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Abstract

We use the tropical geometry approach to compute absolute and relative enumerative
invariants of complex surfaces which are CP 1-bundles over an elliptic curve. We also
show that the tropical multiplicity used to count curves can be refined by the standard
Block–Göttsche refined multiplicity to give tropical refined invariants. We then give
a concrete algorithm using floor diagrams to compute these invariants along with the
associated interpretation as operators acting on some Fock space. The floor diagram
algorithm allows one to prove the piecewise polynomiality of the relative invariants, and
the quasi-modularity of their generating series.
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1. Introduction

1.1 Overview
The goal of this paper is to study classical enumerative invariants of some ruled surfaces over an
elliptic curve CE, generalizing the case of the trivial CP 1-bundle CE × CP 1 studied by Böhm,
Goldner and Markwig in [BGM22]. The principal tool is a correspondence theorem that relates
the classical enumerative invariants to tropical counts of curves in suitable affine integer mani-
folds. Once in the scope of tropical geometry, it is then possible to use combinatorial techniques
to relate the tropical counts to counts of floor diagrams and compute generating series using a
Fock space approach.

Enumerative geometry. The varieties we are interested in are ruled surfaces over an elliptic
curve. The latter are classified in [Har13]. According to the classification, all but two are of the
following form: take an elliptic curve CE and a line bundle L over it, and then consider the
projectivization P(L ⊕O), where O is the trivial bundle, in order to get a complex surface that
is a CP 1-bundle over CE. Such a surface is denoted by CX. If the degree δ of the line bundle is
non-zero, it can assumed to be positive and there is only one surface up to isomorphism which
is thus denoted by CXδ. If the degree is 0, surfaces are classified by α ∈ CE � Pic0CE up to
inversion and the corresponding surface is denoted by CX0,α.

Remark 1.1. Theorems 2.12 and 2.15 in the Surfaces chapter from [Har13] classify CP 1-bundles
over an elliptic curve, which are by definition obtained by projectivizing a rank 2 vector bundle.
In this paper, we only consider the surfaces associated to the decomposable ones. There are
exactly two other surfaces up to isomorphism obtained from undecomposable one, and are not
handled in this paper.

Constructed as a projectivization P(L ⊕O), the surfaces CX contain several distinguished
curves: the 0-section E0 image of e ∈ CE �→ [0 : 1] and the ∞-section E∞ image of z ∈ CE �→
[l : 0]. It also contains the fibers of CX → CE. The second homology group of CX generated
by the class of a fiber F and the zero section E0. We can then count the number of genus g
curves in some homology class d1E0 + d2F passing through a suitable number of points. Such a
count happens not to depend on the choice of the points as long as it is generic, nor the choice
of the elliptic curve. It only depends on the choice of L through its degree δ, as long as L is
generically chosen if this degree is 0. The paper aims at providing a concrete way to compute
these invariants. Similarly, it is also possible to count curves with a fixed tangency profile with
the divisors E0 and E∞. One thus obtains instead so-called relative invariants.
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Correspondence theorems and tropical geometry. In the case of toric surfaces, a major break-
through in the computation of enumerative invariants was realized in the beginning of the 21st
century with the use of tropical geometry. In [Mik05], Mikhalkin proved a correspondence theorem
that relates counts of classical curves passing through some specified points, and counts of trop-
ical curves in R2 satisfying the same kind of conditions. Using different techniques, namely
log-geometry, Nishinou and Siebert [NS06] also proved a similar correspondence theorem. Both
approaches were generalized to various settings with new different kinds of constraints, for
instance with the insertion of ψ-constraints. See [Shu06, Tyo12, Tyo17, MR20] or [CJMR21]
for generalizations or other proofs of the correspondence theorem.

Unfortunately, the tropical geometry approach is often restricted due to the possible appear-
ance of so-called superabundant tropical curves in some situations. For such curves, the dimension
of the space in which the tropical counterparts to the classical curves vary does not match the
dimension of the associated complex space. This complicates the correspondence. For instance,
in [Nis20], Nishinou gives a correspondence theorem for curves in abelian surfaces, which are all
superabundant. In our case, superabundant curves can occur for the spaces TX0,α coming from
a torsion element α. In the case of the trivial bundle handled in [BGM22], this is avoided due to
the fact that the superabundance comes from curves that realize sections of the line bundle, for
which the realization theorem is easily proved.

Tropical geometry and concrete computations. The use of a suitable correspondence theorem
allows one to reduce a complex count to a tropical count, whose computation is still waiting to
be carried out. Computing the tropical invariants can be a rather difficult combinatorial task.
In the case of invariants in toric surfaces, the tropical Caporaso–Harris formula, which is proved
in the tropical setting in [GM07a], allows one to carry out the computation for the case of the
projective plane CP 2. It also computes enumerative invariants relative to a line. The idea of the
tropical proof of the formula is to choose the points constraints in a degenerated way, so that
the tropical curves split into simple pieces that are easier to handle. An iterated application of
the Caporaso–Harris formula leads the tropical curve that we are looking for to break into small
pieces and adopt a so-called floor decomposition. This amounts to choose the points through
which the tropical curves pass in a stretched position. The fact that the curve break allows
to project the problem onto the direction in which the points are stretched and reduce the
2-dimensional enumerative problem to a 1-dimensional enumerative problem.

Concrete computations and floor diagrams. Following the iteration of the Caporaso–Harris
formula, it only suffices to handle tropical curves passing through a stretched position. To this
end, Brugallé and Mikhalkin introduced floor diagrams in [BM07] and [BM08]. These were later
used, for instance, by Mikhalkin and Fomin in [MF10]. They enable concrete, and to some extent
efficient, computations of tropical invariants. The use of floor diagrams has since been generalized
to other situations, for instance by Block and Göttsche [BG16a] to refined enumerative invari-
ants, and by Cavalieri, Johnson, Markwig and Ranganathan [CJMR18, CJMR21] to compute
descendant Gromov–Witten invariants of Hirzebruch surfaces.

Presented this way, floor diagrams may appear to be a mainly toric object, taking its meaning
in tropical geometry. Yet, they also appear in non-toric situations, see [Bru15], where the heuristic
of floor diagrams in more general situations is explained.
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Floor diagrams and Fock space. The use of floor diagrams essentially reduces a 2-dimensional
enumerative problem to a 1-dimensional one. It reduces a problem on tropical curves to a prob-
lem on tropical covers. Tropical covers are maps between graphs studied in [Cap14] and [CJM10].
It also emphasizes some deep relation between planar geometry, and operators on a Fock space.
This approach was pioneered by Cooper and Pandharipande in [CP17], where they relate Sev-
eri degrees of CP 1 × CP 1 and CP 2 to matrix elements of exponential of some operator on a
Fock space. This approach was generalized in [BG16a] to a wider family of toric surfaces, and
in [CJMR21] for Hirzebruch surfaces with the insertion of descendant conditions.

The dimension reduction coming from the use of floor diagrams essentially comes from the
existence of a projection. In the case of toric surfaces, although it is possible to project in several
directions, each time one obtains a problem on a line. When we do enumeration in, for instance,
the trivial bundle TE × TP 1, there are now two directions in which one can project: the vertical
direction projects onto a line and the horizontal direction projects onto a circle. In [BGM22], the
authors use the projection to TE to relate enumerative invariants of TE × TP 1 to some counts
over an elliptic curve, relating to some other problems they studied in [BGM18]. Such projection
over a circle also relates to a Fock space interpretation using a trace formula which was already
noticed in [CP17] to compute some invariants of CE × CP 1.

Tropical geometry and refined invariants. The correspondence theorem [Mik05] for toric sur-
faces expresses the multiplicity of a tropical curve as a product over the vertices of the tropical
curve. In [BG16b], Block and Göttsche proposed to replace the vertices multiplicity m by their
quantum analog [m]q = (qm/2 − q−m/2)/(q1/2 − q−1/2), which is a symmetric Laurent polynomial
in the variable q. This new multiplicity is called refined, since it specializes to the usual complex
multiplicity when q is set equal to 1. In [IM13], Itenberg and Mikhalkin proved that for the
tropical enumerative problem of counting curves of fixed genus in a toric surface passing through
a suitable number of points, the refined multiplicity from Block–Göttsche also provides an invari-
ant. Furthermore, the setting in which Block and Göttsche extended the results from [CP17] in
[BG16a] is already adapted to their refined multiplicities, as they consider a deformed version of
the Fock space and Heisenberg algebra from [CP17]. In this way, their computations yield the
refined invariants versions of Severi degrees considered in [BG16b] and [IM13] rather than the
usual ones. The meaning of these tropical refined invariants remains an intense area of studies
[GS14, Bou19, Mik17, Blo21] that have already been generalized to different settings [Blo22,
GS19, BS19, SS18], but remain quite mysterious.

1.2 Results
We now develop the various results of the paper, and their role in the previous considerations.

Complex setting. We consider enumeration of curves in CX, which is either CXδ or some
CX0,α for a generic choice of α. A curve in CXδ is said to be of bidegree (d1, d2) if it realizes the
homology class d1E0 + d2F , where E0 is the class of the zero section, and F the class of a fiber.
The number of genus g irreducible curves of bidegree (d1, d2) passing through δd1 + 2d2 + g − 1
points in general position is denoted by N δ,cpx

g,(d1,d2). The count including reducible curves is denoted
with a •. This count happens not no depend on the choice of the point configuration as long as
it is generic, nor the choice of the elliptic curve, and only depends on the surface through the
degree δ. See § 2 for details.

Remark 1.2. The genus of a curve CC is defined to be g = 1 − χ(CC). In particular, the genus
of a reducible curves with r components CCi is 1 − r +

∑r
1 g(CCi).
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A curve of bidegree (d1, d2) has δd1 + d2 intersection points with the 0-section E0, and
d2 intersection points with the ∞-section E∞. Thus, one can further look for genus g curves
of bidegree (d1, d2) that have a specified intersection profile with E0 and E∞. Such data are
given by two partitions μ0 � δd1 + d2 and μ∞ � d2 (� n meaning partition n; see the end of the
Introduction for notation about partitions). A curve is said to have tangency profile (μ0, μ∞) if
it has μ0i (respectively, μ∞i) points of tangency index i with E0 (respectively, E∞).

We want to impose additional conditions of two types: having a tangency of order i at a
specific point of E0 (respectively, E∞), having a tangency of order i somewhere on E0 (respec-
tively, E∞). To this extent, let μ0, ν0, μ∞, ν∞ be four partitions such that μ0 + ν0 � δd1 + d2 and
μ∞ + ν∞ � d2, one denotes by N δ,cpx

g,(d1,d2)(μ0, μ∞, ν0, ν∞) the number of irreducible curves passing
through |ν0| + |ν∞| + g − 1 points in generic position such that:

– we have μ0i (respectively, μ∞i) intersection points of tangency index i at specified points of
E0 (respectively, E∞);

– we have ν0i (respectively, ν∞i) more intersection points of tangency index i at unspecified
points of E0 (respectively, E∞).

Similarly, the number with a • denotes the number including the reducible curves. This is
exactly the analog of the enumerative problem defining the invariants Nd,g(α, β) involved in the
Caporaso–Harris formula from [GM07a]. They also do not depend on the choice of the constraints
as long as they are generic, nor the choice of the elliptic curve, and they only depend on CX
through the degree δ.

Tropical setting. In the tropical world, one defines tropical counts of genus g tropical curves
of bidegree (d1, d2) in the tropical surface TX, which is the total space of some tropical line
bundle over a tropical elliptic curve TE. Briefly, they are constructed as follows, see § 3 for more
details.

– In the case of the trivial line bundle, this total space is just TE × R ⊂ TE × TP 1, where TE
is a tropical elliptic curve. Topologically, a tropical elliptic curve is just a circle. Thus, TE × R

is an open cylinder, and TE × TP 1 is a compact cylinder. Another way to obtain it is to take
the strip [0; l] × R ⊂ R2 and to identify the points (0, y) and (l, y).

– For a non-trivial degree 0 line bundle, we still take the strip [0; l] × R ⊂ R2 but identify the
two sides by a translation of size α. Only the value of α mod l is important, and we get a
cylinder TX0,α.

– If the line bundle is of non-zero degree, the total space TXδ is still a cylinder but with a non-
trivial integer structure. It can be constructed from the strip [0; l + ε[×R identifying the small
strips [0; ε[×R and [l; l + ε[×R by a shear transformation. In other words, still viewing it as
some quotient of the strip [0; l] × R identifying both sides, a line that crosses the right boundary
component of the strip comes back from the left boundary component with a different slope.
Only the degree δ matters and we get cylinders TXδ.

Correspondence theorem. We provide a theorem that gives a correspondence between the
count of complex curves in CX which are solution to the previous enumerative problem, and
the count of tropical curves inside TX solution to the analog tropical problem, counted with
their usual multiplicity as a product over the vertices. If h : Γ → TX is a trivalent parametrized
tropical curve (see § 3 for definitions), its multiplicity is

mC
Γ =

∏
V

mV ,
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where the product is over the trivalent vertices mV = |det(aV , bV)|, with aV and bV are two out
of the three outgoing slopes of h. In contrast to the toric case, there is no unique affine chart
for TX, so slopes are not really defined, but fortunately, the determinant is invariant under a
change of chart, so that the multiplicity is well-defined.

Theorem 4.13. The count of genus g parametrized tropical curve of bidegree (d1, d2) in TX
passing through δd1 + 2d2 + g − 1 points in general position with multiplicity mC

Γ does not
depend on the choice of the points and satisfies

N δ,cpx,•
g,(d1,d2) = N δ,trop,•

g,(d1,d2) and N δ,cpx
g,(d1,d2) = N δ,trop

g,(d1,d2).

The count of genus g parametrized tropical curve of bidegree (d1, d2) in TX and tangency profile
(μ0 + ν0, μ∞ + ν∞), prescribed tangencies at |μ0| points on E0 and |μ∞| points on E∞, passing
through |ν0| + |ν∞| + g − 1 points in general position with multiplicity (1/Iμ0+μ∞)mC

Γ (where
Iμ =

∏
i i

μi) does not depend on the choice of the constraints and satisfies

N δ,cpx,•
g,(d1,d2)(μ0, μ∞, ν0, ν∞) = N δ,trop,•

g,(d1,d2)(μ0, μ∞, ν0, ν∞),

N δ,cpx
g,(d1,d2)(μ0, μ∞, ν0, ν∞) = N δ,trop

g,(d1,d2)(μ0, μ∞, ν0, ν∞).

Tropical refined enumeration. Then, we show that replacing the complex multiplicity with
the refined multiplicity from Block–Göttsche yields a tropical invariant. Following the definition
of the complex multiplicity preceding the correspondence theorem, the refined multiplicity is
defined as

mq
Γ =

∏
V

[mV ]q =
∏
V

qmV /2 − q−mV /2

q1/2 − q−1/2
∈ Z[q±1/2].

Theorem 4.17. The count of genus g parametrized tropical curve of bidegree (d1, d2) in TX
passing through δd1 + 2d2 + g − 1 points in general position with multiplicity mq

Γ does not
depend on the choice of the points as long as it is generic.

Remark 1.3. The analog statement for the relative refined counts, i.e. the refined count of curves
with the tangency conditions to E0 and E∞ is also true. The invariance with respect to the
choice of the tropical elliptic curve TE follows from a scaling argument, and the independence
on the choice of the cylinders if δ = 0 follows from the computation using floor diagrams.

Floor diagram algorithm. Following [BM07], we introduce suitable floor diagrams and their
multiplicities to provide an algorithm to compute the invariants involved in the above theo-
rems, both classical and refined. As in the toric surface case, the floor diagram algorithm can
also be seen as the iterated version of some Caporaso–Harris-type formula, which is stated in
Theorem 5.22.

Generating series and behavior of the invariants. The floor diagram algorithm enables a
concrete computation of the invariants. Although this could be the sought purpose, it is often
more interesting to study the behavior of and the regularity of the families of invariants, vary-
ing some of their arguments, such as the genus or the degree. For instance, consider double
Hurwitz numbers, which are cover of CP 1 satisfying specific ramification data. There is a way
to use tropical geometry to compute them. It was observed in [GJV05], and later studied in
[SSV08], that double Hurwitz numbers with a prescribed number of ramification points are
piecewise polynomial functions. This was recovered using tropical geometry in [CJM10]. Such
behavior was also proved for double Gromov–Witten invariants of Hirzebruch surfaces in [AB17].
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We here prove a similar statement: we use the floor diagrams to prove a polynomiality state-
ment for the relative Gromov–Witten invariants of CX. We consider partitions ν0 and ν∞ of
fixed length l0 and l∞, but of arbitrary size, provided that they satisfy ‖ν0‖ − ‖ν∞‖ = δd1 for
some fixed d1. Let d2 = ‖ν∞‖. We look for curves of genus g of fixed bidegree (d1, d2) and tan-
gency profile (ν0, ν∞) passing through l0 + l∞ + g − 1 points in general position. We consider a
partition ν of fixed length l as a tuple (ν1, . . . , νl).

Theorem 6.6. For any fixed genus g, degree d1, partition lengths l0 and l∞, the function
(ν0, ν∞) �→ N trop

g,(d1,d2)(0, 0, ν0, ν∞) is a piecewise polynomial function in the variables ν0,1, . . . , ν0,l0 ,
ν∞,1, . . . , ν∞,l∞−1.

Recently, Brugallé and Puentes [BJ22] proved a polynomiality statement for the coefficients
of a fixed codegree in the families of refined invariance of toric surfaces. Such a behavior could
also be studied for the hereby introduced refined invariants using the floor diagrams.

In the case of the CX0,α, instead of varying the intersection number with the zero-section d2,
it is also possible to vary the intersection number with a fiber d1. The floor diagrams introduced
in this paper allow one to recover the quasi-modularity statement from [BGM22]. Similarly
to the polynomiality, the quasi-modularity is also a desirable property because it allows for a
control of the asymptotic of the coefficients. Quasi-modular functions are a generalization of
the modular forms, which are functions having nice transformations properties with respect to
the action of the modular group PSL2(Z). Following [KZ95], quasi-modular forms express as
a polynomial in the Eisenstein series G2, G4 and G6, where G2k(y) =

∑∞
1 (

∑
d|n d

k)yn up to
an affine transformation. They are stable by the operator D = y(d/dy). The following theorem
also generalizes the statement from [BGM22] because it also encompasses the case of relative
invariants.

Theorem 6.9. For fixed g, d2, μ0, μ∞, ν0 and ν∞, the generating series

Fg,d2(μ0, μ∞, ν0, ν∞)(y) =
∑
d1

N trop
g,(d1,d2)(μ0, μ∞, ν0, ν∞)yd1,

are quasi-modular forms.

Fock space approach. Finally, we adapt the considerations of [BG16a] to our setting using our
floor diagrams to relate the enumerative invariants to some matrix coefficients of some operators
in a Heisenberg algebra acting on a Fock space, which is the content of Theorem 7.4. This allows
one to express the generating series of the invariants considered in the paper.

1.3 Further directions
We now give several directions in which the result of the papers could be extended.

Descendant invariants. One further direction would be to add ψ-constraints, as in [CJMR21].
It should be possible to adapt the setting, at least for degree 0 line bundles, to compute descen-
dant Gromov–Witten invariants of line bundles over an elliptic curve, and express their generating
series in term of other operators on the Fock space. This corresponds to counting tropical curves
with vertices which are not trivalent anymore. However, this computation remains formal since
it only reduces the computation of descendant invariants to descendant invariants with a unique
point condition, which remain to be computed. Moreover, the appearance of superabundant
curves needs to be handled carefully.
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Real refined enumeration. In some situations, namely in [Mik17] and [Blo21], the tropical
refined invariants are connected to some refined real enumerative invariants. More precisely,
we perform a signed count of real rational curves with prescribed tangency conditions on the
toric boundary of the considered variety, refined by the value of a suitable quantum index.
Unfortunately, except the fibers, the surfaces CX do not contain any rational curves. However,
some recent results of Itenberg and Shustin [IS23] proved that a real refined invariance result for
genus 1 curves in some toric surfaces. One could look into a possible generalization of the result
to the case of CX.

1.4 Plan of the paper
The paper is organized as follows.

– In § 2, we introduce the surfaces CX and present enumerative problems in it, leading to the
definition of the enumerative invariants.

– In § 3, we translate the first section in the tropical setting, introducing the tropical spaces TX.
We also define tropical curves inside TX.

– In § 4, we prove the main abstract results of the paper by giving the correspondence theorem to
relate the tropical setting to the complex setting, and the tropical refined invariance statement.

– In § 5, we get to the computational point of view by introducing floor diagrams that provide
an algorithm to compute the invariants introduced in the preceding sections, and give some
consequences such as a Caporaso–Harris-type formula.

– Section 6 is devoted to some examples and consequences of the use of floor diagrams.
– Finally, we provide an alternate point of view on floor diagrams using operators on some Fock

space.

1.5 Notation
If μ = (μ1, μ2, . . .) is a partition of an integer d, meaning

∑
iμi = d, we write μ � d. We set

|μ| =
∑

μi, ‖μ‖ =
∑

i

iμi, Iμ =
∏

i

iμi .

If ν is a second partition, we say that ν � μ if νi � μi for each i, and we set(
μ
ν

)
=

∏
i

(
μi

νi

)
.

2. Complex setting

2.1 Ruled surfaces over an elliptic curve
We consider ruled surfaces (i.e. CP 1-bundles) over an elliptic curve CE. They are constructed as
the projectivization P(V) of a rank 2 vector bundle V → CE. These ruled surfaces are classified
in [Har13]. We have the following alternative:

– either V does split as the sum of two line bundles, in which case the ruled surface is of the
form P(L ⊕O) for some line bundle L on the elliptic curve CE;

– or V does not split, and it leads to two distinct ruled surfaces up to isomorphism [Har13].

We refer to [GH14] for an introduction to line bundles and divisors on curves. Moreover, as
elliptic curves are one-dimensional abelian varieties, we also refer to the section of [GH14] for
the construction of line bundles over abelian varieties as quotient of the trivial bundle on (C∗)n

(here just C∗), writing the abelian variety as a quotient of (C∗)n. Here, CE can be written of the
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form C∗/〈λ〉. Assume that CE = C∗/〈λ〉. Let α ∈ C∗ and δ ∈ Z. Then the quotient of C∗ × C

(respectively, C∗ × C∗ or C∗ × CP 1) by the action generated by

(z, w) �−→ (λz, αzδw),

is a line bundle (respectively, C∗-bundle or CP 1-bundle) over CE = C∗/〈λ〉. It is of degree δ.
Moreover, up to isomorphism, every line bundle is of this form.

We specifically care about the ruled surfaces of the form P(L ⊕O). The line bundle L can be
assumed to be of degree δ � 0. The ruled surfaces are then classified by the degree δ if δ > 0, or
by L ∈ Pic0(CE) up to inversion if δ = 0 since a line bundle and its opposite yield biholomorphic
complex surfaces. This is due to the fact that CE acts by translation on itself, and the induced
action is transitive on the set of degree δ line bundles if δ = 0, and trivial on the set of degree 0
line bundles. In the following, we assume that L is given of non-negative degree. If δ > 0, we
denote the ruled surface by CXδ, and if δ = 0, we denote the surface associated to an element
α ∈ Pic0(CE) � CE by CX0,α. When we do not care about which surface, we just write CX.

Remark 2.1. By abuse of notation, if δ = 0, α ∈ C∗ also denotes the line bundle in Pic0(CE) �
CE. Indeed, up to a change of basis of the form (z, wzk), we see that α only matters up to
multiplication by λ, meaning α ∈ C∗/〈λ〉 = CE.

The second homology group of CX is generated by the class F of a fiber, and E0 of the
0-section z ∈ CE �→ [0 : 1]. Note that we also have an ∞-section E∞ given by z ∈ CE �→ [l : 0].
Their classes satisfy

E∞ = E0 − δF.

The Chern class c1(CX) ∈ H2(CX,Z) satisfies the following:

– c1(CX) · F = 2 since the tangent bundle of P(L ⊕O) restricted to a fiber is the sum of the
trivial bundle and tangent bundle of CP 1, which is isomorphic to O(2);

– c1(CX) · E0 = δ since the tangent bundle of CX restricted to E0 is the sum of the tangent
bundle of CE, which is trivial, and the line bundle L, which has Chern class δ;

– using the relation between E∞, E0 and F , we get that c1(CX) · E∞ = −δ, which is
unsurprisingly the Chern class of L−1, for which the 0-section and ∞-section are switched.

2.2 Curves in the total space and enumerative problems
2.2.1 Dimension of the moduli space of curves. We now consider curves inside the ruled

surfaces CX.

Definition 2.2. We say that a curve ϕ : CC → CX, where CC is a genus g Riemann surface,
is of bidegree (d1, d2) if it realizes the class d1E0 + d2F .

Remark 2.3. Recall that the genus of a curve CC is defined by the relation χ(CC) = 2 − 2g. If
the curve is irreducible, its first Betti number is 2g, but this is no longer the case if it is reducible.

Example 2.4. The sections of the line bundle L realize the homology class E0 and are therefore
curves of bidegree (1, 0). Meromorphic sections with a poles realize the class E0 + aF .

For a class to be realizable, except E∞ itself, it has to intersect non-negatively with E∞
and F , implying that d1, d2 � 0. Conversely, as both E0 and F are realized by complex curves,
the cone of realizable class is defined by d1, d2 � 0.

Let M(CX, (d1, d2)) be the moduli space of curves of bidegree (d1, d2) inside CX. If the
Picard group of CX was of rank 0, it would just be P(H0(CX,L(d1,d2))), where L(d1,d2) is a line
bundle on CX having Chern class (d1, d2). as the Picard group is not of rank 0 but of rank 1,
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M(CX, (d1, d2)) is a projective bundle over Pic0(CE). Its dimension is given by the adjunction
formula and is

dimM(CX, (d1, d2)) =
(δd1 + 2d2)(d1 + 1)

2
.

We now give the Proposition 15 from [KS13], adapted to our setting: it is valid for any projective
surface up to replacing the linear system by curves in a fixed class. It allows us to compute the
dimension of the space of curves inside CX.

Proposition 2.5 [KS13]. Let W be an irreducible subvariety of M(CX, (d1, d2)), let CW →W

be the tautological family of curves, let C̃W → CW be the normalization, let fW : C̃W → CX be
the natural morphism, and let 0 ∈W be a general closed point. Assume that the curve C0 is
reduced.

(i) There exists a natural embedding T0W ↪→ H0(C̃0,Nf0/N tor
f0

), where N denotes the normal
sheaf and T0W the tangent space to W .

(ii) If c1(CX) · C � 1 for any irreducible component C ⊂ C0, then

dimW � h0(C̃0,Nf0/N tor
f0

) � c1(CX) · (d1, d2) + pg(C0) − 1.

(iii) If we have equality in item (ii) and c1(CX) · C � 2 for an irreducible component C of C0,
then C is immersed.

(iv) If item (ii) is an equality and c1(CX) · C � 2 for any irreducible component C of C0, then
Nf0 is invertible and the map from item (i) is an isomorphism.

The proposition asserts that provided δd1 + 2d2 � 1, which is always satisfied unless d1 =
d2 = 0, or δ = d2 = 0, any irreducible component of the space of reduced genus g curves of
bidegree (d1, d2) inside M(CF, (d1, d2)) is of dimension at most δd1 + 2d2 + g − 1. Furthermore,
if we consider only irreducible curves and we assume δd1 + 2d2 � 2, which is always satisfied
unless δ = 0 and d2 = 0, or δ = 1 and (d1, d2) = (1, 0), curves are immersed. If δ = 1, curves of
bidegree (1, 0) are just sections of the bundle, so the dimension count is given by Riemann–Roch
and the fact that the curves are immersed is obvious. If δ = 0, beside E0 and E∞, we later show
in Proposition 2.13 that curves of bidegree (d1, 0) can only occur if the line bundle L is torsion.
If it is chosen generically, there are none and the assumption is always satisfied.

Furthermore, we have the strata of nodal curves of genus g and bidegree (d1, d2). By the
adjunction formula, they have (δd1 + 2d2)(d1 − 1)/2 + 1 − g nodes. Thus, each node imposing a
codimension 1 constraint, the dimension of the strata is at least

dimM(CX, (d1, d2)) −
(

(δd1 + 2d2)(d1 − 1)
2

+ 1 − g

)
= δd1 + 2d2 + g − 1.

In particular, provided there are nodal curves, there are components in the space of reduced
genus g curves of the expected dimension. There might be components of smaller dimension
(although it is possible to show that there are, in fact, none) but they do not matter for the
enumerative problem that we consider.

Remark 2.6. There might also be curves which are not nodal and can be deformed in a space
of the expected dimension, but the computation that we do near the tropical limit proves that
there are none either.

2.2.2 Classical invariants. We now have the following enumerative problem.

Problem 2.7. How many (irreducible) genus g curves of bidegree (d1, d2) passing through δd1 +
2d2 + g − 1 points in generic position are there?
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If the constraints are chosen generically, as the number of constraints is chosen equal to the
dimension, we expect a finite number of curves.

Proposition 2.8. The number of reduced irreducible genus g curves of bidegree (d1, d2) passing
through a generic point configuration P of δd1 + 2d2 + g − 1 points is finite. It does not depend
on the choice of P as long as it is generic.

Proof. Taking into account all choices of P, we get a family of subspaces WP of M(CX, (d1, d2))
indexed by P ∈ CXδd1+2d2+g−1: WP is the subspace of curves passing through P. Globally, the
WP cover M(CX, (d1, d2)), and we thus have transversality with the subspace of reduced genus g
curves. Sard’s lemma ensures that we also have transversality with a generic member of (WP).
As the dimensions have been chosen to be complementary, we get a finite number of curves
passing through a generic P.

The number of intersection points (i.e. curves passing through P) does not depend on the
choice of P since it corresponds to the intersection number inside M(CX, (d1, d2)) between the
space of genus g reduced curves and WP . �

Moreover, if the point configuration is chosen generically, no non-reduced curve can pass
through them since its image varies in a space of strictly smaller dimension, and thus cannot
meet the constraints by genericity. Thus, the reduced count in fact contains all the curves. The
obtained invariant is momentarily denoted by NCX,cpx

g,(d1,d2).

Proposition 2.9. If δ = 0, the number NCXδ,cpx
g,(d1,d2) does not depend on the choice of the elliptic

curve CE. Furthermore, if δ = 0, the number does not depend on the choice of α ∈ Pic0(CE)
as long as it is chosen generically (i.e. not a torsion element), nor the choice of CE. Thus, the

numbers only depend on δ, and are denoted by N δ,cpx
g,(d1,d2).

Proof. The argument from Proposition 15 in [KS13] also apply for any characteristic 0 field. In
particular, they apply for families by considering the field of (converging) Puiseux series C{{t}},
and then specializing to the fibers. It suffices to take families of elliptic curves of the form
C∗/〈λ(t)tl〉, which can either be seen as families of complex elliptic curves, or as curves over the
field of Puiseux series C{{t}}.

The surfaces CX0,α require a little more care since there might be curves of bidegree (d1, 0),
but this class does not satisfy the assumptions of Proposition 15 in [KS13]. Curves different from
E0 and E∞ occur in such a class only if α is a d1-torsion element in CE � Pic0(CE). This follows
from Proposition 2.13 as we have D(CC) = 0 for such a curve. Moreover, such curves may appear
as irreducible components of curves of other bidegrees. If (d1, d2) is fixed, the set of α ∈ C∗ for
which the classes (k, 0) with k � d contain holomorphic curves is discrete: it corresponds to the
preimage in C∗ of torsion elements up to d1 in Pic0(CE). Thus, we can assume that α is not one
of them. Moreover, this is still true for α′ in a small neighbourhood of α.

Finally, we can put the surfaces CX0,α in a family by considering the construction of CX0,α

with α as a parameter: we quotient C∗ × CP 1 × C∗ by the following action,

(z, w, α) �−→ (λz, αw, α).

The quotient has a well-defined map to C∗ by mapping (z, w, α) to α, and it is stable by the
action. The preimage of α ∈ C∗ is CX0,α. Therefore, the intersection number NCX0,α,cpx

g,(d1,d2
remains

the same for α′ in a small neighbourhood of α and, thus, for generic α. �
Remark 2.10. The use of families of the form C∗/〈λtl〉 is interesting since it allows us to pass to
the tropical limit, where a correspondence statement allows us to compute the invariants.
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Remark 2.11. These invariants also appear in [GRZ22] as log Gromov–Witten invariants through
degeneration of surfaces.

In total, we get a family of invariants N δ,cpx
g,(d1,d2) for δ � 0 by counting irreducible curves.

Counting reducible curves as well, we denote the invariant by N δ,cpx,•
g,(d1,d2).

Remark 2.12. The assumption that α ∈ C∗ is generic is necessary to get invariance for the follow-
ing reason. If the parameter α becomes torsion, some irreducible curves might become reducible
with some irreducible component being of bidegree (k, 0). These components fail to deform for
generic α and, thus, the invariance also fails. The invariance could be recovered by carefully
counting the curves having irreducible components of bidegree (k, 0).

2.2.3 Relative invariants. Let ϕ : CC → CX be a curve of bidegree (d1, d2). Intersecting
ϕ(CC) with the two distinguished divisors E0 and E∞, we get δd1 + d2 and d2 intersection
points, respectively, counted with multiplicity. The number of intersection points of each tangency
index give two partitions μ0 � δd1 + d2 and μ∞ � d2. We then say that CC has tangency profile
(μ0, μ∞). Furthermore, as E0 and E∞ are both identified with the elliptic curve CE, we get two
divisors ∑

i

∑
1�j�μ0i

ip0ij and
∑

i

∑
1�j�μ∞i

ip∞ij ,

for some distinct points p0ij , p∞ij ∈ CE. In particular, for each curve ϕ : CC → CX, we get a
divisor D(CC) =

∑
ij i(p0ij − p∞ij) on CE. In fact, we have the following proposition.

Proposition 2.13. If D0 is some divisor on CE such that L � LD0 , and ϕ : CC → CX is some
curve of bidegree (d1, d2), with d1 = 0, then D(CC) is equivalent to d1D0 on CE.

Proof. If d1 = 1, it is exactly the fact that the divisor of a meromorphic section of L satisfies
L � LD. Another way to view it is as follows: let s and s′ be two meromorphic sections of the
line bundle. Any linear combination αs+ βs′ of s and s′ is still a meromorphic section, and its
divisor depends only on (α, β) up to multiplication by a non-zero constant. Thus, taking their
divisor, we get a map from CP 1 to the Jacobian of the curve, that associates to [α : β] the divisor
of the section αs+ βs′. As maps from the projective line to a complex torus are constant, we
get that s and s′ have equivalent divisors.

If we now take any curve inside the total space CX, it can be considered as a d1-multisection,
meaning there are d1 points in the fiber over each point in the base. If s is a meromorphic section
of the line bundle, we can still consider linear combinations between the multisection and s, except
these are now d1-multisection. Varying the coefficients and taking the divisor, we similarly get a
map from CP 1 to the Jacobian of the curve. As these maps are constant, we get that the divisor
of the multisection is equivalent to the divisor of s viewed as a d1-multisection, which is d1D. �
Remark 2.14. In the case of the trivial bundle CE × CP 1 sections are meromorphic functions.
The statement then amounts to saying that the divisor of a meromorphic function is principal.

Imposing a tangency of order i at a fixed point of E0 (respectively, E∞) is a codimension
i condition, while imposing a tangency of order i somewhere on E0 (respectively, E∞) is codi-
mension i− 1. For the second enumerative problem, let μ0 + ν0 � δd1 + d2 and μ∞ + ν∞ � d2

be partitions. The number of solutions to the following enumerative problem counts curves with
fixed tangency profile with the divisor E0 + E∞.

Problem 2.15. How many genus g curves of bidegree (d1, d2), have μ0i (respectively, μ∞i)
intersection points of tangency order i at fixed points of E0 (respectively, E∞) and
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ν0i (respectively, ν∞i) more intersection of tangency order i with E0 (respectively, E∞) at
non-fixed points, and pass through |ν0| + |ν∞| + g − 1 points in generic position in CX?

As in the case of point constraints, the number of such curves does not depend either on the
choice of the points as long as it is generic, the choice of the elliptic curve, and the choice of
generic α ∈ Pic0(CE) if δ = 0. The number of these curves is denoted byN δ,cpx,•

g,(d1,d2)(μ0, μ∞, ν0, ν∞)

for the reducible count, and N δ,cpx
g,(d1,d2)(μ0, μ∞, ν0, ν∞) for the irreducible count.

3. Tropical line bundle over an elliptic curve

We now adapt the previous section to the tropical setting, defining the ruled surfaces over a
tropical elliptic curve TE which are obtained from tropical line bundles. The reader is assumed
to be familiar with some notions of tropical geometry. We refer to [BS14] for a introduction to
tropical geometry, and to sections 3 and 4 of [MZ08] for more details on divisors and line bundles
over tropical curves.

3.1 Total space of a tropical line bundle
3.1.1 Tropical elliptic curve. We take the following definition of a tropical elliptic curve.

Definition 3.1. A tropical elliptic curve TE is a quotient R/lZ as a metric space, where l is
some positive real number.

As in the complex setting, tropical elliptic curves are also abelian groups. Topologically, a
tropical elliptic curve is homeomorphic to S1, just as any complex elliptic curve is homeomorphic
to a torus (S1)2. Moreover, as complex elliptic curves are classified by a complex number τ (up
to a SL2(Z) action), tropical elliptic curves are classified by their length l.

3.1.2 The tropical cylinders. We adopt a construction mimicking the construction of line
bundles over a complex torus done in [GH14]. We consider the Z-action on R2 generated by the
following affine diffeomorphism:

ϕ : (x, y) �−→ (x+ l, y + δx− α),

where δ ∈ Z and α ∈ R. The diffeomorphism is an affine map whose linear part lies in GL2(Z).
Thus, the quotient space inherits a lattice structure from the standard lattice structure of R2.
As the action onto the first coordinate is just a translation, projecting onto the first coordinate,
we get a map

R2/〈ϕ〉 −→ R/lZ.

This maps makes the quotient space R2/〈ϕ〉 into a R-bundle over the tropical elliptic curve
TE = R/lZ.

Remark 3.2. Changing R2 with R × T (where T = R ∪ {−∞}) or R × TP 1 (where T = R ∪
{−∞,+∞}) with the same action, we would get a line bundle or TP 1-bundle over the elliptic
curve R/lZ. This corresponds to the construction of [GH14] leading to a C∗, C or CP 1-bundle
according to the fiber that we choose.

Up to reversing the vertical direction inside R2, we can assume that δ � 0. Then we have the
following.

– If δ > 0, using a horizontal translation inside TE and R2, one can assume that α = 0. The
total space is denoted by TXδ, and we write ϕδ : (x, y) �→ (x+ l, y + δx) when necessary.
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– If δ = 0, using a basis of the form (e1 + ke2, e1) for some k ∈ Z instead of the canonical basis
of R2, the parameter α of the translation ϕ becomes α− kl. Thus, one can assume that
0 � α < l. The total space is denoted by TX0,α, and we write ϕ0,α : (x, y) �→ (x+ l, y − α)
when necessary. The parameter α can thus be seen as an element of TE.

Topologically, the spaces that we obtain are cylinders. They differ by the lattice structure
that they inherit from the standard lattice structure of R2.

Remark 3.3. One other way to obtain the cylinders would be the following. Consider a cover of
TE = R/lZ by open set (Ui), and a cocycle of affine functions on Ui ∩ Uj , thus defining a tropical
line bundle. Then glue the trivial bundles Ui × R (respectively, Ui × T, Ui × TP 1) together over
the Ui ∩ Uj using the cocycle. This constructs the total space of the R-bundle (respectively, line
bundle, TP 1-bundle).

Concretely, taking a fundamental domain, the cylinders TX can be seen as follows.

– If δ > 0, the cylinder TXδ is the quotient of the strip [0; l] × R by the identification of both
sides: (0, y) ∼ (l, y), but the lattice structure has monodromy

(
1 0
−δ 1

)
: a straight line having

slope (1, p) crossing the right side of the strip comes back from the left side with slope (1, p− δ).
– If δ = 0, the cylinder TX0,α is obtained identifying both sides of the strip [0; l] × R by a

translation: (0, y) ∼ (l, y − α). The slope of a line crossing the boundary does not change.

We refer to the next section for pictures of the cylinders with curves inside it, making the lattice
structure explicit.

3.2 Tropical curves in TX
3.2.1 Abstract tropical curves. An irreducible abstract tropical curve is a connected metric

graph with unbounded edges called ends that have infinite length. The number of neighbours of
a vertex of Γ is called its valence. Edges adjacent to vertices of valence 1 are required to have
infinite length, and we remove the 1-valent vertices from Γ. The other edges are required to have
finite length and are called bounded edges. The genus of an abstract tropical curve is defined by
g = 1 − χ(Γ). As Γ is connected, it is equal to its first Betti number.

Remark 3.4. Due to the enumerative problem that we study, the tropical curves considered in
the paper do not have genus at their vertices and we do not include that in the definition. Such
a generalization would be needed if one tried to consider descendant invariants, for instance, as
in [CJMR21].

3.2.2 Parametrized tropical curves. In all what follows, TX is assumed to be either some
TXδ, or some TX0,α.

Definition 3.5. A parametrized tropical curve inside TX is a map h : Γ → TX where Γ is an
abstract tropical curve, and:

– h is affine with integer slope on the edges of Γ;
– at each vertex, one has the balancing condition that the sum of the outgoing slopes of h is 0.

Here, integer slope means that the slope of h belongs to the tangent lattice. Concretely,
drawing the curve inside [0; l] × R, it means that the derivative lies in Z2. The weight of an edge
e is the integer length of the slope of h on e, which does not depend on the chosen chart. As the
vertical direction (0, 1) is unchanged by the transition maps, we can speak about the vertical
direction.
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3.3 Cutting procedure
Before getting to the notion of bidegree of a tropical curve in TX and some examples, we explain
how to relate tropical curves in TX to tropical curves in R2.

3.3.1 Relation to tropical curve in R2. Each cylinder is obtained as a quotient of R2 by a
Z-action. The action is generated by ϕ0,α : (x, y) �→ (x+ l, y + α) in the case of TX0,α, and by
ϕδ : (x, y) �→ (x+ l, y + δx) in the case of TXδ. We just denote it by ϕ. The projection R2 →
TX = R2/〈ϕ〉 is a covering map. It is not possible to lift right away tropical curves inside TX
to tropical curves inside R2. We explain how to do so by ‘cutting’ the curve inside TX.

Let h : Γ → TX be a parametrized tropical curve. Let Q ⊂ Γ be a set of points located on
the edges such that Γ −Q is connected and without cycles. For each point q ∈ Q, (Γ −Q) ∪ {q}
contains a unique loop. Let λq ∈ π1(TX) � Z be the homotopy class realized by the loop inside
π1(TX) � Z. Let Q′ = {q ∈ Q : λq = 0}. The set Q′ is called admissible: it is a minimal set of
points such that Γ −Q′ is connected, and its image contractible inside TX.

Now, let Γ′ be the abstract tropical curve where the points from Q′ have been removed and
the edges containing a point from Q′ have been replaced by a pair of unbounded ends. As the
image of π1(Γ −Q′) is trivial, it is possible to lift h|Γ−Q′ into a map Γ −Q′ → R2. Extending
to infinity the edges obtained by removing points from Q′, we get a parametrized tropical curve
h′ : Γ′ → R2 of genus g(Γ) − |Q′|. Moreover, from Q′, each non-vertical end gets a marked point.
Furthermore, ends are paired together according to the point q ∈ Q′ they contain. For each pair
of ends {e, e′} containing marked points qe, qe′ ∈ R2, small neighbourhoods of qe and qe′ inside e
and e′, respectively, have the same image under R2 → TX.

Conversely, take a parametrized tropical curve h′ : Γ′ → R2 with this additional data and
assumption: each non-vertical unbounded end contains a marked point, they are paired together,
and have the same projection under R2 → TX near their marked point. Then we get a
parametrized tropical curve h : Γ → TX: it suffices to remove the non-vertical unbounded ends
until their marked point, and project into TX. One can merge the marked points two by two,
and the assumption ensures that the balancing condition is satisfied. The obtained tropical curve
is of genus g(Γ′) plus the number of pairs.

Remark 3.6. In concrete terms, the cutting procedure just consists of cutting the curve so that
a lift is possible, and then unfold the curve to the universal cover, extending the cut edges to
unbounded ends.

Example 3.7. In Figure 1 there are two examples of tropical curves inside some TX0,α and TX1,
respectively, with an admissible set of points, and the corresponding tropical curve inside R2.
In Figure 1(a), the map ϕ is just a translation. The points denoted by ‘⊕’ are identified by ϕ,
and the points denoted by ‘×’ are identified by ϕ2. In Figure 1(b), note that the map ϕ is now
a shear transformation that changes non-vertical slopes.

Finally, we note that a deformation of h : Γ → TX with a choice of admissible set Q′ leads
to a deformation of the cut curve h′ : Γ′ → R2 provided the points of Q′ never collide with a
vertex. Conversely, a deformation of h′ : Γ′ → R2 with the marked points on non-vertical ends
that continue to match the conditions induce a deformation of h : Γ → TX provided the marked
points never collide with vertices.

3.3.2 Menelaus relation. We have the following result that is the tropical analogue of
Proposition 2.13.
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Figure 1. Examples of application of the cutting process for a curve inside TX0,α in (a) and
in TX1 for (b).

Theorem 3.8. Let h : Γ → TX be a parametrized tropical curve of bidegree (d1, d2) inside the
total space of a line bundle LD for some divisor D. Let xi ∈ E be the projection of the unbounded
ends of Γ, with weight wi, which is chosen with a sign such that it is positive or negative according
to whether it is oriented up or down. Then the divisor

∑
wixi is equivalent to d1D.

Proof. Assume δ = 0 and that D = (0, δ) ∈ E × Z, so that the description of TX is given in the
preceding section. Apply the cutting procedure to get a tropical curve h̃ : Γ̃ → R2. According to
the tropical Menelaus theorem [Mik17], we know that the sum of the moments of the coordinates
of the unbounded ends is 0, where the moment of an unbounded end of slope (u, v) is the
evaluation of det((u, v),−) at any of its points.

Let xi be the abscissa of the unbounded ends of Γ, with wi their respective weight, which is
positive or negative according to whether the end points up or down. Let (l, yj) be the intersection
points between Γ and the component of the boundary of the strip which is on the right, and
(uj , vj) the slope of h at the point. The slope at the corresponding point (0, yj) on the left is
(−uj , δuj − vj). The moment of Γ̃ at these points are ujyj − vjl and −ujyj , respectively. First,
the balancing condition guarantees that

∑
wi = δd1, which is the degree of d1D. By tropical

Menelaus theorem in the plane, we get that

∑
wixi = −

∑
j

(ujyj − vjl − ujyj) ≡ 0 mod l.
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If δ = 0, we are inside TX0,α and the points which are identified are (l, yj) and (0, yj + α). Thus,
the moments become ujyj − vjl and −ujyj − ujα, respectively. We get∑

wixi ≡ α
∑

uj mod l,

which yields the result since
∑
uj = d1. For other line bundles LD and other divisors D, the

result follows by translation. �

Remark 3.9. Similarly to the tropical Menelaus in the plane, Theorem 3.8 tells us that there is
a relation between the position of the unbounded ends of a curve, and they cannot be chosen
freely. The equality is only mod l because the coordinates are numbers in R/lZ.

3.4 Bidegree of parametrized tropical curves and examples
Definition 3.10. We say that a parametrized curve h : Γ → TX is of bidegree (d1, d2) if it has
d2 unbounded edges (counted with weight) going to the top vertical direction, and d1 intersection
points (counted with multiplicity equal to the absolute value of the horizontal coordinate of their
slope) with a generic vertical line.

Let h : Γ → TX and h′ : Γ′ → TX be two parametrized tropical curves of respective bidegrees
(d1, d2) and (d′1, d′2). Assume they are transverse to each other. For any intersection point p of
Γ and Γ′, the intersection index |det(∂ph, ∂ph

′)| is well-defined since it does not depend on the
choice of the integer affine chart of TX. Thus, we can speak of the intersection index between
Γ and Γ′ at p, and define their intersection number by adding the contributions of the various
intersection points. Using the balancing condition, similarly to the tropical Bézout theorem in the
plane, we get that the intersection number only depends on the bidegrees of the two curves, and
is equal to δd1d

′
1 + d1d

′
2 + d2d

′
1. Therefore, the bidegree of a curve is defined by its intersection

number with the ∞-section and the class of the fiber. The balancing condition ensures that it
does not depend on the chosen vertical fiber.

Remark 3.11. Alternatively, one could consider the classes realized by the parametrized tropical
curve h : Γ → TX inside the tropical homology groupH1,1(TX,Z). To do this one should consider
the compact space that is a TP 1-bundle over TE rather than a R-bundle. The homology group
is then generated by the class F of a fiber, which is a vertical line, and some section, for instance
the 0-section, represented by the bottom boundary component of the cylinder. A curve is of
bidegree (d1, d2) if it realizes the class d1E0 + d2F .

Lemma 3.12. Counted with multiplicity, a curve of bidegree (d1, d2) has δd1 + d2 (counted with
weights) unbounded ends in the direction (0,−1).

Proof. It is just the intersection number of the curve with the class of the 0-section. Alternatively,
use the cutting procedure from § 3.3 to get a tropical curve inside R2. The balancing condition
ensures that the sum of the outgoing slopes of the unbounded ends add up to 0. there are
by assumption d2 ends in the direction (0, 11). The ends on the right have slope (ui, vi), with∑
ui = d1, and each one of them is associated to an end on the left with slope (−ui, δui − vi).

Thus, all add up to (0, δ
∑
ui) = (0, δd1). The result follows. �

We now define the tangency profile of a parametrized tropical curve of bidegree (d1, d2).

Definition 3.13. Let ‖μ0‖ = δd1 + d2 and ‖μ∞‖ = d2 be partitions. A parametrized tropical
curve of bidegree (d1, d2) is said to have ramification profile (μ0, μ∞) if it has μ0i ends of slope
(0,−i), and μ∞i ends of slope (0, i).
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Figure 2. Examples of tropical curves (a) and (b) inside TE × R and (c) inside TX0,α for some
non-zero α.

3.5 Examples of tropical curves in cylinders
We now give several examples and illustrations of tropical curves living in the spaces TX0,α, TX1

and TX2.

Example 3.14.

– The tropical graph of a section of the line bundle realizes the class E0. It has exactly one
intersection point with every fiber, δ unbounded ends going down, and none going up. By
tropical graph, we mean the usual graph with vertical ends added at each corner point so that
the balancing condition is satisfied.

– The tropical graph of a meromorphic section of the line bundle realizes the class E0 + d2F ,
where d2 is the number of poles of the section.

Example 3.15. In Figure 2 one can see three examples of tropical curves inside the total space
of a degree 0 line bundle. The pictures are drawn inside the strip [0; l] × R both whose sides are
identified.

– The examples in Figures 2(a) and (b) take place in the trivial bundle TE × R and depict two
genus 1 curves of respective bidegrees (2, 2) and (1, 2).

– In Figure 2(c) a genus 1 and bidegree (1, 1) curve is drawn in some TX0,α for some non-zero
α. The identification between the two sides is done with some vertical translation.

Both examples (Figures 2b and c) can be seen as tropical graphs of meromorphic sections of the
respective line bundles. Note here, that, the slope does not change when crossing the boundary
and coming back from the other side.

Example 3.16. In Figure 3 we draw two sections of a degree 1 bundle TX1.

– In Figure 3(a), we draw a curve if we did not make the assumption that the translation
parameter is 0, so that the identification between the two sides of the strip is done with a
non-zero vertical translation. The slope changes when the boundary is crossed since the left
and right small strips between the whole and dotted lines are identified.

– In Figure 3(b), we make the assumption that the translation parameter is 0. However, we still
have a change of slope when crossing the boundary of the chart. As a consequence, the unique
end and the unique vertex live on the boundary of the chart. One can check that the balancing
condition is indeed satisfied.
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Figure 3. Examples of sections inside TX1. In (a), the chart has not been chosen so that points
having the same height get identified. In (b) it is the case.

Figure 4. Examples of tropical curves (a) and (b) inside TX1 and (c) in TX2.

Example 3.17. In Figure 4, we draw a genus 1 bidegree (1, 2), a genus 2 bidegree (2, 2) curve in
TX1 and a genus 1 bidegree (1, 0) curve inside TX2. On can still observe the change of slope
when an edge crosses the boundary. In the case of TX1, an edge of slope 1 which crosses the
boundary on the right comes back from the left with slope 0. In the case of TX2, and edge of
slope 1 which crosses on the right comes back on the left with new slope −1.

Example 3.18. Note that in the case of TX0,α, if α ∈ Ql, there exist curves that do not intersect
E0 nor E∞. They are elliptic curves that go around the cylinder direction at least once with the
right slope. In Figure 5, the unique edge has slope 1

2 , and the two sides of the strip are identified
with a translation by l/2. Those curves are superabundant. Such curves are called superabundant
loops. They are characterized in Proposition 4.2.

4. Enumerative problems and tropical invariants

4.1 Enumerative problems
Let Mg,n(TX, (d1, d2), μ0, μ∞) be the moduli space of irreducible parametrized tropical curves
of genus g, bidegree (d1, d2), tangency profile (μ0, μ∞), with n marked points. A curve in
Mg,n(TX, (d1, d2), μ0, μ∞) has exactly |μ0| + |μ∞| ends. Assuming the curve is trivalent, it has
exactly 3g − 3 + |μ0| + |μ∞| + n bounded edges. The g cycles of the graph give 2g conditions on

1759

https://doi.org/10.1112/S0010437X23007285 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X23007285


T. Blomme

Figure 5. Example of a superabundant loop inside TX0,l/2.

the lengths of the bounded edges. Adding the translation, we get an expected dimension of

dimMg,n(TX, (d1, d2), μ0, μ∞) = |μ0| + |μ∞| + g − 1 + n.

It is possible that some combinatorial types vary in a space whose dimension is strictly
bigger than the expected dimension. This happens when the cycles do not impose independent
conditions on the edge lengths. Such combinatorial types are called superabundant. However, as
in the planar case handled in [Mik05], it can be shown that they do not contribute any solution
to the enumerative problems, and one can thus restrict to the space of simple tropical curves
defined in the following, which vary in a space of the expected dimension. In our problem, the
only superabundant curves that may appear are superabundant loops from Example 3.18. Those
are handled using Proposition 4.2.

Definition 4.1. We say that the combinatorial type of a parametrized tropical curve h : Γ →
TX is simple if Γ is trivalent and h is an immersion.

The fact that h is an immersion means that the parametrized curve h : Γ → TX cannot have
any edge mapped to a point, nor a flat vertex, i.e. a vertex whose adjacent edges are all mapped
to a line.

Proposition 4.2. Let TX be a tropical cylinder that contains a tropical curve h : Γ → TX that
has no unbounded end and for which h is an immersion. Then, TX is some TX0,α for α ∈ Ql,
and Γ is an elliptic curve mapped to TX0,α having constant slope proportional to (l,−α).

Proof. Assume h : Γ → TX of bidegree (d1, d2) = (0, 0) has no unbounded end. We thus have
d2 = 0 since it has no top ends, and δ = 0 since the curve has δd1 lower ends and d1 = 0. Thus,
TX is some TX0,α.

Then, apply the cutting procedure for some admissible set Q′ to get a curve inside R2. The
pairs of ends have slopes ±ve for some ve ∈ Z>0 × Z, and the marked points on it differ by some
integer multiple of (l,−α). For each pair of ends, let (xe, ye) be the marked point from Q′ on
the end directed by −ve, and (xe + kel, ye − keα) the point on the end directed by ve, for some
ke ∈ Z. Menelaus relation for Γ′ ensures that∑

e

det(−ve, (xe, ye)) + det(ve, (xe + kel, ye + keα)) = 0.

Thus, det(
∑

e keve, (l,−α)) = 0. As
∑

e keve ∈ Z>0 × Z, we have that (l,−α) has rational slope
and α ∈ Ql. In particular, TX0,α contains tropical elliptic curves going once around the cylinder
direction: the superabundant loops of slope (l,−α) as in Example 3.18. These are parametrized
by the coordinate of their intersection point with a fixed fiber.

To conclude, assume Γ has at least one vertex. Consider a superabundant loop Υ of slope
(l,−α) of highest coordinate that also passes through a vertex V of Γ. It is possible since there
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are only a finite number of vertices in Γ. Not all the adjacent edges of Γ to V can be contained in
the same line since h is an immersion. But if some edge does not have slope (l,−α), by balancing
condition, there is at least one edge that goes above Υ, and as Γ has no unbounded ends, it has
to meet another vertex W . A superabundant loop passing through W would be higher than Υ,
contradicting the assumption on the choice of Υ. Thus, all the edges of Γ are contained in Υ. As
h is an immersion, Γ has no vertices. It is thus of genus 1 and is a superabundant loop. �

Remark 4.3. Assuming that α /∈ Ql ensures that there are no superabundant loops. If (d1, d2) is
fixed, it is only sufficient to assume that α /∈ (1/d1!)Zl to ensure that curves of bidegree (d1, d2)
cannot have any irreducible component being a superabundant loop.

We have the following evaluation map:

ev : Mg,n(TX, (d1, d2), μ0, μ∞) −→ TXn

(Γ, h, x1, . . . , xn) �−→ (h(x1), . . . , h(xn)),

that sends a parametrized curve to the position of its marked points. It is also possible to
evaluate the position of some unbounded ends, and the evaluation map then takes values inside
TXn × TEm, where m is the number of evaluated ends.

The following proposition computes the dimension of the moduli space of curves, throwing
away the case where superabundant loops occur.

Proposition 4.4. Assume TX is some TXδ or some TX0,α for α /∈ Ql. The dimension of the
subspace of Mg,n(TX, (d1, d2), μ0, μ∞) parametrizing the curves having a simple combinatorial
type is |μ0| + |μ∞| + g − 1. For combinatorial types where Γ is not trivalent anymore but h is
still an immersion, the dimension is strictly less.

Proof. Assume h : Γ → TX is simple. Using the cutting procedure with an admissible set Q′,
we get a curve h′ : Γ′ → R2 with a pairing between the non-vertical ends. The deformations of
h : Γ → TX correspond to deformations of h′ : Γ′ → R2 that keep satisfying the gluing condition
from the cutting procedure: paired ends coincide under the projection R2 → TX. Recall that for
an end with outing slope ue ∈ Z2, its moment μe is det(ue, P ), where P is any point on e, e.g.
qe from the cutting process. The gluing condition amounts to find deformations of h : Γ′ → R2

such that for each pair {e, e′} the quantity μe + μe′ remains constant.
The moments satisfy the Menelaus relation:

∑
e μe = 0. It is, in fact, the only relation between

them: if we had another relation, we could use both relations to get a relation not involving all
the moments. Then, let e0 be one of the end not involved in the relation. For each other end
e = e0, as Γ′ is trivalent, it is possible to deform a path from e0 to e. This changes the value of
μe and μe0 but not for any other end, preventing a relation not involving all the ends to exist.

To conclude, according to [Mik05], h′ : Γ′ → R2 varies in a space of dimension |μ0| + |μ∞| +
2|Q′| + g(Γ′) − 1. Thanks to Proposition 4.2, there is at least one vertical unbounded end. The
gluing condition thus impose |Q′| independent conditions. As g(Γ) = g(Γ′) + |Q′|, we get the
result for simple combinatorial types.

We now assume that h is still an immersion but Γ is not trivalent anymore. Furthermore,
we can assume that no vertex can be split into two vertices adding an edge of slope 0: if it were
the case, we could split the vertex V into V1 and V2 adding an artificial bounded edge of slope 0
and then delete it. The vertices V1 and V2 are still vertices of the new curve after the splitting,
or might become marked points, if they were not at least trivalent. We would get into one of the
following situations.
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– If the edge was disconnecting, we now have two simple tropical curves hj : Γj → TX

and genus gj of smaller degree with tangency profile (μj
0, μ

j∞), for j = 1, 2. By induc-
tion on the degree, we can assume they vary in a space of respective dimension at most
|μj

0| + |μj∞| + gj − 1. Deformations of Γ are obtained by taking deformations of Γ1 and Γ2

mapping V1 and V2 to the same image. Thus, as g = g1 + g2, Γ varies in a space of dimension
at most

|μ0| + |μ∞| + g − 2 < |μ0| + |μ∞| + g − 1.

– If the edge is not disconnecting, we get a new parametrization of the image of Γ by a simple
tropical curve h̃ : Γ̃ → TX which is of genus g − 1. Deformations of Γ are the deformations of
Γ̃ that map V1 and V2 to the same image. By induction, we can still assume that it varies in
a space of dimension at most

|μ0| + |μ∞| + (g − 1) − 1 < |μ0| + |μ∞| + g − 2.

Therefore, we can assume no vertex can be split. Then, it is possible to find a one-parameter
family deforming Γ into a nearby simple tropical curve: for any non-trivalent vertex, choose a
loop or a string between two unbounded ends and deform it, and continue for each remaining
non-trivalent vertex. Thanks to the assumption on vertices, no cycle or string can arrive at
a vertex and leave with the same slope, so each deformation deletes at least one non-trivalent
vertex. If the dimension of the deformation space of h : Γ → TX was at least |μ0| + |μ∞| + g − 1,
this nearby simple tropical curve would vary in a space of dimension at least one more (using
the deformation provided by the one parameter family), which contradicts the dimension count
for simple tropical curves. �
Remark 4.5. The proof of the statement concerning non-trivalent tropical curves can be seen as
follows: the moduli space Mg,n(TX, (d1, d2), μ0, μ∞) is a polyhedral complex, and cells corre-
sponding to non-trivalent curves are faces of cells corresponding to simple combinatorial types,
thus of strictly smaller dimension.

Remark 4.6. Using Proposition 4.2, the restriction to TX being TXδ or TX0,α for α /∈ Ql prevents
the appearance of superabundant loops. The latter are genus 1 curve without unbounded ends
that yet vary in a 1-dimensional space: they are superabundant. The proof and statement of
Proposition 4.4 can be adapted to work in the setting of TX0,α when α ∈ Ql. The dimension
count for simple combinatorial types is still valid, except when there are no ends: Proposition 4.2
then ensures that the curve is a superabundant loop that varies in a 1-dimensional space.

Now, the only difference is that when Γ is not trivalent anymore, we need to take the following
case into account: when splitting the vertices of Γ that can be split in a way that disconnects Γ
into Γ1 and Γ2, one of the component might have no ends, and thus become a superabundant
loop according to Proposition 4.2. Assume Γ2 is the superabundant loop. Then the dimension
of the space in which Γ varies is equal to the dimension in which Γ1 varies if V1 is a vertex of
Γ1, or plus one if V1 is not a vertex of Γ1 (meaning V was a quadrivalent vertex). Thus, the
combinatorial types that vary in a space of dimension |μ0| + |μ∞| + g − 1 are the simple ones,
that may additionally have superabundant loops attached to edges.

Unless stated otherwise, we consider TX as in the assumption of Proposition 4.4 so that
there are no superabundant loops. We then consider the following enumerative problems.

Problem 4.7. How many parametrized tropical curves of bidegree (d1, d2) and genus g pass
through δd1 + 2d2 + g − 1 points in generic position?

Let ‖μ0‖ + ‖ν0‖ = δd1 + d2 and ‖μ∞‖ + ‖ν∞‖ = d2 be partitions.
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Problem 4.8. How many parametrized tropical curves of bidegree (d1, d2), ramification profile
(μ0 + ν0, μ∞ + ν∞) and genus g have μ0i unbounded ends of slope (0,−i) and μ∞i unbounded
ends of slope (0, i) which are fixed, and pass through an additional set of |ν0| + |ν∞| + g − 1
points in generic position?

Both enumerative problem amount to find the preimages of a generic point configuration by
the evaluation map.

4.2 Correspondence theorem
Unless stated otherwise, we consider TX as in the assumption of Proposition 4.4 so that there
are no superabundant loops. First, we prove that the solutions to the preceding enumerative
problems need to be simple tropical curves.

Lemma 4.9. If the point configuration P is generic, the tropical curves passing through P are
simple and their number is finite.

Proof. We consider the moduli space Mg,n(TX, (d1, d2)), with n = δd1 + 2d2 + g − 1 marked
points. The enumerative problem consists in finding the antecedent of a generic P ∈ TXn by the
evaluation map. The moduli space is the union of a finite number of polyhedra corresponding
to the possible combinatorial types. We want to prove that only the linear maps associated to
simple combinatorial types are surjective.

If a combinatorial type does not correspond to an immersion, then, as in the planar case,
it is possible to reparametrize the image by an immersion which is of strictly smaller genus or
fewer ends. This is done by gluing the parallel adjacent edges, and deleting the contracted edges.
Thus, we restrict to the immersed case.

If the combinatorial type corresponds to an immersion, we have seen that the dimension is as
expected for a trivalent curve, and strictly less for a non-trivalent one, unless we are in presence
of superabundant loops, but the assumption ensures that there are none. In particular, for the
immersions of smaller genus or with fewer ends obtained from non-immersed curves, the dimen-
sion is also strictly less. Then the evaluation map cannot be surjective for these combinatorial
types. The result follows. �

We now count the solutions of the preceding enumerative problems with suitable multiplici-
ties. For a simple tropical curve h : Γ → TX, the multiplicity of a vertex V is |det(aV , bV)|, where
aV and bV are the slopes of two out of the three edges adjacent to V . The determinant can be
taken in any affine chart of the manifold, since its value does not depend on this choice.

Definition 4.10. The multiplicity of a connected simple tropical curve h : Γ → TX is

mC
Γ =

∏
V

mV ,

where the product runs over the trivalent vertices of Γ.

Remark 4.11. In the presence of superabundant loops, i.e. in TX0,α for α ∈ Ql, it is possible to
define a multiplicity so that the count matches the count when α /∈ Ql. It shall be obtained by
deforming the parametrized tropical curve to a nearby generic α. For instance, in Figure 6, a
superabundant loop can be deformed in an edge of weight two going once around the cylinder,
or twice with weight one.
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Figure 6. A superabundant loop of weight 2 and its deformations when changing the gluing
parameter α.

Let P ⊂ TX be a generic configuration of δd1 + 2d2 + g − 1 points inside TX. Let

N δ,trop
g,(d1,d2)(P) =

∑
h(Γ)⊃P

mC
Γ ,

where the sum runs over the irreducible parametrized tropical curves h : Γ → TX of bidegree
(d1, d2) and genus g that pass through P. The corresponding sum over the curves including the
reducible ones is denoted by N δ,trop,•

g,(d1,d2)(P).
For the second enumerative problem, fix partitions μ0, μ∞, ν0 and ν∞ such that ‖μ0‖ +

‖ν0‖ = δd1 + d2 and ‖μ∞‖ + ‖ν∞‖ = d2. Let P be this time a configuration of |ν0| + |ν∞| + g − 1
points, for each i, |μ0i| points on E0 and |μ∞i| points on E∞. Let

N δ,trop
g,(d1,d2)(μ0, μ∞, ν0, ν∞)(P) =

1
Iμ0Iμ∞

∑
h(Γ)⊃P

mC
Γ ,

where the sum runs over the irreducible parametrized tropical curves h : Γ → TX satisfying the
following.

– They are of bidegree (d1, d2), genus g and tangency profile (μ0 + ν0, μ∞ + ν∞).
– They pass through P.
– For any i, the curve pass through each of the μ0i (respectively, μ∞i) marked points on E0

(respectively, E∞) with an end of weight i.

The count including reducible curves is denoted with a •.

Remark 4.12. In the degree 0 case, the counts a priori depend on the (generic) choice of the
cylinder TX. In fact, it follows from Theorem 5.19 that it does not, so that the counts only
depend on the cylinder through the degree δ, and that is why only the latter is emphasized in
the notation. This invariance can also be shown by deforming the gluing parameter α.

We have the following correspondence theorem that relates the enumerative problems over
CX, and TX.

Theorem 4.13.

– The count N δ,trop
g,(d1,d2)(P) does not depend on the choice of P as long as it is generic, and it is

equal to N δ,cpx
g,(d1,d2) (respectively, with •).
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Figure 7. The fan Σ defining the variety T .

– The count N δ,trop
g,(d1,d2)(μ0, μ∞, ν0, ν∞)(P) does not depend on the choice of P as long as it is

generic, and it is equal to N δ,cpx
g,(d1,d2)(μ0, μ∞, ν0, ν∞) (respectively, with •).

Proof. For the curves which are not superabundant, the proof of this correspondence theorem
follows exactly the same steps as other versions of the correspondence theorem that take place
inside toric surfaces. This follows from the fact that it is possible to degenerate the surfaces CX
into a union of toric surfaces glued over their toric divisors, and endow it with a smooth log
structure. We explain the main steps and refer the reader to [NS06] for more details.

The union of the images of all tropical curves passing through P induces a polyhedral sub-
division of the strip [0; l] × R. Up to adding fibers to this union, we can assume that for each
vertical edge in the subdivision, the whole vertical line containing it is in the subdivision. Using
the Z action generated by the map (x, y) �→ (x+ l, y + δx), it extends periodically to a polyhe-
dral subdivision Ξ1 of R2. If δ = 0, the action is rather generated by (x, y) �→ (x+ l, y − α). For
any value of (d1, d2), we can assume that α, l ∈ Q but such that there are no superabundant loop
of bidegree (k, 0) for any k � d1. By periodically extending the subdivision of [0; l], we also get
a subdivision of R. We consider the cones over both subdivisions.

– The cone over the subdivision in R is a fan in R2 whose rays are generated by (1, pi), where
pi is a point of the above subdivision of R. It is denoted by Σ, and is depicted in Figure 7.
The fan Σ defines an almost toric variety T : it is a partial compactification of (C∗)2 by a
chain of CP 1, glued along their toric boundary. The ‘almost toric’ is because the variety is not
constructed from a finite fan. This non-finite fan projects to R+, giving a map from T to C.
The variety T is then fibered over C, the special fiber being the chain of CP 1.

The action of Z on (C∗)2 generated by the map (t, z) �→ (t, atlz) descends to an action on
the fan. The action on R2 is given by the following matrix:(

1 0
l 1

)
,

i.e. the shear transformation of size l parallel to the horizontal direction. Taking the quotient
by the action, the quotient of T is a family of elliptic curves CEt = C∗/〈atl〉 that degenerates
to the central fiber CE0, which is a chain of CP 1 glued along their toric boundary. The
difference is that the chain makes a cycle.

– Similarly, we consider the cone over Ξ1 gives a fan inside R3. A cone of Ξ is generated by
(1, σ), where σ is some cell of Ξ1. The fan Ξ defines an almost toric variety T ′ of dimension
three. It is a partial compactification of (C∗)3 whose boundary consists of toric surfaces glued
along their toric divisors.

The fan Ξ1 is mapped to Σ by (t, x, y) �→ (t, x). We consider the Z-action on (C∗)3

generated by the map

(t, z, w) �−→ (t, atlz, zδw).
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This action is compatible with the previous Z-action on (C∗)2, and the projection (t, z, w) �→ t.
The quotient of T ′ by the Z-action is then a family Xt that admits a factorization Xt → CEt.
This maps realizes Xt as a line bundle of degree δ over the elliptic curve CEt.

The central fiber X0 is a union of toric surfaces glued along their toric boundary.

The previous description extends the setting of a degeneration of toric surfaces to a more
general setting. It is possible to be more general by considering the quotient of (C∗)3 by a map
(t, z, w) �→ (t, atlz, btazδw), but up to a change of basis, we can assume that the map is of the
assumed form. In the case of a degree 0 line bundle, it is of the form

(t, z, w) �→ (t, atlz, btαw).

We have obtained a family of elliptic curves CEt that degenerates to a union of CP 1 glued
over their toric divisors, and a degeneration of the degree δ line bundles over CEt to a union of
toric varieties glued over their toric divisors. We can now apply the method from [NS06] to get
a correspondence theorem. We refer the reader to it for more details. We summarize the main
steps.

– Endow the special fiber X0, which is a union of toric surfaces glued along their toric divisors,
with a log-structure obtained from the toric construction.

– Find the prelog curves in the special fiber X0, i.e. the reducible nodal curves that matches the
point constraints. These curves are the limit curves of the families of curves inside Xt that
match the constraints.

– Given a prelog curve, find the possible log-structures on it so that they can be deformed to
the general fiber.

The count of the solutions yields the expected multiplicitymC
Γ =

∏
mV . It is obtained as follows.

– The complement of the marked points on a curve Γ passing through P is a union of trees,
each one possessing a unique unbounded end. Indeed, there are no cycles, otherwise the curve
would vary in a one parameter family. Analogously, there are no components with at least two
unbounded ends. Thus, there is exactly one unbounded end in each component.

– When looking for the prelog curves, their search can be done by pruning the trees in the forest
from the previous point. Each vertex provides mV /wV 1wV 2 solutions, where wV A and wV 2

are the weights of the adjacent edges not in direction of the unbounded end of the tree.
– The upgrading from prelog curves to log curves gives a w factor for each edge of each tree. In

particular, edges which are not marked contribute w, and edges marked w2.

The product yields the expected multiplicity. The case of relative invariants is handled similarly.
The difference is that we now may have tangencies with the toric divisors corresponding to the
ends of the tropical curve and not only bounded edges. The count of prelog curves is the same,
but we do not multiply anymore by w when enhancing the prelog curves to log curves, yielding
the expected multiplicity. �
Remark 4.14. In the case of superabundant loops, the element α is torsion in Pic0(E). It is
also possible to find a correspondence theorem by choosing a family of line bundles that are
also torsion in Pic(CE). The correspondence works the same way for simple tropical curves.
Superabundant loops might be dealt with separately, lifting them as elliptic curve inside CX0,α.

Remark 4.15. In some sense, the proof of the correspondence theorem consists in observing that
the proof from Nishinou and Siebert [NS06] generalizes for non-superabundant tropical curves
inside a family of varieties that degenerates to a union of toric varieties glued along their toric
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divisors, and not only toric ones. This approach is also used in [Nis20] for curves in abelian
surfaces, with the crucial difference that in this case the curves are now all superabundant.

4.3 Refined enumeration
Following the correspondence theorem and the definition of the classical complex multiplicity,
we set the following definition.

Definition 4.16. Let h : Γ → TX be a simple irreducible parametrized tropical curve. Its
refined multiplicity is defined as follows:

mq
Γ =

∏
V

[mV ]q ∈ Z[q±1/2],

where [a]q = (qa/2 − q−a/2)/(q1/2 − q−1/2) denotes the q-analog of a.

For a generic choice of conditions P inside TX, we can now make the count of tropical
solutions using instead the refined multiplicity, getting Laurent polynomials

BGδ,trop
g,(d1,d2)(P) =

∑
h(Γ)⊃P

mq
Γ,

BGδ,trop
g,(d1,d2)(μ0, μ∞, ν0, ν∞)(P) =

1
Iμ0
q Iμ∞

q

∑
h(Γ)⊃P

mq
Γ,

where Iμ
q =

∏
[i]μi

q . As usual, one can count reducible curves, and their count is denoted with a
•. We have the following invariance theorem.

Theorem 4.17. The refined count BGδ,trop
g,(d1,d2)(P) (respectively, BGδ,trop

g,(d1,d2)(μ0, μ∞, ν0, ν∞))
does not depend on the choice of P as long as it is generic (respectively, with •).
Proof. The proof reduces to the proof of invariance in [IM13]. We consider a generic path Ps

between two generic choices of point configuration P0 and P1. Given the assumption, there are no
superabundant curves that can appear. Moreover, assume only one of the points moves: ps ∈ Ps.

We know that locally, a deformation of ps induces a deformation of the solutions, which have
the same multiplicity since the latter is constant on the combinatorial types. We know that the
complement of the marked points in any of the curves solution to the problem is a union of
trees that each possess a unique unbounded end. Otherwise it would be possible to deform the
curve in a one parameter family, contradicting the generic choice of the configuration. As the
marked point ps ∈ Ps moves, it is possible to deform any curve passing through Ps. We have two
possibilities:

– both sides of the edge that ps splits belong to the same tree;
– they belong to different components of Γ\h−1(Ps).

In the first case, only the unique path between both sides of the cut edge move. This is a cycle
in Γ. Meanwhile in the second case, it is the path from the marked points to both unbounded
ends in each tree that move. According to [IM13], which uses Proposition 3.9 in [GM07b], the
only possibilities that can occur when moving a point are:

(a) the curve degenerates to a curve that has a quadrivalent vertex;
(b) the curve degenerates to a curve with a vertex that coincides with a marked point;
(c) the curve degenerates to a curve that has two quadrivalent vertices related by a pair of

parallel edges.

In each case, the invariance of counts with refined multiplicity comes from [IM13]. �
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Remark 4.18. The only difference with the planar case is that if one of the marked points is the
only marked point belonging to a cycle that is not homologically trivial in TX, then the event
(c) cannot occur. In fact, one can also use the cutting process to prove the invariance locally by
reducing to the planar case from [IM13].

Only the degree δ is emphasized in the notation of the invariants. If δ = 0, it is because for
each tropical elliptic curve TE there is a unique choice of surface TXδ, and a scaling argument
shows that the invariant does not depend on the choice of TE either. If δ = 0, the computation
using floor diagrams proves that the count does not depend on the choice of TE nor α as long as
the latter is chosen generically. This can also be done as follows: apply the cutting procedure to
get inside R2, fix the configuration P, and move the parameter of gluing α instead. The refined
count does not depend on the choice of the constraints. The scaling argument takes care of the
invariance with respect to TE.

Remark 4.19. It is possible to extend the result to the case of TX0,α where there are
superabundant loops, meaning that α is torsion. We have two possibilities:

– either we treat curves with a superabundant loop as reducible curves, and we need to define
a refined multiplicity whose value does not really matter since these curves are deformed
separately;

– or we define the multiplicity by slightly deforming the gluing parameter α and deforming the
curves along with it.

In the first case we obtain an invariant for each surface TX0,α but that does depend on whether
α is torsion or not. The second case corresponds to a way of counting curves so that the count
does not depend on the choice of the parameter α, even if it is torsion.

Concretely, the presence of superabundant loops makes appear reducible curves that would
not appear otherwise. It is possible to make them into irreducible tropical curves as fol-
lows. Choose a parametrization of the reducible tropical curve by a disconnected graph. Each
superabundant loop now corresponds to a circle. Choose an intersection point between the
superabundant loop and the rest of the curve. Then, add an edge between the circle and the cor-
responding point on some other component of the parametrizing graph. The curve is irreducible
but has a contracted edge. It is now possible to deform the curve when changing the gluing
parameter α. The deformation appears on Figure 6. The number of possibilities of deformations
is exactly described by floor multiplicities.

5. Vertical floor diagrams

We now intend to provide an algorithm to compute the count of parametrized tropical curves of
bidegree (d1, d2) in TX. This gives us the value of the invariants

N δ
g,(d1,d2) and N δ

g,(d1,d2)(μ0, μ∞, ν0, ν∞),

as well as

BGδ,trop
g,(d1,d2) and BGδ,trop

g,(d1,d2)(μ0, μ∞, ν0, ν∞).

We now allow ourselves to remove the ‘cpx’ and ‘trop’ from the notation, since Theorem 4.13
states their equality. We start with the definition of a floor diagram, then we discuss how to
construct a floor diagram from a tropical curve before giving the way to count the floor diagrams
so that their count matches the previous invariants.
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5.1 Floor diagrams
Definition 5.1. A floor diagram D of bidegree (d1, d2) in TX is an oriented weighted graph
satisfying the following requirements:

(a) the edges, called elevators have a weight we ∈ N;
(b) counted with weight, there are δd1 + d2 unbounded elevators oriented inward, and d2 oriented

outward;
(c) each vertex F , called a floor, has a weight wF ∈ N;
(d) the sum of the weights of the floors is d1;
(e) there are no oriented cycles;
(f) for a floor F , its divergence divF =

∑
e�F ±we, with the sign of ±we being +

(respectively, −) if e ends (respectively, starts) at F , is equal to δwF .

The genus of D is, by definition, its genus as an unoriented graph plus its number of floors.
The partitions μ0 � δd1 + d2 and μ∞ � d2 induced by the unbounded elevators are called the
tangency profile of the floor diagram.

For a floor F , its valency is equal to the number of elevators adjacent to it and is denoted
by val(F).

Definition 5.2. Let D be a floor diagram of bidegree (d1, d2) and tangency profile (μ0, μ∞).
A marking of D is an increasing injection m : [[1; |μ0| + |μ∞| + g(D) − 1]] → D, where points are
sent either to a floor or to an elevator of D, endowed with the partial order induced by the
orientation, and such that:

– each floor F is marked by exactly one point;
– each component of the complement of the markings on the elevators contains a unique

unbounded elevator.

Remark 5.3. To handle solutions of the enumerative problem where we do not only have point
constraints but conditions on the ends of the curves, in the previous definition, one should allow
the markings of a diagram to be located at ‘infinity’, i.e. the end of the unbounded elevators.
We then have to distinguish between fixed elevators, which are elevators with a marking at their
infinite extremity (corresponding to the μ0 and μ∞ constraints), and marked elevators, which
are just elevators containing a marked point but not at their extremity.

In order to keep things simple, we keep the main framework of diagrams avoiding constraints
at infinity, and present a remark to explain what changes in their presence.

Example 5.4. In Figure 8 we can see two examples of marked floor diagrams. As in [BM07], we
only mark the image of the markings, main difference being that it is no longer unique since not
all edges bear a marked point. The number of markings is then equal to the number of increasing
maps to the diagram.

The first two marked diagrams are for δ = 0. They have the same underlying diagram but
different markings. They are both of genus 2 since there are two floors and no apparent cycle.
The bidegree is (5, 3) as the sum of floors weights is 5 while the sum of weights at top infinity
is 3.

The last two diagrams are for δ = 1. We can check that the balancing condition is satisfied at
each floor, and that the complement of marked elevators contains a unique unbounded elevator
in each of the marking. The genus is still 2 while the bidegree is (3, 1).

We refer to § 6.1 for more examples of floor diagrams and markings on it.
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Figure 8. Four floor diagrams with markings.

5.2 Floor diagrams from a tropical curve
We now explain how to get a marked floor diagram (D,m) from a parametrized tropical curve
h : Γ → TX passing through a vertically stretched configuration of points. In all what follows,
we consider a parametrized tropical curve h : Γ → TX of bidegree (d1, d2) and fixed tangency
profile (μ0, μ∞).

Remark 5.5. We only consider tropical curves only passing through point constraints, but every-
thing also works when we add constraints on the position of some unbounded ends of the curves.
The difference is that we get marked floor diagrams with fixed elevators instead of only marked
elevators.

Definition 5.6. A generic point configuration P on TX is said to be stretched if the difference
between the y-coordinate of the points taken in the standard chart of TX is very large when
compared to the length l of the elliptic curve TE.

Before getting to the process, we give a few lemmas about the edges of parametrized tropical
curves inside TX.

Lemma 5.7. Let h : Γ → TX be a parametrized tropical curve of bidegree (d1, d2). The slope of
an edge can only take a finite number of values.

Proof. Let e be a bounded edge of Γ with slope (u, v). Assume u = 0. The intersection index
with a fiber F gives intersection number |u|, and it cannot be more than the intersection number
between Γ and F . Thus, one has |u| � Γ · F = d1. Assuming v = 0, we can similarly intersect
with a section and get this time |v| � Γ · E0 = δd1 + d2. �

Lemma 5.8. Let h : Γ → TX be a parametrized tropical curve of bidegree (d1, d2) and let e be
a non-vertical edge of Γ with slope (u, v). Then there exists M only depending on the bidegree
(d1, d2) and the length l of TE such that one has

l(e) � M.

In other words, Lemma 5.8 asserts that there is a uniform bound on the length of non-vertical
edges for curves of a fixed bidegree in TX.

Proof. Let e be a bounded edge of Γ. If the length of e is too big, it rolls several times around
the cylinder and provides too many intersection points with a fiber F . In fact, it provides at
least �l(e)/l� intersection points, which each contribute |u| to the intersection index. Then, one
gets that �l(e)/l�|u| � d1. Hence, as |u| � 1, it suffices to take M = l(d1 + 1). �
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Definition 5.9. A vertical edge of Γ is called an elevator. A connected component of the
complement of vertical edges is called a floor.

We now assume that our configuration of points P is stretched in the vertical direction,
meaning the difference between the heights of two points in the configuration are very large
when compared with l, d1, d2 and δ. We also assume that Γ passes through P. We define a
diagram D(Γ) from Γ as follows, and then show that it is actually a floor diagram.

– The vertices of D are the floors of Γ. The weight of a floor F is its intersection number with
a fiber F .

– The edges of D are the elevators of Γ, oriented with an increasing y-coordinate. The weight
of an elevator is its weight as an edge of Γ, i.e. the integral length of the slope of h on it.

– The floor diagram D is marked by the marked points of P.

If Γ has tangency profile (μ0, μ∞), so has D. We now have to check the various requirements
to ensure that with the marking m provided by the marked points P, (D,m) is indeed a floor
diagram of bidegree (d1, d2), tangency profile (μ0, μ∞), and of genus g(D) = g(Γ). This is the
content of the following proposition.

Proposition 5.10. Let h : Γ → TX be a tropical curve of bidegree (d1, d2) passing by the
stretched configuration P, and let D be the graph constructed by the preceding construction.
Then, one has:

(i) the floors weights satisfy
∑

F wF = d1;
(ii) for each floor F of Γ one has divF =

∑
e�F ±we;

(iii) each floor contains exactly one marked point;
(iv) each elevator contains at most one marked point;
(v) the floors have genus 1, and in particular g(D) = g(Γ);
(vi) each floor is adjacent to at least one unmarked elevator, and components of the complement

of the marked elevators contain a unique unbounded elevator.

In particular, D is a floor diagram, and m is a marking on D.

Proof. (i) The total intersection number between Γ and a generic fiber F is d1, and only the
floors contribute to the intersection, since the elevators have also a vertical slope. The result
follows.

(ii) We cut the curve along the strip to get an honest tropical curve inside R2. The sum of
all the slopes of the outgoing edges is 0 by the balancing condition. By definition, the elevators
adjacent to the floor contribute exactly to (divF) × (0,−1). Meanwhile, let P be one of intersec-
tion points with right side of the strip. Let (uP , vP ) be its slope. The slope of the edge coming on
the other side of the strip is (uP , vP − δuP ) with ingoing orientation. Thus, taking the outgoing
orientation, the two slopes add up to (0, δuP ). Adding all the contribution, we get (0, δ

∑
P uP ).

Moreover, the intersection index wF between F and a fiber is precisely
∑

P uP . Hence, by the
balancing condition, one gets

divF = δwF .

(iii) By Lemma 5.7, the slope of a curve of bidegree (d1, d2) can only take a finite set of values.
By Lemma 5.8, the length of non-vertical edges is bounded by the degree. As there are a finite
number of edges, it is not possible to find a path from two points in the stretched configuration
without having to pass through an elevator. Thus, a floor contains at most one marked point. It
contains at least one otherwise it is possible to translate vertically the floor and get a 1-parameter
family of curves passing through P, contradicting the genericity of P.
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(iv) As the configuration P is generic, no two marked points have the same projection to
TE, and thus an elevator cannot contain more than one marked point.

(v) As in the planar case and proved in [Mik05], the complement of the marked points
Γ\h−1(P) is without cycle, and each component contains a unique unbounded end.

– As solutions are trivalent, it is possible to deform cycles and paths between two unbounded
ends, thus, there are no cycles, and at most one unbounded end per component.

– An Euler characteristic computation ensures that there is at least one end per component.
Alternatively, a bounded component would give a relation between the marked points at its
boundary, resulting in a non-generic choice of constraints. Thus, there are at least one end per
component.

Thus, a floor cannot be of genus greater than 2, otherwise, as it contains a unique marked point,
the complement of the marked points would still contain some cycle.

(vi) Following the preceding point, not all the elevators adjacent to a floor can be marked,
since it would lead to a bounded component in Γ − h−1(P). The rest follows from the same
observation. �

Remark 5.11. The difference between the markings for diagrams on a cylinder and the planar case
from [BM07, BM08] is that the floors from a diagram in a cylinder do not contain any unbounded
end from the tropical curve Γ. Thus, the unbounded end (which is vertical) is reached by a path
of elevators.

In particular, the point (v) can be refined in the following proposition: each floor is a graph
whose total space is homeomorphic to a circle. Then, the projection π : TX → TE restricts on
the floor to a cover of TE.

Proposition 5.12. Let h : Γ → TX be a genus g parametrized tropical curve of bidegree (d1, d2)
passing through a stretched configuration of points P. Each floor of Γ is homeomorphic to a circle.
The degree wF of the floor splits as

wF = dFkF ,

where dF is the degree of the cover πF : F → TE, and kF is the common horizontal coordinate
of slope of h on the edges of F .

Proof. As the curve is trivalent, and the floor F contains a unique cycle, if an edge of F was
not contained in the cycle, it would be separating. In particular, on one side would be a graph
without cycle whose vertices are at some point adjacent to elevators. Thus, their slopes would
be vertical by the balancing condition. Hence, F is homeomorphic to a circle and every vertex
of F must be adjacent to some elevator. In particular, the horizontal slope of the edges on F is
constant using to the balancing condition. Let us denote this number by kF > 0. Furthermore,
there are dF points in F resulting from the intersection of F with a fiber F . Each of them
contributes kF to the intersection between F and F . Hence,

wF = dFkF . �

Remark 5.13. The possible splittings of wF as a product dk are partially depicted in Figure 6(b)
and (c). The integer d is the number of turns that the floor makes, and k the ‘speed’ at which
it makes them.
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5.3 Multiplicities of floor diagrams
5.3.1 Classical multiplicity. We now define the multiplicity of a marked floor diagram (D,m)

so that it matches the sum of the multiplicities of the tropical curves h : Γ → TX it encodes.
The fact that the multiplicity is the right one is proven in Theorem 5.19.

Definition 5.14. Let (D,m) be a marked floor diagram. The multiplicity m(F) of a floor F is

m(F) = w
val(F)−1
F σ1(wF ),

where σ1(n) =
∑

d|n d is the sum of divisors. Let D∞
m (respectively, D∞

um, Db
m, Db

um) be the set
of unbounded elevators which are marked (respectively, unbounded unmarked, bounded marked,
bounded unmarked). The multiplicity of (D,m) is defined as follows:

m(D,m) =
∏
F
m(F)

∏
e∈D∞

m

we

∏
e∈Db

m

w2
e

∏
e∈D∞

um

w2
e

∏
e∈Db

um

w3
e ,

where the first product is over the floors of D.

Remark 5.15. In the presence of constraints on the unbounded ends, i.e. when considering the
relative invariants N δ

g,(d1,d2)(μ0, μ∞, ν0, ν∞), we get fixed elevators, corresponding to elements
in the partition μ0 or μ∞. We deal with the diagram multiplicities as in [GM07a]. We take as
diagram multiplicity (1/Iμ0+μ∞)m(D̃, m̃), where (D̃, m̃) is the marked diagram where the infinite
markings have been replaced by finite markings on their respective elevators. The multiplicity
of (D̃, m̃) has indeed been defined above.

We refer to the proof of Theorem 5.19 for details but briefly explain the meaning of the
different terms in the multiplicity. The floor multiplicity corresponds to the various possible
shapes of the floor and the product of the vertices on it, as partially depicted in Figure 6(b)
and (c). In a sense, it corresponds to the computation of some N δ

1,(wF ,−)(μ0, μ∞, ν0, ν∞), where
|ν0| + |ν∞| = 1. Choosing a shape of floor amounts to choose a splitting wF = dFkF , and the
sum over these possibilities makes appear the σ1(wF ). Concerning elevators, as each elevator
is adjacent to two vertices, it contributes to a factor w2

e to the multiplicity. The contribution
w3

e of the unmarked elevators comes from the fact that in contrast to the planar case, fixing
the elevators adjacent to a vertex and the position of a point is not enough to ensure a unique
solution. In fact, there are precisely we possible positions, where we is the weight of the unmarked
elevator in the direction of the unique unmarked unbounded elevator.

Example 5.16. The multiplicities of the marked diagrams in Figure 8 are respectively:

– m(D1,m1) = 23σ1(2) · 31σ1(3) · 2 · 23 · 2,
– m(D2,m2) = 23σ1(2) · 31σ1(3) · 2 · 22 · 22,
– m(D3,m3) = 22σ1(2) · 12σ1(1) · 22,
– m(D4,m4) = 22σ1(2) · 12σ1(1) · 22.

The first and second diagram have each two possible markings since we need to choose which
of the marking is on the bottom end of weight 2. The third diagram has only one marking but
the last one has three since we need to choose which of the three markings lies on the right
unbounded elevator.

5.3.2 Refined multiplicity. The multiplicity giving the refined invariants is more complicated
to handle, since its value does not only depend on the valency and weight of a floor, but also on
the weights of the adjacent elevators. With the same notation as in Definition 5.14, we set the
following.
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Definition 5.17. Let (D,m) be a marked floor diagram. Let F be a floor, and let (ui)1�i�N

be the weights of the adjacent elevators. The refined multiplicity mq(F) of a floor F is

mq(F) =
∑

kd=wF

dN−1
N∏

i=1

[kui]q
[ui]q

=
∑

kd=wF

dN−1
N∏

i=1

qkui/2 − q−kui/2

qui/2 − q−ui/2
.

The refined multiplicity of (D,m) is defined as follows:

mq(D,m) =
∏
F
mq(F)

∏
e∈D∞

m

[we]q
∏

e∈Db
m

[we]2q
∏

e∈D∞
um

we[we]q
∏

e∈Db
um

we[we]2q ,

where the first product is over the floors of D.

Remark 5.18. The definition is adapted to the setting of fixed elevators by dividing by Iμ0+μ∞
q .

5.4 Statement
We now have the main result of the section, asserting that the count of marked floor diagrams
coincides with the number of tropical curves.

Theorem 5.19. One has∑
(D,m)

m(D,m) = N δ
g,(d1,d2) and

∑
(D,m)

m(D,m) = N δ
g,(d1,d2)(μ0, μ∞, ν0, ν∞),

∑
(D,m)

mq(D,m) = BGδ,trop
g,(d1,d2) and

∑
(D,m)

mq(D,m) = BGδ,trop
g,(d1,d2)(μ0, μ∞, ν0, ν∞),

where the first sum is over the marked floor diagrams of genus g and bidegree (d1, d2), and the
second sum over the marked floor diagrams of genus g, bidegree (d1, d2) and ramification profile
(μ0 + ν0, μ∞ + ν∞), with elevators corresponding to μ0 and μ∞ fixed.

Proof. We have already proved the following: if the point configuration P is stretched, all the
sought parametrized tropical curves passing through P admit a floor decomposition. Thus, we
need to prove that the multiplicity of a marked floor diagram (D,m) matches the sum of the
multiplicities of the tropical curves it encodes.

To recover a tropical curve from a floor diagram, one just needs to recover the floors and the
position of the unmarked elevators. This is done as follows. By assumption, the complement of
marked elevators is a forest of trees that each contain a unique unbounded elevator. For a floor
F , assuming all the adjacent elevators are marked, we show in the following that this is indeed
sufficient to impose a finite number of shape of the floor F , and fix the position of the remaining
elevator e up to we-torsion. We then proceed by induction, pruning the trees of the forest.

Let F be a floor all of whose adjacent elevators but one bear a marking. Let (ui) be the
collection of weights of the adjacent elevators (with a sign according to whether the elevator
goes up or down), xi their position in TE, with the first elevator being the unmarked one. The
floor F is a circle with some adjacent elevators, and it might go around the cylinder several
times. Thus, one has to consider all the possible splittings of wF as a product wF = d · k, where
d is the degree of the topological cover π|F : F → TE, and k the common horizontal coordinate
of the slopes of the edges on F .

– First, assume that d = 1. We consider the chart given by the strip [0; l] × R. Then the floor
that we are looking for is the tropical graph (i.e. the usual graph inside TX plus vertical
ends to make it balanced at corners of the graph) of some piecewise affine function on [0; l]
satisfying the gluing condition on the boundary of the strip leading to TX.
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Remark 5.20. The problem amounts to find a meromorphic sections of a line bundle that have
prescribed poles and zeros, and one non-fixed pole/zero x0 which should have multiplicity u1.

The condition for the existence of such a piecewise affine function is that the divisor
∑N

1 uixi

is equivalent to the divisor of the line bundle defining TX inside Pic0(TE) � Z × TE: the degree
ensures that the change of slope between 0 and l is the right one, and the component in
TE ensures that points on both sides of the strip are glued together. The degree condition is
already ensured by the divergence condition in the diagram. The remaining constraint determines
uniquely u1x1:

u1x1 +
N∑
2

ukxk =

{
wFα if δ = 0

0 if δ = 0
∈ TE � R/lZ.

Thus, it gives u1 possibilities for the position x1 of the unmarked elevator, translating by the
u1-torsion elements. This accounts for one of the u1 factor in the formula. (The others come from
the vertex multiplicity.) For each possible choice of x1, the choice of piecewise affine function is
unique up to a constant shift because the difference of two such functions gives an affine function
on TE, which is necessarily constant. The point condition on the floor fixes the constant.

– If d = 1, we unfold the floor to the d-fold cover of TE. We thus take a chart given by the strip
[0; dl] × R. For each elevator, one has to choose a lift (no pun intended), there are dval(F)−1

possibilities for the lifts of the marked elevators. We now look for a piecewise affine function
on [0; dl]. The same reasoning gives u1 solutions for the position of x1 inside [0; dl]. We then
project the solutions back to TE and get floors that make d rounds around the cylinder.
However, one has to divide by the d deck transformations of the cover. However, as there are
now d possible shifts to make the floor pass through the fixed point, we have to multiply again
by d, cancelling the previous division. Note that the position of the unmarked elevator is fixed
in the cover, we do not and cannot choose its lift under the covering map since the relation∑
uixi ≡ ∗ has to be satisfied in the d-fold cover of TE.

The vertex multiplicity of every vertex on F is equal to uik, where ui is the weight of the adjacent
elevator. Thus, we get the following contribution:

u1

∑
dk=wF

dval(F)−1

( N∏
1

kui

)
= u1

( N∏
1

ui

)
w

val(F)−1
F σ1(wF ), (1)

where σ1(n) =
∑

d|n d. We then make the product over all the floors to reconstruct all the tropical
curves. Finally, we get:

– the product of all the m(F);
– a marked bounded edge e is adjacent to two floors, thus we multiply by w2

e ;
– an unmarked bounded edge is adjacent to two floors, hence a factor w2

e coming from the
multiplicities of the adjacent vertices, and as its position is only determined up to we-torsion,
an additional factor we, as present in (1);

– a marked unbounded end is adjacent to only one floor, hence a contribution we;
– an unmarked unbounded end is adjacent to only one floor, and its position is fixed up to
we-torsion, hence a contribution of w2

e .

We thus get the announced multiplicity. In the refined case, (1) is replaced by

u1

∑
kd=wF

dval(F)−1
∏

i

[kui]q = u1

∏
i

[ui]q
∑

dk=wF

dval(F)−1
∏

i

[kui]q
[ui]q

= u1m
q(F)

∏
i

[ui]q.

Making the product of all contribution, we get the multiplicity from Definition 5.17. �
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Remark 5.21. The multiplicity of a floor F is derived from the solution to the following special
instance of our enumerative problem: the genus is 1, all but one ends are fixed and we have a
unique additional point condition.

As in [ABL11], the floor diagram decomposition can be seen as the iterated application
of some Caporaso–Harris-type formula for the relative invariants N•

g,(d1,d2)(μ0, μ∞, ν0, ν∞). In
our case, the formulas for classical and refined invariants are as follows. Despite their massive
expression, their proof is not that difficult and relies on the existence of floor diagrams. Their
shape becomes clearer with the Fock space approach which is the content of § 7. If μ � ν are two
partitions, then

(
μ
ν

)
is by definition

∏
i

(
μi
νi

)
. Recall that Iμ =

∏
i i

μi , and Iμ
q =

∏
i[i]

μi
q .

Theorem 5.22. We have the following recursive formulas:

N δ,•
g,(d1,d2)(μ0, μ∞, ν0, ν∞)

=
∑

k:ν0k>0

kN δ,•
g,(d1,d2)(μ0 + ek, μ∞, ν0 − ek, ν∞)

+
∑ (

μ0

μ′0

)(
ν ′0

ν0 − ek

)
Iν′

0−ν0s|μ
′
0−μ0|+|ν′

0−ν0|σ1(s)k2N δ,•
g′,(d1−s,d2)(μ

′
0, μ∞, ν

′
0, ν∞)

+
∑ (

μ0

μ′0

)(
ν ′0
ν0

)
Iν′

0−ν0s|μ0−μ′
0|+|ν′

0−ν0|σ1(s)k2N δ,•
g′,(d1−s,d2)(μ

′
0 + ek, μ∞, ν ′0, ν∞),

and

BGδ,•
g,(d1,d2)(μ0, μ∞, ν0, ν∞)

=
∑

k:ν0k>0

[k]qBG
δ,•
g,(d1,d2)(μ0 + ek, μ∞, ν0 − ek, ν∞)

+
∑ (

μ0

μ′0

)(
ν ′0

ν0 − ek

)
I

ν′
0−ν0

q

( ∑
dl=s

d|μ
′
0−μ0|+|ν′

0−ν0| [lk]q
[k]q

×
∏

i

(
[il]q
[i]q

)μ0i−μ′
0i+ν′

0i−ν0i
)
k[k]qBG

δ,•
g′,(d1−s,d2)(μ

′
0, μ∞, ν

′
0, ν∞)

+
∑ (

μ0

μ′0

)(
ν ′0
ν0

)
I

ν′
0−ν0

q

( ∑
dl=s

d|μ
′
0−μ0|+|ν′

0−ν0| [lk]q
[k]q

×
∏

i

(
[il]q
[i]q

)μ0i−μ′
0i+ν′

0i−ν0i
)
k[k]qBG

δ,•
g′,(d1−s,d2)(μ

′
0 + ek, μ∞, ν ′0, ν∞),

where the second and third sums are over g′, s, k, μ′0, ν ′0 such that, respectively,

Second sum Third sum

μ′0 � μ0 μ′0 � μ0

ν ′0 � ν0 − ek ν ′0 � ν0

‖ν ′0‖ + ‖μ′0‖ = δ(d1 − s) + d2 ‖ν ′0‖ + ‖μ′0‖ + k = δ(d1 − s) + d2

g − g′ = |ν ′0 − ν0| g − g′ = |ν ′0 − ν0| + 1.
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Proof. The proof is similar to the tropical proof of the Caporaso–Harris formula in [GM07a].
The three sums emphasize the three possible events when taking one of the |ν0| + |ν∞| + g − 1
marked points and moving it far down.

• The marked point goes on an elevator, and we then count the same curves but with a bottom
elevator that is now fixed. The factor k is present due to the fact that for relative invariant,
tropical curves are counted with a multiplicity (1/(Iμ0+μ∞))mΓ.

• The marked points goes on a floor, of degree denoted by s, and exactly one unfixed bottom
elevator arrives on the floor. We get terms in the second sum.
– The μ0 fixed ends are split between those that do not arrive on the floor and those who

do, respectively μ′0 and μ0 − μ′0.
– One unfixed elevator of weight k arrives on the floor.
– Including the unfixed ends leaving the floor, there are ν′0 � ν0 − ek unfixed ends.

The other terms are here to account for the different shapes of the floors, and the multi-
plicities of the vertices on it. The binomial coefficients are here to account for the symmetries
between the different unbounded ends.

• Finally, the marked point still goes on a floor, but only fixed bottom elevators arrive on it.
Then, one unmarked elevator needs to leave the floor, and the other are free. The posi-
tion of the free elevators is determined by the other. We get the last sum with similar
bookkeeping. �

Remark 5.23. The recursive formula from Theorem 5.22 along with some initialization for d1 = 1
and g = 1, or g = 0 and d1 = 0 allows one to compute all relative invariants.

Remark 5.24. It is also possible to get a Caporaso–Harris-like formula by taking a point far up.
Concretely, it means starting the floor diagram by the top floor rather than by the first floor.

6. Examples and applications

We now give several examples of computation of invariants N δ
g,(d1,d2)(μ0, μ∞, ν0, ν∞). We also

give a polynomiality result about some of their generating functions, and quasi-modularity for
another.

6.1 Concrete computations
Example 6.1. We compute N δ

1,(d1,d2) for any bidegree. As the genus is 1, there is only one floor
diagram that contributes: a floor diagram with more floors would be of genus at least 2. However,
if d2 � 1, there are two possible markings, since the non-marked end can be above or under the
floor. Their multiplicities are both dδd1+2d2−1

1 σ1(d1), giving

N δ
1,(d1,d2) = 2dδd1+2d2−1

1 σ1(d1).

If d2 = 0, there is no elevators above the floor, and one thus has

N δ
1,(d1,d2) = dδd1−1

1 σ1(d1).

Example 6.2. We take δ = 0, g = 2 and compute N0
2,(d,2) for any d. The floor diagrams D we are

looking for are depicted on Figure 9. There are three possible shapes. For each shape, one has to
look for all the possible splittings of the degree d among the two floors of the curve: w and d− w.
Finally, one has to account for the different labellings m of the floor diagrams. There are n = 5
points for marking D. As both floors are marked, exactly two elevators have no marked point.
Taking into account the fact that each component of the complement of the marked elevators
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Figure 9. Floor diagrams of genus 2 and bidegree (d, 2) in TX0 with their markings.

possesses a unique unbounded end, this allows one to make the list of all possibilities depicted
in Figure 9.

– The first diagram possesses three possible markings. In exactly two of them, the unique
bounded elevator of weight 2 is unmarked. They give the following contribution:

w2σ1(w)(d− w)2σ1(d− w)(22 + 23 + 23).

– For the second diagram in Figure 9, the possible images of the markings are drawn under it.
There are five possibilities. Then, one has to count the increasing functions to the each of the
image, as for usual floor diagrams in [BM07]. This yields the following contribution:

wσ1(w)(d− w)3σ1(w)(1 + 1 + 3 + 3 + 2).

– The last floor diagram is the symmetric version of the second one and yields the same
contribution.

Finally, we get that

N0
2,(d,2) =

d−1∑
w=1

20w2σ1(w)(d− w)2σ1(d− w) + 20wσ1(w)(d− w)3σ1(w).

Example 6.3. We now assume δ = 1, g = 2 and compute N1
2,(2,0) and N1

2,(2,1). For N1
2,(2,0), there is

just one floor diagram of genus 2, on the left of Figure 10, and it possesses exactly one marking,
depicted under it. It yields

N1
2,(2,0) = 1.
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Figure 10. Floor diagrams of genus 2 and bidegree (2, 0) and (2, 1) in TX1 with their markings.

For N1
2,(2,1), there are two floor diagrams of genus 2 and bidegree (2, 1). They are drawn on the

right of Figure 10. There are n = 5 points to mark the diagram. Thus, exactly two elevators are
unmarked.

– The first diagram (middle of Figure 10) has three possible markings. The edge of weight 2 is
unmarked for the first two, and marked for the last. They give the following contribution:

23 + 23 + 22.

– Similarly to the previous example, we depict the possible markings of the second floor dia-
gram (right of Figure 10) according to their image. When counting them with the number of
increasing functions to the fixed image, they yield the following contribution:

1 + 3 + 1 + 4 + 4.

We thus get

N1
2,(2,1) = 33.

Example 6.4. Back with δ = 0, we now take g = 3 and compute the relative invariant

N3,(3,w)(0, 0, w
1, w1).

There are now two floor diagrams of genus 3. One has three floors, and one has two, and they
are depicted on Figure 11.

– The first one possesses four different markings, which are each of multiplicity w9. In this
case, we have on Figure 11, a = b = c = 1. If the bidegree was (d,w) rather than (3, w), one
would have to multiply by the floors multiplicities abcσ1(a)σ1(b)σ1(c) for all the splittings
a+ b+ c = d.

– The second floor diagram possesses two possible markings, and additionally to the splitting
of 3 = a+ b among the two floors, one has to account for the splitting of w among the two
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Figure 11. Floor diagrams used for the computation of N0
3,(d,w)(0, 0, w

1, w1).

bounded edges between the two floors. They yield the following contribution:

12w3
w−1∑
i=1

i2(w − i)3,

as the floors contribute 2212σ1(2)σ1(1) + 2212σ1(2)σ1(1) = 12. If the bidegree was rather
(d,w), one would make the sum over the splittings d = a+ b, with floors multiplicities
a2b2σ1(a)σ1(b).

In total, we get

N0
3,(3,w)(0, 0, w

1, w1) = 4w9 + 12w3
w−1∑
i=1

i2(w − i)3.

Note that as for any polynomial P ,
∑n

k=1 P (k) is still a polynomial in n, the result is, in fact, a
polynomial in w. This fact is generalized in the next subsection.

Remark 6.5. Note that in each case, the number of floors is bounded by the genus, since each
floor contributes 1 to the genus, and by the first coordinate of the bidegree, since each floor is
of degree at least 1.

6.2 Polynomiality of relative invariants
We now consider partitions ν0 and ν∞ of fixed length l0 and l∞, but of arbitrary size, provided
that ‖ν0‖ − ‖ν∞‖ = δd1 for some fixed d1. Let d2 = ‖ν∞‖. We look for curves of genus g of
bidegree (d1, d2) and tangency profile (ν0, ν∞) passing through l0 + l∞ + g − 1 points. For the
following theorem, we consider a partition ν of fixed length l as a tuple (ν1, . . . , νl).
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Theorem 6.6. For any fixed genus g, degree d1, partition lengths l0 and l∞, the function
(ν0, ν∞) �→ N δ

g,(d1,d2)(0, 0, ν0, ν∞) is a piecewise polynomial function in the variables ν0,1, . . . , ν0,l0 ,
ν∞,1, . . . , ν∞,l∞−1.

Remark 6.7. The last variable ν∞,l∞ does not appear since the variables are constrained by the
relation ‖ν0‖ − ‖ν∞‖ = δd1.

Proof. As the genus g, number of marked points l0 + l∞ + g − 1 and total weight of the floors d1

are fixed, up to the choice of the weight of the edges, there are a finite number of floor diagrams.
Thus, we only need to show that spreading the weight among the edges leads to a polynomial
for each marked floor diagram (D,m).

Let D1 be a minimal subset of the set of bounded edges of a marked floor diagram (D,m)
such that the complement is simply connected. Thus, if one fixes the weight we of an edge e ∈ D1,
as the weights of the unbounded ends are prescribed by ν0 and ν∞, there is a unique way to
complete the weights of the other edges with numbers (eventually negative) so that the condition
divF = δwF is satisfied.

For each choice of weights we on the marked edges, the multiplicity given by the formula
of Definition 5.14 is a polynomial in the variables. Then, we need to make a sum over all the
possible values of the weights we of the marked edges. As for any polynomial P the function∑n

0 P (k) is still a polynomial in n, the result follows by induction.
Finally, the fact that the weights need to be positive integers impose some linear conditions

on the variables, and if some weights coincide, we may have to divide by the automorphism
group of the floor diagram. Thus, each floor diagram does not always contribute solutions, and
we only get a piecewise polynomial function. �
Remark 6.8. It is straightforward to extend the result to the case where some of the ends of the
tropical curves are fixed but we restrict to the case where they are not to keep relatively easy
notation.

6.3 Quasi-modularity
We finish this section by proving the quasi-modularity of the following generating series: let g,
d2 be fixed integers and μ0, μ∞, ν0, ν∞ be fixed partitions with ‖μ0 + ν0‖ = ‖μ∞ + ν∞‖ = d2,
we consider the generating series for invariants in TX0,α,

Fg,d2(μ0, μ∞, ν0, ν∞) =
∞∑

d1=1

N0
g,(d1,d2)(μ0, μ∞, ν0, ν∞)yd1 .

Quasi-modular functions are some generating functions that generalize modular functions, which
are holomorphic functions on the Poincaré half-plane that have a nice behavior under the action of
the modular group PSL2(Z) acting by homography. We use the following characterization [KZ95]:
a function is quasi-modular if and only if it expresses as a polynomial in the Eisenstein series
G2, G4, G6, where G2k(y) =

∑∞
n=0(

∑
d|n d

k)yn (this convention might differ from the usual one
by a constant function and a scaling factor). We also use the fact that quasi-modular functions
are stable by the differential operator D = y(d/dy).

Theorem 6.9. The functions Fg,d2(μ0, μ∞, ν0, ν∞)(y) are quasi-modular forms.

Remark 6.10. Theorem 6.9 extends the result from [BGM22] for generating series of relative
invariants.

Proof. As d2, g and the ramification profile are fixed, up to the choice of the weights of the
floors, there are a finite number of floor diagrams. Thus, to show that the generating series are
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quasi-modular, we only need to show that the generating series for the multiplicities of each floor
diagram is a quasi-modular form. For a floor diagram D, the generating series for the various
weights that we can put on the floors is as follows:

W
∑

a1,...,ap

( p∏
1

avalFi−1
i σ1(ai)

)
y

∑
ai ,

where W =
∏

e∈D∞
m
we

∏
e∈Db

m
w2

e

∏
e∈D∞

um
w2

e

∏
e∈Db

um
w3

e is the contribution of the elevators, and
the floors of D are labeled F1, . . . ,Fp, having respective weights a1, . . . , ap, so that

∑
ai = d1.

This factors as

W

p∏
i=1

( ∞∑
1

avalFi−1σ1(a)ya

)
.

Each sum under the product can be recognized as DvalFi−1G2(y), where G2(y) =
∑∞

1 σ1(n)yn

and D = y(d/dy). Hence, the generating series for each floor diagram is a quasi-modular form.
Thus, so are the generating series for invariants. �

Quasi-modularity is a desirable property because it allows for a control of the asymptotics
of the coefficients. Moreover, as they express as a polynomial in the Eisensetin series, it means
that the knowledge of the degree of this polynomial and a finite number of values is sufficient to
recover all values of the invariants.

7. The Fock space approach

The goal of this section is to use the floor diagram approach to relate the invariants considered
in this paper to some coefficients of operators on a Fock space. This approach was pioneered
by Cooper and Pandharipande [CP17] to express Severi degrees of P1 × P1 and some double
Hurwitz number. The approach was later generalized by Block and Göttsche [BG16a] to both fit
the setting of their refined invariants, and to apply for h-transverse polygons, which are basically
the polygons for which the floor diagram approach works for the Severi degrees. In [CJMR21],
the authors use floor diagrams to express descendant invariants of Hirzebruch surfaces in terms
of operators on a Fock space, and one point relative descendant invariants.

We describe two settings: one for the classical invariants N δ,•
g,(d1,d2), and one for the refined

invariants BGδ,•
g,(d1,d2).

We consider the Heisenberg algebra H, modeled on the hyperbolic lattice, generated over Q

by an, bn for n ∈ Z and the following relations:

[an, am] = [bn, bm] = 0 and [an, bm] = nδn+m,0,

where δi,j = 1 if i = j and 0 otherwise is the Kronecker symbol. Its deformation Hq is the
Q[q±1/2]-algebra generated by the same generators, but with the relations

[an, am] = [bn, bm] = 0 and [an, bm] = [n]qδn+m,0.

The operators a−n, b−n are called creation operators and an, bn are called annihilation operators.
By definition, a0 = b0 = 0. For a partition μ, let

aμ =
∏

i

(ai)μi

μi!
, a−μ =

∏
i

(a−i)μi

μi!
,

bμ =
∏

i

(bi)μi

μi!
, b−μ =

∏
i

(b−i)μi

μi!
∈ H (respectively, Hq).
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The Fock space F (respectively, Fq) is the free Q-vector space (respectively, Q[q±1/2]-vector
space) generated by the creation operators acting on the vacuum v∅. In other words, by definition
for any n > 0 one has anv∅ = bnv∅ = 0, and F has a basis indexed by double partitions: let
|μ, ν〉 = a−μb−νv∅. The vectors |μ, ν〉 form a basis of F . The condition 〈v∅ | v∅〉 = 1, and an

(respectively, bn) being adjoint to a−n (respectively, b−n) defines a scalar product for which

〈μ, ν | μ′, ν ′〉 =

⎧⎪⎪⎨⎪⎪⎩
Iμ

μ!
Iν

ν!
δν,μ′ in F ,

Iμ
q

μ!
Iν
q

ν!
δν,μ′ in Fq.

The Fock space F (respectively, Fq) is graded in the following way:
⊕

n Fn, where Fn is generated
by |μ, ν〉 for ‖μ‖ + ‖ν‖ = n. Then H (respectively, Hq) becomes a graded algebra: H =

⊕
n∈Z

Hn,
and elements a−n, b−n belong to Hn.

We now introduce a family of operators on the Fock space. Let δ ∈ N, we set

Hδ(t) =
∑
k>0

b−kbk +
∑

s,μ,ν,k

tss|μ|+|ν|σ1(s)k2a−μaνbk

+
∑

s,μ,ν,k

tss|μ|+|ν|σ1(s)k2b−ka−μaν ,

and its deformation

Hq
δ (t) =

∑
k>0

b−kbk +
∑

s,μ,ν,k

ts
[ ∑

dl=s

d|μ|+|ν| ∏ (
[li]q
[i]q

)μi+νi
]
k[k]qa−μaνbk

+
∑

s,μ,ν,k

ts
[ ∑

dl=s

d|μ|+|ν| ∏ (
[li]q
[i]q

)μi+νi
]
k[k]qb−ka−μaν ,

where in each case, the first sum over the tuples (s, μ, ν, k) is with s, k > 0 and such that

‖μ‖ + sδ = ‖ν‖ + k,

while the second is over those such that

‖μ‖ + sδ + k = ‖ν‖.

The various monomials in the function Hδ correspond to the various vertices that can occur in
a floor diagram.

– The term b−kbk corresponds to a marked point on an elevator of weight k.
– The term a−μaνbk corresponds to a floor with |μ| elevators leaving the floor, |ν| arriving on

it, and a remaining elevator of weight k. In the setting of the floor diagrams, it is the unique
elevator that goes in the direction of the unique unbounded end of the complement of marked
points on elevators. As its position is fixed by the constraints, it behaves like a fixed elevator
for the next floor that it meets.

– Similarly for the term b−ka−μaν but with the specific elevator on the other side.
– The positive integer s corresponds to the weight of the floor. In this way, the previous relation

on the indices of the sum is just the condition on the divergence of a floor, which comes from
the balancing condition. The s|μ|+|ν|σ1(s) is the floor multiplicity appearing in Definition 5.14,
and the k2 part of the multiplicity of the specific elevator. Their refined counterpart appears
for the deformed operator Hq

δ (t).
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Remark 7.1. Note how the monomials in the expressions of the operators Hδ(t) and Hq
δ (t)

correspond to the terms in the Caporaso–Harris formula.

Remark 7.2. Sometimes, one includes an additional variable u, for instance in [CP17]. It is used
to recover the Euler characteristic of the graph encoded by the floor diagram. In the classical
case, one then sets

H̃δ(t, u) =
∑
k>0

b−kbk +
∑

s,μ,ν,k

tsu|μ|s|μ|+|ν|σ1(s)k2a−μaνbk

+
∑

s,μ,ν,k

tsu|μ|+1s|μ|+|ν|σ1(s)k2b−ka−μaν .

Precisely, the b−kbk correspond to a half-closed interval, which is of Euler characteristic 0, and
each monomial in the other sum corresponds to a floor which encodes a graph of genus 1,
including the leaves of the elevators ending on the floor, but not the one that starts from the
floor. The exponent of u is then precisely the opposite of the Euler characteristic. However, this
additional variable is not really needed due to the necessary relation between the number of
marked points n, the genus g and the bidegree (d1, d2): n = δd1 + 2d2 + g − 1.

Remark 7.3. Since the operators do not all commute, one needs to care about the order of the
operators in the monomials. In particular, this prevents to write the two sums as a unique sum
with k ∈ Z\{0} since the position of the b operator is important.

We now state the main theorem of the section. Concretely, it means that the invariants,
relative invariants, and their refined counterparts can be expressed as some coefficients of powers
of the operators Hδ(t, u) (respectively, Hq

δ (t, u)).

Theorem 7.4. We have

N δ,•
g,(d1,d2) = 〈0, 1d2 | Coefftd1Hδ(t)δd1+2d2+g−1 | 0, 1δd1+d2〉,

BGδ,•
g,(d1,d2) = 〈0, 1d2 | Coefftd1H

q
δ (t)δd1+2d2+g−1 | 0, 1δd1+d2〉,

and

N δ,•
g,(d1,d2)(μ0, μ∞, ν0, ν∞) =

μ∞!
Iμ∞+ν∞

μ0!
Iμ0+ν0

〈μ∞, ν∞ | Coefftd1Hδ(t)|ν0|+|ν∞|+g−1 | μ0, ν0〉,

BGδ,•
g,(d1,d2)(μ0, μ∞, ν0, ν∞) =

μ∞!
Iμ∞+ν∞
q

μ0!
Iμ0+ν0
q

〈μ∞, ν∞ | Coefftd1H
q
δ (t)|ν0|+|ν∞|+g−1 | μ0, ν0〉.

The operator Hδ(t) is a power series in t, and Coefftd1 means that we just take the
corresponding coefficient. Similarly for the deformed version.

Remark 7.5. In view of Remark 7.1, the Caporaso–Harris formula corresponds just to expanding
one term of the product Hδ(t)δd1+2d2+g−1 in Theorem 7.4.

Remark 7.6. With the u variable to recover the genus, the first equality in the theorem becomes,
for instance,

N δ,•
g,(d1,d2) = 〈0, 1d2 | Coefftd1ug+d2−1Hδ(u, t)δd1+2d2+g−1 | 0, 1δd1+d2〉.

Remark 7.7. Note that in the expression ofHδ, the assumption on the indices of each sum ensures
degree of the monomial a−μaνbk (respectively, b−ka−μaν) is equal to δs. Thus, Hδ belongs to
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H−δst

s, and so do its powers Hn
δ . In particular,

〈0, 1d2 | Hδ(t)δd1+2d2+g−1 | 0, 1δd1+d2〉 = td1〈0, 1d2 | Coefftd1Hδ(t)δd1+2d2+g−1 | 0, 1δd1+d2〉,

since every other term in the series is 0 by degree consideration.

As in [CP17] and [BG16a], these relations allow us to find some expressions of the generating
series of the invariants.

Corollary 7.8. One has the following generating series:∑
d1,d2,g

N δ,•
g,(d1,d2)

Qδd1+2d2+g−1

(δd1 + 2d2 + g − 1)!
Ed1

0 F d2 = 〈ea1F eQHδ(E0)ea−1〉,

∑
d1,d2,g

BGδ,•
g,(d1,d2)

Qδd1+2d2+g−1

(δd1 + 2d2 + g − 1)!
Ed1

0 F d2 = 〈ea1F eQHq
δ (E0)ea−1〉.

Proof. We have the following. On the first line, we use Theorem 7.4, on the second we replace
|0, 1δd1+d2〉 by ea−1v∅ since only one term of the exponential series contributes to the coefficient
for degree reasons, and we set n = δd1 + 2d2 + g − 1 > 0.∑

d1,d2,g

N δ,•
g,(d1,d2)

Qδd1+2d2+g−1

(δd1 + 2d2 + g − 1)!
Ed1

0 F d2

=
∑

d1,d2,g

Qδd1+2d2+g−1

(δd1 + 2d2 + g − 1)!
Ed1

0 F d2〈0, 1d2 | Coefftd1Hδ(t)δd1+2d2+g−1 | 0, 1δd1+d2〉

=
∑

d1,d2,n

1
n!
Ed1

0 F d2〈0, 1d2 | Coefftd1 (QHδ(t))nea−1 | 0, 0〉

=
∑
d2,n

F d2

〈
0, 1d2 | (QHδ(E0))n

n!
ea−1 | 0, 0

〉
=

∑
d2

F d2〈0, 1d2 | eQHδ(E0)ea−1 | 0, 0〉

= 〈ea1F eQHδ(E0)ea−1〉.

The computation is verbatim for refined invariants. �

Similarly, one can compute generating series for relative invariants. For μ a partition, let
Uμ

0 =
∏

i U
μi
0i and similarly for V0, U∞ and V∞. Then, as noted in [BG16a], for indeterminates

U and V , one has

exp
(

1
n

(b−nU + a−nV )
)
v∅ =

∑
μ,ν

1
Iμ+ν

UμV ν |μ, ν〉.

Corollary 7.9. One has the following generating series:∑
d1,d2,g,μ,ν

N δ,•
g,(d1,d2)(μ0, μ∞, ν0, ν∞)

Q|ν0|+|ν∞|+g−1

(|ν0| + |ν∞| + g − 1)!
Ed1

0 F d2

=
〈
eF

∑
((bnU∞n+anV∞n)/n)eQHδ(E0)e

∑
((b−nU0n+a−nV0n)/n)

〉
.
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To get the generating series of invariants for irreducible curves, as stated in [BG16a], one
only needs to take the logarithm. This comes from the fact that the number of reducible curves
is obtained by taking union of different irreducible components.

Corollary 7.10. One has the following relations:∑
d1,d2,g

N δ
g,(d1,d2)

Qδd1+2d2+g−1

(δd1 + 2d2 + g − 1)!
Ed1

0 F d2 = log〈ea1F eQHδ(E0)ea−1〉,

∑
d1,d2,g

BGδ
g,(d1,d2)

Qδd1+2d2+g−1

(δd1 + 2d2 + g − 1)!
Ed1

0 F d2 = log〈ea1F eQHq
δ (E0)ea−1〉.

Proof. If S is the generating series for irreducible invariants, then the generating series for
reducible invariants with r components is exactly (1/r!)Sr. Taking the sum, we get that the
generating series for reducible invariants is exactly eS . The result follows. �
Remark 7.11. Note that in this setting, the superabundant loops are not considered as curves
since they do not appear in any TX0,α. To get the corresponding generating series, one would
have to multiply by their generating series. This corresponds to compute the invariants N δ,•

g,(d,0)
for CX0,α, where α is a torsion element, and include them as possible components. These numbers
are 0 for generic α, but might be non-zero if α is torsion.

To prove Theorem 7.4, we introduce Feynman graphs. Their main interest is that they are
related to floor diagrams relatively easily, and that they provide a combinatorial interpretation
of the vacuum expectation of monomials in the Heisenberg algebra, thus relating floor diagrams
counts to vacuum expectations of operators. We follow what happens in [CJMR21].

Let P = m∞mn · · ·m1m0 be a product of monomials in the Heisenberg algebra such that:

• all the mi are monomials in the ak and bk;
• m0 contains only ak and bk with negative indices;
• m∞ contains only ak and bk with positive indices;
• for all monomials mi, every operator with a negative index stands left of an operator with a

positive index.

The goal is to compute the vacuum expectation 〈P 〉. One associates a family of graphs called
Feynman graphs to any product P in the following way:

• To any monomial mi, associate a germ of graph with exactly one vertex, a thick edge of
weight k leaving the vertex on the left (respectively, right) for each bk (respectively, b−k),
and a thin edge of weight k to the left (respectively, right) for each ak (respectively, a−k).

• For each b−k (respectively, a−k) in m0, we associate a germ with a thick (respectively, thin)
edge of weight k pointing to the right.

• For each bk (respectively, ak) in m∞, we associate a germ with a unique vertex and a thick
(respectively, thin) edge of weight k pointing to the left.

• The germs are ordered by the order on the indices of the mi.
• A Feynman graph is any (marked, weighted, ordered) graph obtained by gluing pairs of

half-edges such that no half-edge is left alone. A gluing between two germs of edges can
occur if:
– it connects a right half-edge to a left half-edge of a vertex on its right;
– one of the half-edge is thickened and the other is thin;
– they share the same weight.
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The following theorem is Proposition 5.1 in [BG16a]. It relates the vacuum expectation of a
product P to the Feynman graphs obtained from P .

Proposition 7.12 (Wick’s theorem). The vacuum expectation 〈P 〉 for a product of monomials
P is equal to the weighted sum of all Feynman graphs for P , where each Feynman graph is
weighted by the product of weights of all edges (interior edges and ends).

Remark 7.13. Note that the weight of an edge is k ∈ N in the classical setting, and [k]q ∈ Z[q±1/2]
in the refined setting.

Proof. We only give a sketch of proof and leave the bookkeeping task to the reader. When trying
to compute the vacuum expectation, take any operator ak or bk with a positive entry. assume it
is some ak. We move it to the right part of the product. It commutes to every other operator
except if it encounters some b−k, where by the commutation relation we then have

akb−k = k + b−kak.

Thus, the vacuum expectation that we are trying to compute becomes a sum of two new vacuum
expectations:

– one where ak and b−k are deleted and replaced by a factor k;
– one where we have replaced akb−k with b−kak.

In the end, when ak is moved completely to the right, we get akv∅ = 0. Thus, we exactly get a
sum of vacuum expectations for every b−k to the right of ak. This corresponds to drawing an
edge between the two germs of edges corresponding to ak and b−k. Note that the order between
the monomials and the germs of edges on the graph is reversed since the graph is drawn from left
to right when the monomials are read from right to left. Therefore, moving every monomial with
a positive entry to the right, the vacuum expectation expresses as a sum over all the possibilities
to connect an operator ak (respectively, bk) to a b−k (respectively, a−k) on its right. These are
exactly the Feynman’s graphs. They are counted with a weight equal to the product of the
weights of the edges. �
Proof of Theorem 7.4. We only treat the classical case. The refined case is handled the same
way. We consider the following vacuum expectation:

〈0, 1d2 | Coefftd1Hδ(t)δd1+2d2+g−1 | 0, 1δd1+d2〉.
First, replace |0, 1δd1+d2〉 by (aδd1+d2−1 /(δd1 + d2)!)|v∅〉 and 〈0, 1d2 | by 〈v∅|(ad2

1 /d2!). Then we
expand the product Hδ(t), and remember only the td1 term. Proposition 7.12 asserts that it
can be expressed as a sum over suitable Feynman graphs, with some multiplicity coming from
the coefficients of the monomials in the expression of Hδ. More precisely, after the expansion
of the product, one gets a sum of monomials P of the form m(P )m∞mδd1+2d2+g−1 · · ·m1m0,
where:

• m∞ = ad2
1 ;

• m0 = aδd1+d2−1 ;
• every other mi is either some b−kbk, some b−ka−μaν or some a−μaνbk;
• m(P ) is 1/d2!(δd1 + d2)! times the product of the coefficients of the chosen monomials mi in

the expansion.

Clearly, the Feynman graphs for the product of monomials in the previous expansion correspond
exactly to the marked floor diagrams from § 5.1. One just needs to check that their multiplic-
ities are identical. The multiplicity from Definition 5.14 gives a multiplicity wval(F )−1σ1(w) for
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every floor F of weight w in the diagram, and a product on the elevators of the diagram. On
the Feynman graph side, we recover the floors multiplicities in the term s|μ|+|ν|σ1(s). Using
Proposition 7.12, every edge of weight k brings a contribution k. This matches the contribution
in the multiplicity from Definition 5.14, except for the edges that are not marked. The missing
factor k2 from these edges comes from the coefficients in Hδ(t).

The proof of the formula for relative invariants is readily the same but with more book-
keeping, which is thus left to the reader. The only difference is that one needs to add a
factor (μ0!/Iμ0+ν0)(μ∞!/Iμ∞+ν∞) to compensate for the weight of the unbounded ends in the
formula. �
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GRZ22 T. Gräfnitz, H. Ruddat and E. Zaslow, The proper Landau-Ginzburg potential is the open

mirror map, Preprint (2022), arXiv:2204.12249.
GH14 P. Griffiths and J. Harris, Principles of algebraic geometry (John Wiley & Sons, 2014).
Har13 R. Hartshorne, Algebraic geometry, vol. 52 (Springer, 2013).
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