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Abstract. In this paper we present a generalization to higher dimensions of the
techniques for computation of the entropy of graphs in dimension one. Following
these methods, we obtain a lower bound for the topological entropy of a differentiable
map F:R" > R"” possessing a snap-back repeller.

1. Introduction
The mathematical modelling of several real world dynamics problems leads to
retarded functional differential equations. If one wishes to obtain numerical results,
one is led to discrete difference equations. Thus the evolution (in time) of the process
is translated into an iteration of a map F:I <R - R, where I is an interval. For this
map, one can study, from the point of view of dynamical systems, for instance, the
existence of periodic orbits. These orbits are then interpreted, in the model, as real
pathological effects. This is usually the case in some physiological phenomenon
(haematopoiesis, Cheyne-Stokes breathing, [6], [8]). In some other cases the
existence of more complicated behaviours such as the existence of an infinite number
of periodic orbits with a random distribution on the domain I of the continuous
function F:I- I may be more significant. This randomness has been called chaos
by Li and Yorke under the assumption that the following conditions hold:

(H1) For every k=1,2... there exists a periodic point in I with period k.

(H2) There exists a non-denumerable set S c I (consisting of non-periodic points)
satisfying the following assumptions:

(A) For every p, q€ S, p#q,

lim sup || F"(p) - F"(q)||>0,
lim inf || F"(p) - F"(g)|| = 0.
(B) For every pe S and every periodic point g I
lim sup || F"(p) - F"(q)]>0.

We require F to satisfy several conditions in order to guarantee the existence of
chaos [5], [4]. A generalization of chaos in the sense of Li and Yorke, is given in
[7] for a differentiable map F:R" > R". The existence of chaos in this case is assured
by the existence of a snap-back repeller for F, that is, by the existence of an expansive
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fixed point Z of F in B,(Z) for some r> 0, such that there exists X, B,(Z) with
Xo# Z, FM(X,) = Z and | DF™(X,)| # 0 for some positive integer M. (B,(X) stands
for the closed ball in R” with radius r and centre at X, and é,(X ) its interior.)
However, the information we may have about a system and in consequence about
the grade of disorder of it, is understood perfectly when we use the concept of
topological entropy (see [1] and especially [3] to compute the topological entropy
using the concept of the graph of a map). For this reason, we prefer to characterize
the chaos in terms of ‘positive topological entropy’. In this direction we have
developed a method in [2] where we show the positivity of the topological entropy
for a differential equation with delay. In what follows we shall use similar ideas in
order to prove a theorem analogous to that of [7] in a more general context.

THEOREM 1. Let F:R" >R" be a differentiable map. If F has a snap-back repeller,
then F has positive topological entropy.

2. Techniques of entropy of graphs; extension to dimension n>1

The methods of determining entropy of graphs for continuous maps F:I->R or
F:8'> S' (§'={zeC:|z|]=1}, I a real interval), have been extensively studied in
[3]. In what follows we extend the ideas to dimension n> 1.

Let F: E - E continuous, where E is a compact subset of R". Let U ={U,, ..., U}
be an open cover of E such that U;n U;= for i #j. Now, let U={U,,..., U,}.
Given K, I = E compact sets, we say that I is an F-cover of K if there exists a
compact set I,< I such that F(I,) = K. We say that I F-covers K, n times if there
exist I,..., I, compact sets with disjoint interiors such that F(I,)=K for i=
1,...,n

Definition 1. A U-graph of F is a generalized oriented graph with vertices U,, ..., U,,
such that if U; is an F-cover of Uj n times, but not n+1 times, then there are n,
but not n+1, arrows from U, to U,.

Using these definitions, we are in a position to construct the matrix associated to
the graph and compute its topological entropy following the lines of [3].

3. Proof of theorem 1; construction of the graph and conclusions
The hypothesis that F has a snap-back repeller assures the existence of a sequence
of compact sets {B,}r-_. (homeomorphic to the open unit ball in R") satisfying:

(a) B,~»z as k- —o0;

(b) F(Bi)= Bys;

(¢) F is one-to-one in By;

(d) BenBy=0, 1=k=M,

(e) Ze I§M.

In what follows and using this sequence, we shall construct the graph G associated
to the map F with respect to itself.

Let Z be a snap-back repeller of F, and X, € B,(Z), X,# Z, FM(X,)=Z, and
|DF™(X,)| # 0, where Z is expanding in B,(Z). There exists ¢ € (0, r), and a function
G defined on B,(Z) such that G is one-to-one, G(Z) = X,, G™(X)=FM(X) for
every X € G(B.(2)).
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Let A= G[B.(Z)]. We consider B,= A and By, = B,(Z). Taking into account
that F~' is contractive and that A is compact, one can construct the sequence
{BJ}M',, [7]. Note that if Z € B_, then there exists p such that Ze[F ?(B_;)]=
ﬁ_r_p and B_r_, satisfies the same conditions as B_r when Z¢ B_r.

In the study of the map F:R"” > R", we can restrict to a compact subset of R"
provided that the snap-back repeller belongs to that set. Let E be a compact subset
of R" and assume that F: E - E. Let U = {B,}4~"\1+,) the family of compact subsets
we have just constructed. Without loss of generality we can assume that the family
of open sets U ={B,} 2} r.,) is such that B, B;= if i #j. Using the results of
§ 2, we can construct the U-graph, G, associated to F. If we order the vertices of
this graph according to the sequence:

BM—la B—(T+p) LR B—T, B—T+1 s B—l’ BO, LR BM—2a
we get the following matrix D associated to the graph G

0 1 1 P [ PN 1 0 P 0
0 0 1 0
D= 0 0 0 1 0 e ee s ee aee aee 0

Now, the entropy of the graph G is given by the spectral radius of D. In our case,
Byy_, is a rome. Hence, the characteristic polynomial of D is given by:

p(X) — (_1)(p+T+M)—lx(p+T+M)¢(X)’
where
¢(X) = X—(p+T+M)+X—(p+T+M—1)+_ . '+X—(T+M)— 1.

Studying the zeros of this polynomial, we can write h(G)> 0. Finally, by [3] we
know that

h(F)= h(G).
This gives us a positive lower bound for the topological entropy of the map F.
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