?,
y = de(ed)c'd™! generate a free subgroup. Standard considerations show that if z,y
generate a free group, then yzy™!, ..., y*zy~* generate a free subgroup of rank k. The
above results give also free subgroups in UT (o0, p®) for any s, because the finite field of
order p* contains a prime subfield of order p.

The free subgroups in [6] and [10] belong to an interesting subgroup UT, (oo, p?)
of UT (00, p®) connected with finite state automata transformations. An infinite upper
unitriangular matrix A = (a,;) is called m-banded if a;; = 0 for j > i+m, and banded if it
is banded for some m. By Aj,) we denote the submatrix of A which arises by deleting the
first n rows and first n columns of A. We say that the sequence { Ay} is almost periodic
if it is periodic, that is, Ap4q = Apm), starting from some fixed ng. Then UT,(o0,p®) is
defined as the subgroup of all matrices A for which both A and A~! are banded and both
sequences { A} and {A[;}} are almost periodic. It is clear that UT,(co, p*) is countable
and the matrices

z) = diag(z}, 1), - - -, zx = diag(z}, yk)

belong to UT(n,p*) x UT,(c0,p*). The group H = [UUT(n,p’)] x UT,(c0,p*) is
n=1

countable too and Theorem 2 is proved. 0
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ProOOF OF THEOREM 1: If w is a reduced word in the free group of rank k, then
we put F(w) = {z € G* | w(z) # e}. Clearly F = (| F(w) where the intersection is
taken over all nontrivial reduced words w. We note that this is a countable intersection.
Since

G¥\F =G*\[F(w) = J(G*\ F(w))
it suffices to prove that F(w) is open and dense. This would show that G¥ \ F(w) is
nowhere dense and G* \ F is meagre.

LEMMA 1. F(w) is open in G*.

PRrOOF:  Since the group operations are continuous, the mapping ¢ : G¥ = G
defined by ¢(z) = w(z) is continuous too. The set {e} is closed in G, so G \ {e} is open
and F(w) = ¢~1(G\ {e}) is open in G*.

LEMMA 2. F(w) is dense in G*.

PROOF: We show that F is dense in G* and because F C F(w) the lemma follows.
Let £ = (z,,...,2x) € G* and n € N. From Theorem 2 it follows that any open ball
B(z,n) contains a point of F', so F is dense. 0

REMARK. The group UT (oo, p*) has many interesting non-free subgroups. For example,
the Nottingham group N can be viewed as a subgroup. It is known that every countably-
based pro-p-group can be embedded in A [2], and so in UT (oo, p®). In particular, every
finitely generated residually finite p-group can be embedded in UT (00, p*).
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