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The Essential Norm of a
Bloch-to-Qp Composition Operator

Mikael Lindström, Shamil Makhmutov and Jari Taskinen

Abstract. The Qp spaces coincide with the Bloch space for p > 1 and are subspaces of BMOA for

0 < p ≤ 1. We obtain lower and upper estimates for the essential norm of a composition operator

from the Bloch space into Qp , in particular from the Bloch space into BMOA.

1 Introduction

We denote by H(D) the space of holomorphic functions on the unit disc D. The Qp

spaces, which were introduced in [AXZ], consists of functions in H(D) such that

‖ f ‖2
Qp

:= sup
a∈D

∫

D

| f ′(z)|2g p(z, a) dA(z) <∞ for 0 < p <∞,

where dA denotes the Lebesgue area measure on the plane normalized so that

A(D) = 1 and g(z, a) := log
(

|(1 − āz)/(z − a)|
)

. The subspace Qp,0 of Qp con-

sists of those functions f such that the above integral tends to zero when |a| → 1.

We have Qp = B for 1 < p < ∞ and Q1 = BMOA, where B is the the classical

Bloch space and BMOA is the space of analytic functions on ∂D with bounded mean

oscillation on the boundary. Hence B is the space of functions f ∈ H(D) satisfying

‖ f ‖B := sup
z∈D

(1 − |z|2) | f ′(z)| <∞.

Also Qs ⊂ Qp if 0 < s < p ≤ 1 (see [AXZ]). Further, we have Q1,0 = VMOA, where

VMOA is the subspace of BMOA consisting of functions of vanishing mean oscilla-

tion and for p > 1 and B0 the classical little Bloch space, Qp,0 = B0. Finally, Qp is a

Banach space with norm ‖ f ‖ = | f (0)| + ‖ f ‖Qp
, and Qp,0 is a closed subspace of Qp.

In the definition of Qp, g(z, a) can be replaced by h(z, a) := 1 − |(z − a)/(1 − āz)|2,

since this results in the same space and an equivalent norm (see [SZ, Lemma 2.2],

[ASX, Theorem 2.2]).

Let ϕ : D → D be an analytic self map of the complex unit disc D. Then the equa-

tion Cϕ f = f ◦ ϕ defines a composition operator on the space of all holomorphic

Received by the editors April 29, 2002.
The third author was supported by the Academy of Finland Project no. 38954.
AMS subject classification: 47B38, 47B10, 46E40, 46E15.
Keywords: Bloch space, little Bloch space, BMOA, VMOA, Qp spaces, composition operator, compact

operator, essential norm.
c©Canadian Mathematical Society 2004.

49

https://doi.org/10.4153/CMB-2004-007-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2004-007-6


50 Mikael Lindström, Shamil Makhmutov and Jari Taskinen

functions on D. Many results have been obtained concerning boundedness and com-

pactness for composition operators on Hardy spaces, weighted Bergman spaces and

weighted Bergman spaces of infinite order (see [BDL], [BDLT], [CM], [Sh1], [Sh2]).

The investigation of composition operators from the Bloch space into Qp has only

recently taken place. More precisely, in [SZ] W. Smith and R. Zhao have character-

ized boundedness of Cϕ : B → Qp, Cϕ : B0 → Qp,0 and Cϕ : B → Qp,0. They also

show that boundedness of Cϕ : B → Qp,0 is equivalent to the compactness of the

operator. When Qp = BMOA and Qp,0 = VMOA a similar study has been made

by S. Makhmutov and M. Tjani [MT]. Moreover, [MM] contains a characterization

of symbols ϕ inducing compact composition operators on B and B0. This result

was recently generalized by A. Montes-Rodriquez [MR] who computed the essential

norm of Cϕ on Bloch spaces. The main aim of this paper is to give lower and upper

estimates for the essential norm of a composition operator from B into Qp. Us-

ing this result we obtain a function theoretic characterization of the compactness of

Cϕ : B → Qp for p ≤ 1. This answers a question of W. Smith and R. Zhao [SZ]. They

only provide a sufficient condition in [SZ, Proposition 6.5]. The characterization of

compactness was also independently obtained by J. Xiao in his recently published

work [X, Theorem 1.2]. Our work also extends the result of A. Montes-Rodriquez,

since for p > 1 the bound for the essential norm of Cϕ in Theorem 6 is equivalent to

the essential norm of Cϕ in [MR, Theorem 2.1].

A map T ∈ L(X,Y ) from the Banach space X into a Banach space Y is called

compact (weakly compact), if it maps the closed unit ball of X onto a relatively com-

pact (a relatively weakly compact) set in Y . The essential norm of a T ∈ L(X,Y ) is

defined by

‖T‖e = inf{‖T − S‖ : S is compact}.

Since ‖T‖e = 0 if and only if T is compact, estimates on ‖T‖e give conditions for T

to be compact.

For two quantities A and B we write A ∼ B if there exist strictly positive constants

C and c such that cB ≤ A ≤ CB.

2 Results

First of all, we show that a general argument can be applied to composition operators

from B into Qp,0 showing that boundedness coincides with compactness. W. Smith

and R. Zhao [SZ] obtained this result by a direct proof.

Proposition 1 Let 0 < p <∞. Then

(a) Cϕ : B → Qp,0 is bounded if and only if Cϕ : B → Qp,0 is compact.

(b) Cϕ : B → Qp is weakly compact if and only if Cϕ : B → Qp is compact.

Proof of (a) and (b) Since Qp,0 is separable, it does not contain a copy of l∞. Further,

B is isomorphic to l∞. Then Cϕ : l∞ → Qp,0 is weakly compact by a Theorem of

Rosenthal (see [R]). Thus both in (a) and (b) we can consider Cϕ : B → Qp as a

weakly compact operator.

Let us now show that the closed unit ball of Qp is compact for the compact open

topology. We will work with the equivalent norm on Qp, defined by replacing g p(z, a)
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by hp(z, a) :=
(

1 − |(z − a)/(1 − āz)|2
) p

. Indeed, since the inclusion Qp ⊂ B is

continuous, any f in the closed unit ball of Qp has the following growth:

| f (z)| ≤ C log(2/1 − |z|), z ∈ D.

Therefore we conclude that the closed unit ball of Qp is a normal family by Montel’s

theorem. Moreover, let ( fn) be a sequence in Qp with ‖ fn‖ ≤ 1 such that fn → f

with respect to the compact-open topology. Let a ∈ D be fixed. Then

∫ 2π

0

| f ′
n (reiθ)|2hp(reiθ, a) dθ →

∫ 2π

0

| f ′(reiθ)|2hp(reiθ, a) dθ

for all 0 < r < 1. Now, by Fatou’s lemma,

∫ 1

0

r dr

∫ 2π

0

| f ′(reiθ)|2hp(reiθ, a)
dθ

π

≤ lim inf
n

∫ 1

0

r dr

∫ 2π

0

| f ′
n (reiθ)|2hp(reiθ, a)

dθ

π

≤ lim inf
n

‖ fn‖
2
Qp

= lim inf
n

(

‖ fn‖ − | fn(0)|
) 2

≤
(

1 − | f (0)|
) 2
.

Consequently, ‖ f ‖ ≤ 1 and the closed unit ball of Qp is closed with respect to the

compact-open topology.

Therefore, by Dixmier-Ng theorem [N], there exists a Banach space Pp which is

a predual of Qp. The space Pp is defined as the subspace of Q∗
p of those functionals

which are compact-open continuous when restricted to the unit ball of Qp or equiv-

alently to the bounded subsets. We show that Cϕ : B → Qp is w∗-w∗ continuous.

Indeed, let u ∈ Pp . Since the predual of B is separable, we have by Corollary V.12.8

in [C] that u ◦ Cϕ is w∗ continuous if and only if u ◦ Cϕ is w∗ sequentially contin-

uous. Therefore let fn → f in the w∗-topology of B. Then the sequence ( fn − f )n

in B is norm bounded and w∗ convergence in B implies pointwise convergence, so

fn → f in the compact-open topology. Hence Cϕ( fn) → Cϕ( f ) in the compact-open

topology and consequently limn→∞

∣

∣u
(

Cφ( fn − f )
) ∣

∣

= 0.

Since the composition operator is w∗-w∗-continuous and Qp = (Pp)∗, there exists

a continuous operator T : Pp → l1 such that T∗
= Cϕ. Hence T is compact and

consequently also Cϕ is compact.

Corollary 2 Qp is a dual space.

This result is contained in the proof above.

For p ∈ (0,∞), boundedness of Cϕ : B → Qp is characterized in [SZ] by the

condition

sup
a∈D

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z) <∞.

Further, W. Smith and R. Zhao showed that Cϕ : B0 → Qp,0 is bounded if and only

if Cϕ : B → Qp is bounded and ϕ ∈ Qp,0.
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Example 3 There exists an analytic univalent map ϕ : D → D such that Cϕ : B →
Qp and Cϕ : B0 → Qp,0 are bounded but non-compact for all p ∈ (0,∞).

Proof By Example 4.3 in [SZ] we can find an analytic univalent self-map ϕ of D

such that Cϕ : B → Qp and Cϕ : B0 → Qp,0 are bounded but Cϕ(B) 6⊂ Qp,0 for all

p ∈ (0,∞).

Let us assume that Cϕ : B → Qp is compact. Then Cϕ : B0 → Qp,0 is also com-

pact. Since B
∗∗
0 = B and Cϕ(B∗∗

0 ) ⊂ Qp,0 by weak compactness, we have a contra-

diction.

It is well known that under the usual integral pairing the dual of B0 is isomorphic

to the Bergman space A1 of analytic functions f on the unit disc such that

∫

D

| f (z)| dA(z) <∞.

We will need such a result with another natural pairing.

Lemma 4 The map f 7→ 〈 f , · 〉B defines an isomorphism from B onto the dual of

A1 ⊕ C. Here

〈 f , h〉B :=

∫

D

f ′(z)g(z̄)(1 − |z|2) dA(z) + c f (0)

for f ∈ B and h = (g, c) ∈ A1 ⊕ C.

Moreover, the map h 7→ 〈 ·, h〉B defines an isomorphism from A1 ⊕ C onto the dual

of B0.

Proof Let us define the space

A∞
w :=

{

f ∈ H(D) : ‖ f ‖w := sup
z∈D

| f (z)|(1 − |z|2) <∞
}

,

and its closed subspace A0
w consisting of functions f with lim|z|→1 | f (z)|(1 − |z|2) =

0 (uniform limit). These are the same spaces as A∞(ϕ) and A0(ϕ) of [SW] with

ϕ(z) := (1 − |z|2). Moreover, choosing ψ(z) := 1, the pair {ϕ, ψ} is a normal pair of

weight functions in the sense of [SW, p. 291]. Hence, Theorem 2 of that paper applies

and we obtain the following results:

Lemma The map f 7→ 〈 f , · 〉w defines an isomorphism from A∞
w onto the dual of A1,

where

〈 f , g〉w :=

∫

D

f (z)g(z̄)(1 − |z|2) dA(z)

for f ∈ A∞
w and g ∈ A1. Moreover, the map g 7→ 〈 ·, g〉w defines an isomorphism from

A1 onto the dual of A0
w.
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It is now elementary that the dualities

(A0
w ⊕ C)∗ = (A0

w)∗ ⊕ C
∗

= A1 ⊕ C and

(A1 ⊕ C)∗ = (A1)∗ ⊕ C
∗

= A∞
w ⊕ C

hold with respect to the pairing

〈y, h〉⊕ := 〈 f , g〉w + bc,

where y = ( f , b) ∈ A0
w ⊕ C or A∞

w ⊕ C and h = (g, c) ∈ A1 ⊕ C.

On the other hand, taking into account the definitions of the norms of the relevant

spaces, the map I : f 7→
(

f ′, f (0)
)

is a linear isometric bijection

B → A∞
w ⊕ C and B0 → A0

w ⊕ C,

the direct sums endowed with the sum-norm. So, Lemma 4 follows from the above

remarks and

〈 f , h〉B = 〈I f , h〉⊕,

valid for f ∈ B and h ∈ A1 ⊕ C.

Next we introduce the test functions that will be used in the proof of our main

result. Let αm ∈ (1/2, 1) be such that αm → 1 when m → ∞ and let

fn,m,θ(z) :=
1

αm

∞
∑

k=0

2k

2k + 2n
z2k+2n

(αmeiθ)2k

, n,m ∈ N, θ ∈ [0, 2π[.

Then fn,m,θ ∈ B0 and ‖ fn,m,θ‖ ≤ C , where C is a constant independent of n, m and θ
(see [P], [Z, p. 101]).

Lemma 5 For every u ∈ B
∗
0 we have

lim
n→∞

sup
m,θ

|u( fn,m,θ)| = 0.

Proof For given u ∈ B
∗
0 , let h = (g, c) ∈ A1 ⊕ C be such that

sup
m,θ

|u( fn,m,θ)| = sup
m,θ

∣

∣ 〈 fn,m,θ, h〉B
∣

∣ ≤ sup
m,θ

∫

D

| f ′
n,m,θ(z)g(z̄)|(1 − |z|2) dA(z)

≤ sup
m,θ

∫

D

2|z|2
n−1

∣

∣

∣

∞
∑

k=0

2k(αmeiθ)2k

z2k
∣

∣

∣
|g(z̄)|(1 − |z|2) dA(z).

By [JR, p. 436]
∣

∣

∣

∞
∑

k=0

2k(αmeiθ)2k

z2k
∣

∣

∣
≤

const.

1 − |z|
,
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so

sup
m,θ

|u( fn,m,θ)| ≤ const.

∫

D

|z|2
n−1|g(z)| dA(z).

Since g ∈ A1, the Lebesgue Dominated Convergence Theorem gives that the last

integral converges to zero when n → ∞.

Theorem 6 Suppose that Cϕ defines a bounded operator from B into Qp or from B0

into Qp,0, where 0 < p <∞. Then we have

(∗) ‖Cϕ‖
2
e ∼ lim

r→1
sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z).

In particular, Cϕ is compact if and only if

lim
r→1

sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z) = 0.

The formula (∗) with p = 1 holds especially for a bounded Cϕ : B → BMOA.

Proof We first show the lower estimate of the essential norm. We set gn,m,θ(z) :=

fn,m,θ(z)/C , z ∈ D, where C is as in the definition of fn,m,θ . Then gn,m,θ is contained

in the closed unit ball of B0. By Lemma 5 we obtain for each u in B
∗
0 that

(1) lim
n→∞

sup
m,θ

|u(gn,m,θ)| = 0.

For any compact operator T : B → Qp or T : B0 → Qp,0, we have that

lim
n→∞

sup
m,θ

‖Tgn,m,θ‖ = 0.

Indeed, suppose that this is not true. Then there exists a subsequence (n j)
∞
j=1 such

that for each j we can find m j and θ j and

(2) ‖Tgn j ,m j ,θ j
‖ ≥ c > 0 for all j.

Because of (1) we have that gn j ,m j ,θ j
→ 0 weakly in B0 when j → ∞. But since T is

compact we obtain a contradiction with (2).

Hence, if T is an arbitrary compact operator,

‖Cϕ − T‖ ≥ lim sup
n→∞

sup
m,θ

‖(Cϕ − T)gn,m,θ‖

≥ lim sup
n→∞

sup
m,θ

(‖Cϕgn,m,θ‖ − ‖Tgn,m,θ‖) = lim sup
n→∞

sup
m,θ

‖Cϕgn,m,θ‖.

Thus we obtain

‖Cϕ‖
2
e ≥

1

C2
lim sup

n→∞
sup
m,θ

sup
a∈D

∫

D

∣

∣ f ′
n,m,θ

(

ϕ(z)
) ∣

∣

2
|ϕ ′(z)|2g p(z, a) dA(z).
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Given ε > 0, there exists N ∈ N such that n ≥ N implies

C2‖Cϕ‖
2
e + ε ≥ sup

a∈D

∫

D

|ϕ(z)|2
n+1

∣

∣

∣

∞
∑

k=0

2k
(

αmϕ(z)
) 2k−1

(eiθ)2k
∣

∣

∣

2

|ϕ ′(z)|2g p(z, a) dA(z)

for all θ and all m. Let a ∈ D be fixed. Integrating with respect to θ and using Fubini’s

theorem, we obtain

C2‖Cϕ‖
2
e + ε

≥
1

2π

∫

D

|ϕ(z)|2
n+1

(

∫ 2π

0

∣

∣

∣

∞
∑

k=0

2k
(

αmϕ(z)
) 2k−1

(eiθ)2k
∣

∣

∣

2

dθ
)

|ϕ ′(z)|2g p(z, a) dA(z)

=

∫

D

|ϕ(z)|2
n+1

(

∞
∑

k=0

22k|αmϕ(z)|2(2k−1)
)

|ϕ ′(z)|2g p(z, a) dA(z).

The equality follows by Parseval’s formula. By [JR, p. 437],

∞
∑

k=0

22k|αmϕ(z)|2(2k−1) ≥
1

2

1
(

1 − |αmϕ(z)|2
) 2

for all z ∈ D with |ϕ(z)| > 0. Thus by Fatou’s lemma,

2(C2‖Cϕ‖
2
e + ε) ≥ lim inf

m→∞

∫

D

|ϕ(z)|2
n+1 |ϕ ′(z)|2

(

1 − |αmϕ(z)|2
) 2

g p(z, a) dA(z)

≥

∫

D

|ϕ(z)|2
n+1 |ϕ ′(z)|2

(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z).

Since a ∈ D was arbitrary, we obtain that

2(C2‖Cϕ‖
2
e + ε) ≥

1

e
lim

n→∞
sup
a∈D

∫

{z:|ϕ(z)|>1−2−(n+1)}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z).

Thus we have

2e(C2‖Cϕ‖
2
e + ε) ≥ lim

r→1
sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z).

Since ε was arbitrary, the lower estimate follows.

We now calculate the upper estimate. To do this, we consider a sequence of com-

pact linear operators Ck : B → B or Ck : B0 → B0, k ∈ N, defined by Ck f (z) =

f ( k
k+1

z), z ∈ D. Let ψk(z) := k
k+1

z, so that Ck f = f ◦ ψk. For k ∈ N fixed we have

‖Cϕ‖
2
e ≤ ‖Cϕ −CϕCk‖

2
= ‖Cϕ(Id −Ck)‖2

= sup
‖ f‖≤1

sup
a∈D

∫

D

∣

∣ ( f − f ◦ ψk) ′
(

ϕ(z)
) ∣

∣

2
|ϕ ′(z)|2g p(z, a) dA(z).(3)
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Let 0 < r < 1 be fixed. Then (3) is less than

sup
‖ f‖≤1

sup
a∈D

∫

{z:|ϕ(z)|>r}

∣

∣

(

f − f ◦ ψk) ′(ϕ(z)
)
∣

∣

2
|ϕ ′(z)|2g p(z, a) dA(z)

+ sup
‖ f‖≤1

sup
a∈D

∫

{z:|ϕ(z)|≤r}

∣

∣ ( f − f ◦ ψk) ′(ϕ(z)
)
∣

∣

2
|ϕ ′(z)|2g p(z, a) dA(z) =: Ik + Jk.

To estimate the first term Ik observe that, for ‖ f ‖B ≤ 1 and z ∈ D,

| f ′(z)| ≤
1

1 − |z|2
.

Since ‖ f ◦ ψk‖B ≤ ‖ f ‖B, we obtain

Ik ≤ sup
a∈D

∫

{z:|ϕ(z)|>r}

(

2

1 − |ϕ(z)|2

) 2

|ϕ ′(z)|2g p(z, a) dA(z).

For the second term Jk, since Cϕz = ϕ ∈ Qp we get that

M := sup
a∈D

∫

D

|ϕ ′(z)|2g p(z, a) dA(z) <∞.

Thus,

Jk ≤ M sup
‖ f ‖≤1

sup
{z:|ϕ(z)|≤r}

∣

∣ ( f − f ◦ ψk) ′(ϕ(z)
)
∣

∣

2
.

The sequence of operators (Id −Ck)k satisfies limk→∞(Id −Ck)g = 0 for each g in

H(D), and the space H(D) endowed with the compact open topology co is a Fréchet

space. Further, D :
(

H(D), co
)

→
(

H(D), co
)

defined by D f = f ′ is a contin-

uous linear operator. Therefore, by the Banach-Steinhaus theorem, the sequence

D ◦ (Id −Ck)k converges to zero uniformly on the compact subsets of
(

H(D), co
)

.

Since the closed unit ball of B is a compact subset of
(

H(D), co
)

we conclude that

lim
k→∞

sup
‖ f‖≤1

sup
{z:|ϕ(z)|≤r}

∣

∣ ( f − f ◦ ψk) ′(ϕ(z)
) ∣

∣

= 0.

Consequently,

‖Cϕ‖
2
e ≤ lim sup

k→∞

‖Cϕ −CϕCk‖
2 ≤ lim sup

k→∞

Ik + lim sup
k→∞

Jk

≤ 4 sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

g p(z, a) dA(z),

and the proof is complete.
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Lemma 7

(a) Assume that Cϕ defines a bounded operator from B into Qp, where 0 < p < ∞.

Then

lim sup
|a|→1

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

≥ lim
r→1

sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z).

(b) Suppose that Cϕ defines a bounded operator from B0 into Qp,0, where 0 < p <∞.

Then

lim
r→1

sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

= lim sup
|a|→1

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z).

Proof (a) Let 0 < δ < 1 be fixed. By Theorem 1.8 in [SZ] boundedness of Cϕ

implies that

sup
a∈D

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z) <∞.

By Lemma 2.3 in [SZ] this integral is a continuous function at any a ∈ D. Thus it

follows by compactness of {a : |a| ≤ 1 − δ} that

lim
r→1

sup
|a|≤1−δ

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z) = 0.

For any r ∈ (0, 1),

sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

≤ sup
1−δ<|a|<1

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

+ sup
|a|≤1−δ

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z).

By letting r → 1 in the above inequality, we get

lim
r→1

sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

≤ sup
1−δ<|a|<1

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z),
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which is valid for all δ ∈ (0, 1). Thus the result follows as δ → 0.

(b) Since ϕ ∈ Qp,0,

lim
|a|→1

∫

D

|ϕ ′(z)|2hp(z, a) dA(z) = 0.

Let 0 < r < 1 be fixed. Then

lim
|a|→1

∫

{z:|ϕ(z)|≤r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

≤ (1 − r2)−2 lim
|a|→1

∫

D

|ϕ ′(z)|2hp(z, a) dA(z) = 0.

Thus

lim
r→1

sup
a∈D

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

≥ lim
r→1

lim sup
|a|→1

∫

{z:|ϕ(z)|>r}

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z)

= lim sup
|a|→1

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z).

Since part (a) is also valid for bounded composition operators from B0 into Qp,0, the

statement follows.

Corollary 8 Assume that Cϕ defines a bounded operator from B into Qp or from B0

into Qp,0, where 0 < p <∞. Then Cϕ is compact if

(4) lim
|a|→1

∫

D

|ϕ ′(z)|2
(

1 − |ϕ(z)|2
) 2

hp(z, a) dA(z) = 0.

As a partial converse, if Cϕ : B0 → Qp,0 is compact, then (4) holds.
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