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THE RATIONALITY PROBLEM FOR NORM ONE TORI

SHIZUO ENDO

To the memory of Professor Masayoshi Nagata

Abstract. We consider the problem of whether the norm one torus defined
by a finite separable field extension K/k is stably (or retract) rational over k.

This has already been solved for the case where K/k is a Galois extension.

In this paper, we solve the problem for the case where K/k is a non-Galois

extension such that the Galois group of the Galois closure of K/k is nilpotent
or metacyclic.

Introduction

Let K/k be a finite separable field extension, and denote by R
(1)
K/k(Gm)

the norm one torus defined by K/k, as usual (see, e.g., [V]).
The purpose of this paper is to determine whether the torus T =

R
(1)
K/k(Gm) is stably (or retract) rational over k. For the case where K/k

is Galois, this problem was solved completely in [EM2] and [S]. Hence, we
have only to consider this for the case where K/k is non-Galois.

Assume that K/k is non-Galois, and let L/k be the Galois closure of
K/k. Let G = Gal(L/k), and let H = Gal(L/K). The main results in this
paper are the following.

[I] Assume that G is a nilpotent group. Then T is not retract rational
over k.

[II] Assume that G is a metacyclic group. Then T is always retract rational
over k, and the following conditions are equivalent:
(1) T is stably rational over k;
(2) G is the dihedral group Dn of order 2n with n odd or the direct

product of the cyclic group Cm of order m and the dihedral group
Dn of order 2n, where m,n are odd, m,n � 3, (m,n) = 1, and
H ⊆ Dn is of order 2.
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[III] Assume that G = An, n � 3, the alternating group on n letters, and
that H = An−1 ⊆ G, where H is the stabilizer of one of the letters in
G. Then,
(1) T is retract rational over k if and only if n is a prime;
(2) for some t � 1, T (t), the product of t copies of T , is stably rational

over k if and only if n = 3,5.
For the case of G metacyclic, it is an immediate consequence of [EM2,

(1.5)] and [S, (3.14)] that T is retract rational over k. It should be noted
that partial results of [I] and [II] have already been given in [CS1].

[I] and [II] are final answers to the problem for the cases of nilpotent
groups and metacyclic groups, respectively. [III] can be regarded as an addi-
tional remark on the result for symmetric groups in [CS2], [lB], [CK], [LL],
and so forth. We will also give another proof of the result for symmetric
groups.

§1. Preliminaries

Let G be a finite group. A G-module means a finitely generated left G-
module, and a G-module with a Z-basis is said to be a G-lattice. A G-lattice
M is said to be a permutation G-lattice if it has a Z-basis permuted by G,
that is, if M ∼=

⊕
1�i�m ZG/Hi for subgroups H1,H2, . . . ,Hm. M is said to

be invertible if it is a direct summand of a permutation G-lattice. M is said
to be a quasi-permutation if there exists an exact sequence of G-lattices

0 → M → U → V → 0,

where U and V are permutation lattices. M is said to be quasi-invertible if
it is a direct summand of a quasi-permutation G-lattice. The dual lattice
HomZ(M,Z) of a G-lattice M is denoted by M ◦.

For a subgroup H of G, there exists an exact sequence of G-lattices

0 → IG/H → ZG/H
ε→ Z → 0,

where ε is the augmentation map and IG/H = Ker ε. The dual lattice JG/H =
(IG/H)◦ of IG/H will play a central part in this paper.

When IG/H and JG/H are examined, H can be assumed to contain no
normal subgroup of G except {1}. In fact, let N ⊆ H be a maximal subgroup
which is normal in G, set G = G/N , and set H = H/N . Then IG/H = IG/H

and JG/H = JG/H , and therefore we may use G and H instead of G and H ,
where H contains no normal subgroup of G except {1}.
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Throughout this paper, a finite group is said to be a metacyclic group if
all its Sylow subgroups are cyclic.

Let k be a field, let L be a finite Galois extension of k, and let G =
Gal(L/k). Let M be a G-lattice with a Z-basis {u1, u2, . . . , un}. Define the
action of G on the rational function field L(X1,X2, . . . ,Xn) with variables
X1,X2, . . . ,Xn over L, as an extension of the action of G over L, as follows.
For each σ ∈ G,

σ(Xi) =
n∏

j=1

X
mij

j , 1 � i � n,

when σui =
∑n

j=1 mijuj ,mij ∈ Z, and denote L(X1,X2, . . . ,Xn) with this
action of G by L(M).

For a given G-lattice M , there exists an algebraic torus T defined over
k and split over L such that the character group of T is isomorphic to M

as G-lattices, and the invariant subfield L(M)G of L(M) can be identified
with the function field of T .

An extension field F of a basic field k is said to be rational over k if it is
generated over k by a finite number of elements of F which are algebraically
independent over k. F is said to be stably rational over k if there exists an
extension field of F which is rational over each of k and F . Further, F is said
to be retract rational over k if there exists an extension field k(x1, x2, . . . , xn)
of F rational over k where x1, x2, . . . , xn are algebraically independent over
k, and if F is the quotient field of a k-subalgebra A of F such that, for some
nonzero element s of k[x1, x2, . . . , xn], we have A ⊆ k[x1, x2, . . . , xn][1/s] and
a k-algebra homomorphism

θ : k[x1, x2, . . . , xn][1/s] → A

whose restriction to A is the identity on A. More generally, F is said to be
unirational over k if there exists an extension field of F which is rational
over k.

It is easy to see that

rational =⇒ stably rational =⇒ retract rational =⇒ unirational.

It should be noted that every algebraic torus defined by a separable exten-
sion of a field k is unirational over k.

We now have the following.

Theorem 1.1. Let L/k be a finite Galois field extension with a group G,
and let M be a G-lattice. Then,
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(1) M is a quasi-permutation G-lattice if and only if L(M)G is stably ratio-
nal over k (see, e.g., [EM1, (1.6)]);

(2) M is a quasi-invertible G-lattice if and only if L(M)G is retract rational
over k (see [S, (3.14)]).

Let k be a field, and let K/k be a finite separable extension. Let L/k be
the Galois closure of K/k, let G = Gal(L/k), and let H = Gal(L/K) ⊆ G.
The norm one torus R

(1)
K/k(Gm) defined by K/k has the lattice JG/H as

its character lattice and the field L(JG/H)G as its function field (see [V]).
Note that H contains no normal subgroup of G except {1}, since L/k is the
Galois closure of K/k. For the case where K/k is Galois (i.e., H = {1}), the
G-lattices IG/H and JG/H are denoted by IG and JG, respectively.

For the case where K/k is Galois, we have the following.

Theorem 1.2. Let K/k be a finite Galois field extension with a group G.
Then,

(1) R
(1)
K/k(Gm) is retract rational over k if and only if G is metacyclic (see

[EM2, (1.5)], [S, (3.14)]);
(2) R

(1)
K/k(Gm) is stably rational over k if and only if G is a cyclic group,

or a direct product of a cyclic group of order m and a group 〈σ, τ | σn =
τ2d

= 1, τστ −1 = σ−1〉, where d,m � 1, n � 3, m,n odd, and (m,n) = 1
(see [EM2, (2.3)]).

Therefore, in this paper, we will consider only the case where K/k is
non-Galois, that is, the case where H 	= {1}.

Let G be a finite group. Let H1,H2, . . . ,Ht, t � 2 be subgroups of G,
and let εi : ZG/Hi → Z,1 � i � t, be the augmentation maps. Then the
multiaugmentation map

ε = (ε1, ε2, . . . , εt) : ZG/H1 ⊕ ZG/H2 ⊕ · · · ⊕ ZG/Ht → Z

is defined by sending u = (ui) ∈
⊕t

i=1 ZG/Hi to
∑t

i=1 εi(ui) ∈ Z.
The following proposition on multiaugmentation maps is simple but very

useful.

Proposition 1.3. Let G be a finite group, and let H1,H2, . . . ,Ht, t � 2
be subgroups of G such that Ht−1 ⊇ Ht. Let εi : ZG/Hi → Z,1 � i � t, be the
augmentation maps. Further, let
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ε = (ε1, ε2, . . . , εt−1, εt) : ZG/H1 ⊕ ZG/H2 ⊕ · · · ⊕ ZG/Ht−1 ⊕ ZG/Ht → Z,

ε′ = (ε1, ε2, . . . , εt−1) : ZG/H1 ⊕ ZG/H2 ⊕ · · · ⊕ ZG/Ht−1 → Z,

be the multiaugmentation maps, set I = Kerε, I ′ = Kerε′, and set J = I◦,
J ′ = (I ′)◦. Then I ∼= I ′ ⊕ ZG/Ht and J ∼= J ′ ⊕ ZG/Ht.

Proof. Define δt : ZG/Ht → ZG/Ht−1 by ρHt → ρHt−1, ρ ∈ G, and define

δ = (1,1, . . . ,1, δt) : ZG/H1 ⊕ ZG/H2 ⊕ · · · ⊕ ZG/Ht−1 ⊕ ZG/Ht

→ ZG/H1 ⊕ ZG/H2 ⊕ · · · ⊕ ZG/Ht−1

by sending (u1, u2, . . . , ut−1, ut) to (u1, u2, . . . , ut−1 + δt(ut)). Then δ is a
split surjection and Ker δ (∼= ZG/Ht) ⊆ I . Hence, we can form the following
commutative diagram with exact rows and columns:

0 0

ZG/Ht ZG/Ht

0 I ZG/H1 ⊕ · · · ⊕ ZG/Ht−1 ⊕ ZG/Ht

ε

δ

Z 0

0 I ′ ZG/H1 ⊕ · · · ⊕ ZG/Ht−1

ε′

Z 0

0 0

Then the first column is also split, and so I ∼= I ′ ⊕ ZG/Ht and J ∼= J ′ ⊕
ZG/Ht.

Corollary 1.4. Let G be a finite group, and let

ε(t) : [ZG](t) → Z, t � 2,

be the multiaugmentation map of [ZG](t), the direct sum of t copies of ZG,
on Z defined as in Proposition 1.3 by augmentation map : ZG → Z. Let
I = Kerε(t), and let J = I◦. Then I ∼= IG ⊕ [ZG](t−1), and hence J ∼= JG ⊕
[ZG](t−1).

Note that special cases of Proposition 1.3 and Corollary 1.4 have been
used in [E] and [CK].
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A lattice M over a finite group G is said to be coflasque if H1(G′,M) = 0
for any subgroup G′ of G. Every invertible lattice is coflasque. For any
G-lattice M , we can construct an exact sequence

0 → N → U → M → 0,

where U is permutation and N is coflasque (see [EM2, (1.1)]). This is said
to be a coflasque resolution of M .

Proposition 1.5. Let G be a finite group, and let 0 → N → U → M → 0
be an exact sequence of G-lattices with U permutation. Then,
(1) M ◦ is a quasi-permutation if and only if N is a quasi-permutation;
(2) M ◦ is quasi-invertible if and only if N is quasi-invertible.
Suppose further that N is coflasque. Then,
(3) M ◦ is quasi-invertible if and only if N is invertible.

Proof. For example, see the proof of [EM2, (1.6)].

Corollary 1.6. A lattice over a finite group G is quasi-invertible if and
only if it is quasi-invertible over every Sylow subgroup of G.

Proof. It is well known (see, e.g., [EM2, (1.4)]) that a G-lattice is invert-
ible if and only if it is invertible over every Sylow subgroup of G. Therefore,
the assertion follows directly from Proposition 1.5.

The following proposition is only a slight generalization of Theorem 1.2(1),
but this is useful for our problem.

Proposition 1.7. Let G be a finite group, and let H be a nonnormal
Hall subgroup of G. Then JG/H is quasi-invertible over G if and only if all
Sylow p-subgroups of G are cyclic for any prime p | [G : H].

Proof. Suppose that there exists a noncyclic Sylow p-subgroup P of G

for some prime p | [G : H]. Then ZG/H is ZP free, and therefore ZG/H ∼=
[ZP ](t), t � 1. Hence, by Corollary 1.4, JG/H

∼= JP ⊕ [ZP ](t−1). However,
since P is noncyclic, JP is not quasi-invertible over P . Thus, JG/H is not
quasi-invertible over G.

On the other hand, suppose that Sylow p-subgroups of G are cyclic for
any prime p | [G : H]. Let p be a prime divisor of |G|, and let P be a Sylow p-
subgroup. Assume first that p | [G : H]. Then, as above, ZG/H ∼= [ZP ](t), t �
1, as P -lattices, and hence, by Corollary 1.4, JG/H

∼= JP ⊕ [ZP ](t−1). Since
P is cyclic by assumption, JP is quasi-invertible. This shows that JG/H is
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quasi-invertible over P . Next, assume that p | |H|. As H is a Hall subgroup,
we have p � [G : H], and then the action of P on G/H has a fixed point.
Therefore, JG/H , as a P -lattice, is a direct summand of ZG/H , which shows
also that JG/H is invertible over P . Hence, in both cases, JG/H is quasi-
invertible over P . Thus, it follows from Corollary 1.6 that JG/H is quasi-
invertible over G.

§2. Nilpotent groups

In this section, we will prove the following.

Theorem 2.1. Let K/k be a finite non-Galois, separable field extension,
and let L/k be the Galois closure of K/k. Assume that the Galois group of
L/k is nilpotent. Then the norm one torus R

(1)
K/k(Gm) defined by K/k is not

retract rational over k.

Let G = Gal(L/k), and let H = Gal(L/K) ⊆ G. In order to prove Theo-
rem 2.1, it suffices to show by Theorem 1.1(2) that the G-lattice J = JG/H

is not quasi-invertible.
We can reduce Theorem 2.1 to the case where G is a p-group for a prime

p. In fact, given a nilpotent group G and a nonnormal subgroup H ⊆ G,
there exists a Sylow p-subgroup P for some p | |G| such that P ′ = P ∩
H is nonnormal in P , because nilpotent groups G and H are expressible
uniquely as the direct products of their Sylow subgroups. Then we have
ZG/H ∼= [ZP/P ′](t) for some t � 1 as P -lattices, and so, by Proposition 1.3,
JG/H

∼= JP/P ′ ⊕ [ZP/P ′](t−1) as P -lattices. Accordingly, it follows that JG/H

is not quasi-invertible over G when JP/P ′ is not quasi-invertible over P .
From now on, we assume that G is a p-group and that H ⊆ G contains

no normal subgroup of G except {1}.
We will prove step by step that JG/H is not quasi-invertible over G.

Step 1. Case where the center of G is not cyclic.

Proof. Let Z = Z(G) be the center of G. Since H contains no normal
subgroup of G except {1}, we have H ∩ Z = {1}, and so ZG/H ∼= [ZZ](t) for
some t � 1 as Z-lattices. Then, from Corollary 1.4, it follows that JG/H

∼=
JZ ⊕ [ZZ](t−1). Since Z is not cyclic by the assumption, JZ is not quasi-
invertible over Z by Theorem 1.2(1), and so JG/H is not quasi-invertible
over G.

According to Step 1, we may assume from now that the center Z(G) of
G is cyclic.
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Step 2. Case where p is odd.

Proof. By [Be, (1.4)], there exists a normal subgroup of G as follows:

N = 〈σ, τ | σp = τp = 1, στ = τσ〉.

Then, by the above assumption, we may suppose that N ∩ Z(G) = 〈σ〉.
Suppose first that H ∩ N = {1}. Then we have ZG/H ∼= [ZN ](t) for some

t � 1, as N -lattices, and therefore by Corollary 1.4, JG/H
∼= JN ⊕ [ZN ](t−1),

as N -lattices. Since N is not cyclic, JN is not quasi-invertible over N by
Theorem 1.2(1), and hence JG/H is also not quasi-invertible over G.

Next, suppose that H ∩ N 	= {1}. Then we may assume that H ∩ N = 〈τ 〉.
As is easily seen, the subgroups 〈τ 〉, 〈τσ〉, 〈τσ2〉, . . . , 〈τσp−1〉 are conjugate
under G, because 〈τ 〉 is not normal in G and σ ∈ Z(G), and so, as N -lattices,

ZG/H ∼= [ZN/〈τ 〉 ⊕ ZN/〈τσ〉 ⊕ · · · ⊕ ZN/〈τσp−1〉](t)

for some t � 1. Let

ε : ZN/〈τ 〉 ⊕ ZN/〈τσ〉 ⊕ · · · ⊕ ZN/〈τσp−1〉 → Z

be the multiaugmentation map, and set J = [Kerε]◦. Then it follows from
Proposition 1.3 that

JG/H
∼= J ⊕ [ZN/〈τ 〉 ⊕ ZN/〈τσ〉 ⊕ · · · ⊕ ZN/〈τσp−1〉](t−1).

Since J is not quasi-invertible over N by [E, Theorem 2(2)], this implies
that JG/H is not quasi-invertible over G.

The following 2-groups are said to be of maximal class (see [Be, p. 26,
Definition 2 and (1.7)]):
• the dihedral group

D2n = 〈σ, τ | σ2n
= τ2 = 1, τστ −1 = σ−1〉, n � 2,

• the generalized quaternion group
Q2n = 〈σ, τ | σ2n

= 1, σ2n−1
= τ2, τστ −1 = σ−1〉, n � 2,

• the semidihedral group
SD2n = 〈σ, τ | σ2n

= τ2 = 1, τστ −1 = σ−1+2n−1 〉, n � 3.
Any subgroup 	= {1} of the group Q2n contains the center Z(Q2n) =

〈σ2n−1 〉, and so Q2n can be omitted from the object of our consideration.

Step 3. Case where p = 2 and G is of maximal class.
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Proof. Assume that G = D2n . Then H is one of the subgroups 〈τ 〉, 〈τσ〉,
. . . , 〈τσ2n−1 〉, and therefore we may assume that H = 〈τ 〉. Define N = 〈σ2,

τσ〉. Then N is normal in G and N ∼= D2n−1 (n � 3) or the elementary
abelian group of order 4. Further, we have ZG/H ∼= ZN as N -lattices, and
hence JG/H = JN is not quasi-invertible over N , again by Theorem 1.2(1).
Thus, we conclude that JG/H is not quasi-invertible over G.

Next, assume that G = SD2n . Then H is one of the subgroups 〈τ 〉, 〈τσ2〉,
. . . , 〈τσ2(2n−1−1)〉, and therefore we may assume that H = 〈τ 〉. Note that the
subgroups 〈τσ〉, 〈τσ3〉, . . . , 〈τσ2n−1〉 of G contain the center Z(G) = 〈σ2n−2 〉.
Set N = 〈σ2, τσ〉. Then N is normal in G and N ∼= Q2n−1 (n � 3). Further,
we have ZG/H ∼= ZN as N -lattices, and hence, along the same lines as in
the dihedral case, we can show that JG/H is not quasi-invertible over G.

Step 4. Case where a 2-group G is not of maximal class and does not
have the elementary abelian group of order 8 as its normal subgroup.

Proof. Since G is not of maximal class, there exists an elementary abelian
normal subgroup E of order 4 in G by [Be, (1.4)]. The centralizer CG(E)
of E in G is normal in G, and by [Be, (1.8)], we have E � CG(E). Then
there is ρ ∈ CG(E) − E such that the class ρ̄ of ρ in G/E is contained in the
center of G/E and is of order 2. Then N = 〈ρ,E〉 is an abelian, noncyclic
normal subgroup of order 8 in G. However, by the assumption, N is not
elementary abelian, and therefore it can be expressed as follows:

N = 〈σ, τ | σ4 = τ2 = 1, στ = τσ〉.

Since the conjugacy class of σ in G is contained in {σ,σ3, στ,σ3τ }, the
conjugacy class of σ2 in G is {σ2}, and so we have σ2 ∈ Z(G). However, by
assumption, Z(G) is cyclic. Accordingly, the elements τ and σ2τ of order 2
in N must be conjugate under G.

Assume first that H ∩ N = {1}. Then ZG/H ∼= [ZN ](t), t � 1, as N -
lattices, and therefore, by Corollary 1.4, JG/H

∼= JN ⊕ [ZN ](t−1), as N -
lattices. Since N is not cyclic, we can conclude that JG/H is not quasi-
invertible.

Next, assume that H ∩ N 	= {1}. Because H ∩ Z(G) = {1}, σ2 /∈ H , and
so H ∩ N = {τ } or {τσ2}. As noted above, τ and τσ2 are conjugate under
G. Hence, we have ZG/H ∼= [ZN/〈τ 〉 ⊕ ZN/〈τσ2〉](s), s � 1, as N -lattices.
Let

ε = (ε1, ε2) : U = ZN/〈τ 〉 ⊕ ZN/〈τσ2〉 → Z
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be the multiaugmentation map, and set J = [Kerε]◦. Then, by Proposi-
tion 1.3, JG/H

∼= J ⊕ [ZN/〈τ 〉 ⊕ ZN/〈τσ2〉](s−1) as N -lattices. According to
Lemma 2.2 given at the end of this section, J is not quasi-invertible over N .
Thus, JG/H is not quasi-invertible over G.

Step 5. Case where the 2-group G has the elementary abelian group E

of order 8 as a normal subgroup.

Proof. Let E = 〈ρ,σ, τ | ρ2 = σ2 = τ2 = 1, ρσ = σρ,στ = τσ, τρ = ρτ 〉.
Since Z(G) is cyclic and E ∩ Z(G) 	= {1}, we may assume that E ∩ Z(G) =
〈ρ〉. Since H contains no normal subgroup of G except {1}, we have H ∩
Z(G) = {1}, and hence ρ is not contained in any subgroup conjugate to H .

First, suppose that |H ∩ E| = 1, that is, that H ∩ E = {1}. Then we have
ZG/H ∼= [ZE](t) for some t � 1 as E-lattices, and so the proof is similar to
the previous one.

Second, suppose that |H ∩ E| = 2. Then we may assume that H ∩ E = 〈σ〉.
Let E0 = 〈ρ,σ〉. If E0 is normal in G, then {σ,σρ} is a conjugacy class of
G. Then the subgroup E1 = 〈ρ, τ 〉 does not contain any of σ and σρ. Hence,
we have ZG/H ∼= [ZE1](t) for some t � 1 as E1-lattices. On the other hand,
if E0 is not normal in G, then one of the subgroups 〈ρ, τ 〉 and 〈ρ,στ 〉 is
normal in G, and we denote it by E1. Then E1 ∩ H = {1}, and therefore we
have ZG/H ∼= [ZE1](t) for some t � 1 as E1-lattices. Thus, the proof is done
in the same way as in the first case.

Finally, suppose that |H ∩ E| = 4. In this case, we may assume that
H ∩ E = 〈σ, τ 〉. Now, all the subgroups of order 4 in E are expressible as
follows:

〈σ, τ 〉, 〈ρσ, τ 〉, 〈σ,ρτ 〉, 〈ρσ,στ 〉,

〈ρ,σ〉, 〈ρ, τ 〉, 〈ρ,στ 〉.

The groups in the second row are not conjugate to those in the first row
under G, because E ∩ Z(G) = 〈ρ〉.

We will now show that the groups in the first row of the above list are
conjugate under G. Let E1 = 〈ρ,στ 〉, let E2 = 〈ρ,σ〉, and let E3 = 〈ρ, τ 〉. It
is easy to see that at least one of E1, E2, and E3 is normal in G, and so we
may assume that E1 is normal in G. Then the centralizer CG(στ) of στ in
G is a maximal subgroup of G; that is, [G : CG(στ)] = 2. Note that E2 and
E3 are either both normal or both nonnormal in G.

We first consider the case where both E2 and E3 are normal in G. Then
both CG(σ) and CG(τ), the centralizers of σ and τ in G, are maximal in
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G. These three maximal subgroups of G are distinct. In fact, if CG(σ) =
CG(τ), for example, then CG(σ) = CG(τ) = CG(στ), since CG(σ) ∩ CG(τ) ⊆
CG(στ). Setting C = CG(σ) = CG(τ) = CG(στ) and taking μ ∈ G − C, we
have μσμ−1 = ρσ, μτμ−1 = ρτ , and μστμ−1 = ρστ , because E1, E2, and
E3 are normal in G. From the equalities μσμ−1 = ρσ and μτμ−1 = ρτ , it
follows that (μσμ−1)(μτμ−1) = (ρσ)(ρτ) = στ . This contradicts obviously
the third equality μστμ−1 = ρστ . Now, let μ ∈ CG(σ) − CG(τ) and ν ∈
CG(τ) − CG(σ). Then we have

μσμ−1 = σ, μτμ−1 = ρτ,

νσν−1 = ρσ, ντν−1 = τ,

(νμ)σ(νμ)−1 = ρσ, (νμ)τ(νμ)−1 = ρτ.

This implies that the groups given in the first row are conjugate under G.
Second, we consider the case where both E2 and E3 are nonnormal in

G. In this case, the set {σ,ρσ, τ, ρτ } is a conjugacy class of G, because [G :
CG(σ)] = [G : CG(τ)] = 4. If CG(σ) = CG(τ), then C = CG(σ) = CG(τ) �

CG(στ) � G. Let μ ∈ G − CG(στ). Since μ /∈ C, we have

μσμ−1 = τ, μτμ−1 = ρσ

or

μσμ−1 = ρτ, μτμ−1 = σ.

Then we have further

μ2σμ−2 = ρσ, μ2τμ−2 = ρτ

and

μ3σμ−3 = ρτ, μ3τμ−3 = σ

or

μ3σμ−3 = τ, μ3τμ−3 = ρσ.

Therefore, the subgroups given in the first row are conjugate under G. On
the other hand, if CG(σ) 	= CG(τ), then there exist μ ∈ CG(σ) − CG(τ) and
ν ∈ CG(τ) − CG(σ). Using these μ,ν, we can show in the same way as in
the first case that the four subgroups are conjugate under G. Thus, in both
cases, we conclude that the four subgroups are conjugate under G.

Since H ∩ E = 〈σ, τ 〉, we have

ZG/H ∼= [ZE/〈σ, τ 〉 ⊕ ZE/〈ρσ, τ 〉 ⊕ ZE/〈σ,ρτ 〉 ⊕ ZE/〈ρσ,στ 〉](t)
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for some t � 1 as E-lattices. Let

ε : ZE/〈σ, τ 〉 ⊕ ZE/〈ρσ, τ 〉 ⊕ ZE/〈σ,ρτ 〉 ⊕ ZE/〈ρσ,στ 〉 → Z

be the multiaugmentation map, and set J = [Kerε]◦. Then it follows from
Proposition 1.3 that

JG/H
∼= J ⊕ [ZE/〈σ, τ 〉 ⊕ ZE/〈ρσ, τ 〉 ⊕ ZE/〈σ,ρτ 〉 ⊕ ZE/〈ρσ,στ 〉](t−1).

Since J is not quasi-invertible over E by [E, Theorem 2(1)], this implies
that JG/H is not quasi-invertible over G. This completes the proof of this
step, and so the proof of Theorem 2.1.

Finally, we show the following lemma, which has been used in Step 4.

Lemma 2.2. Let G = 〈σ, τ | σ4 = τ2 = 1, στ = τσ〉 be the direct product of
the cyclic groups 〈σ〉 and 〈τ 〉. Let

ε = (ε1, ε2) : U = ZG/〈τ 〉 ⊕ ZG/〈τσ2〉 → Z

be the multiaugmentation map, set I = Kerε, and set J = I◦. Then J is not
quasi-invertible.

Proof. We construct a concrete coflasque resolution of I . The subgroups
of G are as follows:

order 1 {1}
order 2 H0 = 〈σ2〉,H1 = 〈τ 〉,H2 = 〈τσ2〉
order 4 N0 = 〈σ2, τ 〉,N1 = 〈σ〉,N2 = 〈στ 〉
order 8 G

Under this notation, we have U = ZG/H1 ⊕ ZG/H2. Both ZG/H1 and
ZG/H2 have {1, σ, σ2, σ3} as representatives of the cosets, so I can be
expressed as follows:

I = Z〈σ〉(1, −1) + Z〈σ〉(0, σ − 1) = Z〈σ〉(1, −1) + Z〈σ〉(σ − 1,0).

Here, note that τ(1, −1) = (1, −1) − (0, σ2 − 1). Then we have

IH1 = Z〈σ〉(1 + σ2)(1, −1) + Z〈σ〉(σ − 1,0),

IH2 = Z〈σ〉(1 + σ2)(1, −1) + Z〈σ〉(0, σ − 1),

IH0 = IN0 = Z〈σ〉(1 + σ2)(1, −1) + Z(1 + σ2)(σ − 1,0)

= Z〈σ〉(1 + σ2)(1, −1) + Z(1 + σ2)(0, σ − 1),
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IG = IN1 = IN2 = Z(1 + σ + σ2 + σ3)(1, −1) ∼= Z.

Define now the G-homomorphisms

δ0 : ZG → I by → (1, −1),

δ1 : ZG/H1 → I by 1 → (σ − 1,0),

δ2 : ZG/H2 → I by 1 → (0, σ − 1),

δ3 : ZG/N0 → I by 1 → (1 + σ2)(1, −1).

Set V = ZG ⊕ ZG/H1 ⊕ ZG/H2 ⊕ ZG/N0, let

δ = (δ0, δ1, δ2, δ3) : V → I,

and let W = Ker δ. Then it is easy to see that H1(H,W ) = 0 for every
subgroup H of G. This shows that W is coflasque.

We denote by X∗ the completion of a lattice X at 2. Then, Z∗G is a local
ring, and, for any subgroup H of G, Z∗G/H is indecomposable.

Suppose now that J is quasi-invertible. Then W is invertible by Proposi-
tion 1.5(3). Since the Krull-Schmidt theorem holds for permutation lattices
over Z∗G, the completion W ∗ of W at 2 must be a permutation.

From the exact sequences

0 → I → U → Z → 0,

0 → W → V → I → 0,

we get the list of the Z-rank for these G-lattices as follows:

H rankZ UH rankZ IH rankZ V H rankZ WH

{1} 8 7 18 11
H0 4 3 10 7
H1 6 5 12 7
H2 6 5 12 7
N0 4 3 8 5
N1 2 1 5 4
N2 2 1 5 4
G 2 1 4 3

From this list, we can deduce that W ∗ ∼= Z∗G ⊕ Z∗G/N0 ⊕ Z∗. Now, we
have the exact sequence

0 → W ∗ → V ∗ → I∗ → 0,
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with V ∗ ∼= Z∗G ⊕ Z∗G/H1 ⊕ Z∗G/H2 ⊕ Z∗G/N0. Setting V ′ = Z∗G/H1 ⊕
Z∗G/H2 ⊕ Z∗G/N0 and W ′ = Z∗G/N0 ⊕ Z∗, and forming the pushout of

W ∗ V ∗

W ′

we obtain the exact sequence

0 → W ′ → V ′ → I∗ → 0,

which is obviously a contradiction, because the image of V ′ in I∗ cannot
contain the element (1, −1). This concludes that J is not quasi-invertible.

Remark 2.3. In [CS1, (d3)], it was shown that the torus R
(1)
K/k(Gm) is

not rational over k in the case where Gal(L/k) is the dihedral group D4 of
order 8 and Gal(L/K) is the subgroup of order 2.

§3. Metacyclic groups

The main result of this section is the following.

Theorem 3.1. Let K/k be a finite non-Galois, separable field extension,
and let L/k be the Galois closure of K/k. Let G = Gal(L/k), and let H =
Gal(L/K) ⊆ G. Assume that G is metacyclic. Then the following conditions
are equivalent.

(1) The norm one torus R
(1)
K/k(Gm) defined by K/k is stably rational over k.

(2) G is the dihedral group Dn of order 2n with n odd (n � 3) or the direct
product of the cyclic group Cm of order m and the dihedral group Dn

of order 2n, where m,n are odd, m,n � 3, (m,n) = 1, and H ⊆ Dn is
of order 2.

Note that Theorem 3.1(2) is equivalent to the following.

(2′) H = C2 is the cyclic group of order 2, and G is isomorphic to a semidi-
rect product Cr �H , r � 3 odd, where H acts nontrivially on the cyclic
group Cr of order r.

Let G be a nonabelian metacyclic group. Then G is expressible as the
semidirect product of the cyclic normal subgroup N0 = Cl of order l by
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the cyclic subgroup H0 = Cf of order f , all Sylow subgroups of which are
nonnormal in G, where l � 3 odd, f � 2, and (f, l) = 1. We define

i(G) = |Im(H0 → AutN0)|.

Theorem 3.1 is only a restatement of the following (see [EM2, (2.3) and
p. 92, (1′)]).

Theorem 3.2. Let G be a nonabelian metacyclic group, and let H be a
nonnormal subgroup of G which contains no normal subgroup of G except
{1}. Then the following conditions are equivalent:
(1) i(G) = 2;
(2) JG/H is a quasi-permutation G-lattice;
(3) [JG/H ](t) is a quasi-permutation G-lattice for some t � 1.

Remark 3.3. The partial results of Theorems 3.1 and 3.2 were obtained
in [CS1, (R4) and (d1)] and [F, (2.3)]. It is given without proof in [CS1,
(d1)] that, for the case of Gal(L/k) = Dn with n odd, the torus R

(1)
K/k(Gm)

is rational over k.

Now we will prove Theorem 3.2. In Theorem 3.2 the implication (2) ⇒
(3) is obvious, and so it suffices to prove the implications (1) ⇒ (2) and
(3) ⇒ (1).

The proof of (3) ⇒ (1). Assume that i(G) � 3.
Case 1. Suppose that |H| � 3. Then there exist a subgroup H ′ of H with

|H ′ | = 4 or q an odd prime and a subgroup N ′ of N0 with |N ′ | = p an odd
prime such that H ′ acts faithfully on N ′ by conjugation. Set G′ = N ′H ′,
and regard ZG/H ′ as a G′-lattice. Then we have ZG/H ∼= ZG′/H ′ ⊕ S′ as
G′-lattices, where S′ = 0 or S′ =

⊕d
i=1 ZG′/H ′

i, d � 1, for subgroups H ′
i ⊆

H ′, and so, by Proposition 1.3, JG/H
∼= JG′/H′ ⊕ S′. Therefore, it suffices to

show that [JG′/H′ ](t) is not a quasi-permutation over G′ for any t � 1.
Suppose that [JG′/H′ ](t) is a quasi-permutation for some t � 1. We have

an exact sequence

0 → IG′/H′ → ZG′/H ′ → Z → 0.

Let σ′ be a generator of N ′. Then IG′/H′ is generated by σ′ − 1. Therefore,
defining the map φ : ZG′ → IG′/H′ by φ(1) = σ′ − 1 and setting B′ = Kerφ,
we have an exact sequence

0 → B′ → ZG′ → IG′/H′ → 0.
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It is easy to see that B′ is coflasque, and so, by Proposition 1.5, B′ is
invertible. By assumption, we have [B′](t) ⊕ U ′ ∼= V ′ for some permutation
G′-lattices U ′ and V ′, and so [B′](t) ⊕ U ′ ∼= [[B′]◦](t) ⊕ U ′. From this it follows
that H i(G′,B′) ∼= H i(G′, [B′]◦) for any i. Computing the two-dimensional
cohomology groups, we obtain

H2(G′,B′) ∼= H1(G′, I ′
G′/H′ ) ∼= Z/pZ,

H2(G′, [B′]◦) ∼= H3(G′, JG′/H′ ) ∼= H4(G′,Z)p
∼= H4(N ′,Z)H′ ∼= [Z/pZ]H

′
,

where the p-part of a finite abelian group A is denoted by Ap. This implies
that H ′ acts trivially on H4(N ′,Z), but, according to [Br, p. 159, Exam-
ple 6], this is not the case because of |H ′ | = 4 or q.

Case 2. Suppose that |H| = 2.
If there exists an odd prime q | i(G), then there exist a subgroup H ′ of H0

with |H ′ | = q and a subgroup N ′ of N0 with |N ′ | = p an odd prime such that
H ′ acts nontrivially on N ′ by conjugation. Setting G′ = N ′H ′, and regarding
ZG/H as a G′-lattice, we have ZG/H ∼= [ZG′](s) for some s � 1, as G′-
lattices, and therefore, by Corollary 1.4, JG/H

∼= JG′ ⊕ [ZG′](s−1). According
to [EM2, (2.3)], [JG′ ](t) is not a quasi-permutation over G′ for any t � 1.
Thus, we conclude that [JG/H ](t) is not a quasi-permutation over G for any
t � 1.

If i(G)(� 3) is a power of 2, then there exist a subgroup H ′ of H0 with
|H ′ | = 4 containing H and a subgroup N ′ of N0 with |N ′ | = p an odd prime
such that H ′ acts faithfully on N ′ by conjugation. Setting G′ = N ′H ′, and
regarding ZG/H as a G′-lattice, we have ZG/H ∼= ZG′/H ⊕ S′ as G′-lattices,
where S′ = 0 or S′ =

⊕d
i=1 ZG′/Hi, d � 1, for subgroups Hi ⊆ H , and so,

by Proposition 1.3, JG/H
∼= JG′/H ⊕ S′. Therefore, it suffices to show that

[JG′/H ](t) is not a quasi-permutation over G′. Suppose that [JG′/H ](t) is a
quasi-permutation for some t � 1. We have an exact sequence

0 → IG′/H → ZG′/H → Z → 0.

Let N ′ = 〈σ〉, and let H ′ = 〈τ 〉. Then we have IG′/H = (σ − 1, τ − 1). Noticing
that [IG′/H ]N

′
= Z(

∑p−1
i=0 σi)(τ − 1), we can construct the following coflasque

resolution of IG′/H :

0 → B′ → ZG′ ⊕
s⊕

i=1

ZG′/H ′
i → IG′/H → 0,
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where each H ′
i is a subgroup of H ′. Then B′ is invertible by [EM2, (1.5)].

Since [JG′/H ](t) is a quasi-permutation, [B′](t) is a quasi-permutation by
Proposition 1.5, and so we have [B′](t) ⊕ U ′ ∼= V ′ for some permutation
G′-lattices U ′ and V ′. From this it follows that H i(G′,B′) ∼= H i(G′, [B′]◦)
for any i. Computing the cohomology groups H2(G′,B′) and H2(G′, [B′]◦)
along the same lines as in Case 1, and considering only the p-parts of the
cohomology groups, we finally see that

Z/pZ ∼= H4(N ′,Z)H′ ∼= [Z/pZ]H
′
,

which is a contradiction. This completes the proof (3) ⇒ (1).

The proof of (1) ⇒ (2). Assume that i(G) = 2.
Under this assumption, the subgroups of H of G as in the theorem are

of order 2. Therefore, G and H are expressible as follows:

G = 〈μ,ν, τ | μm = νn = τ2 = 1, μν = νμ,μτ = τμ, τντ −1 = ν−1〉

and H = 〈τ 〉, where m,n are odd, m � 1, n � 3, and (m,n) = 1, that is, that
G = 〈μ〉 × 〈ν, τ 〉, the direct product of the cyclic group Cm of order m and
the dihedral group Dn of order 2n.

Now we will prove that JG/H is a quasi-permutation, by induction on
the number of prime divisors of n. We denote by Φa(X) the ath cyclotomic
polynomial and by ζa the primitive ath root of unity.

Set σ = μν, and set l = mn. Let p be a prime divisor of n. Let n = pcn′,
p � n′, and let l′ = l/pc. Further, let Ψ(X) =

∏
r|l′ Φpcr(X) and Ψ0(X) =

Ψ(X)/Φpc(X), and let Γ = ZG/(Ψ(σ)), Γ0 = ZG/(Ψ0(σ)), and Γ1 = ZG/

(Φpc(σ)). Then there is an exact sequence of G-lattices

0 → Γ1 → Γ → Γ0 → 0.

From now on, the tensor products ⊗ mean those over ZG for brevity. As is
easily seen, Γ1 ⊗ IG/H , Γ ⊗ IG/H , and Γ0 ⊗ IG/H are torsion free, and hence
the following sequence is exact:

0 → Γ1 ⊗ IG/H → Γ ⊗ IG/H → Γ0 ⊗ IG/H → 0.

From the fact that Ψ0(1) = ±1, it follows that Γ0 ⊗ Z = 0, and so, tensoring
Γ0 with the exact sequence 0 → IG/H → ZG/H → Z → 0, we have

Γ0 ⊗ IG/H
∼= Γ0 ⊗ ZG/H.
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Let η(X) = (X l − 1)/Ψ0(X) = (X l/p − 1)Φpc(X), and let Γ′ = ZG/(η(σ)).
Then we have the following exact sequence:

0 → Γ′ → ZG → Γ0 → 0.

Tensoring ZG/H with this exact sequence, we obtain the following exact
sequence:

0 → Γ′ ⊗ ZG/H → ZG/H → Γ0 ⊗ ZG/H → 0.

Using these facts, we can form the following pullback diagram with exact
rows and columns:

0 0

Γ′ ⊗ ZG/H Γ′ ⊗ ZG/H

0 Γ1 ⊗ IG/H M ZG/H 0

0 Γ1 ⊗ IG/H Γ ⊗ IG/H Γ0 ⊗ IG/H 0

0 0

Now, Γ1
∼= Z[ζpc , τ ] is the twisted group ring of H over Z[ζpc ], and Γ1 ⊗

IG/H
∼= (ζpc − 1) ⊆ Z[ζpc ] is an ambiguous ideal of Z[ζpc ]. As is easily seen,

Q(ζpc) is tamely ramified over Q(ζpc)H = Q(ζpc + ζ−1
pc ), and then Γ1 is a

nonmaximal, hereditary order in the full matrix algebra M2(Q(ζpc + ζ−1
pc ))

of degree 2 over Q(ζpc + ζ−1
pc ). Setting S = Z[ζpc ] and P = (ζpc − 1), we have

Γ1
∼= S ⊕ P as Γ1-lattices and (Γ1)◦ ∼= Γ1, S◦ ∼= S. Hence, all of Γ1, (Γ1)◦,

S◦, S, P , P ◦ are Γ1-projective (see [R], [CR, Section 28]). Since Γ1 is ZH

free, so is Γ1 ⊗ IG/H . Therefore, we have

Ext1ZG(ZG/H,Γ1 ⊗ IG/H) ∼= H1(H,Γ1 ⊗ IG/H) = 0.

Accordingly, the second row of the above diagram is split, and so we obtain
the exact sequence

0 → Γ′ ⊗ ZG/H → [Γ1 ⊗ IG/H ] ⊕ ZG/H → Γ ⊗ IG/H → 0.
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We further see that [Γ1 ⊗ IG/H ]◦(∼= P ◦) is a quasi-permutation G/〈σpc 〉-
lattice, because both Γ1 and S are quasi-permutations. On the other hand,
there is an exact sequence

0 → ZG/〈σl/p〉 → Γ′ → Γ1 → 0.

Tensoring ZG/H with this, we obtain an exact sequence

0 → ZG/〈σl/p〉 ⊗ ZG/H → Γ′ ⊗ ZG/H → Γ1 ⊗ ZG/H → 0.

Since ZG/〈σl/p〉 ⊗ ZG/H is a permutation and Γ1 ⊗ ZG/H ∼= Z[ζpc ], [Γ′ ⊗
ZG/H]◦ is also a quasi-permutation. Hence, setting U = [Γ1 ⊗ IG/H ]◦ ⊕
ZG/H and V = [Γ′ ⊗ ZG/H]◦, we have an exact sequence

(i) 0 → [Γ ⊗ IG/H ]◦ → U → V → 0,

where both U and V are quasi-permutations.
Let G = G/〈σmn′pc−1 〉. Note that ZG = ZG/〈σmn′pc−1 〉 ∼= Ψ(σ)ZG and

that Ψ(1) = p. Then we can form the following commutative diagram with
exact rows and columns:

0 0 0

0 Y IG/H Γ ⊗ IG/H 0

0 ZG/H ZG/H Γ ⊗ ZG/H 0

0 Z Z Z/pZ 0

0 0 0

It is easy to see that Y ∼= IG/H , and so we have an exact sequence

(ii) 0 → [Γ ⊗ IG/H ]◦ → JG/H → JG/H → 0.
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Finally, we show that, for any subgroup G′ of G,

(iii) H0(G′, [Γ ⊗ IG/H ]◦) = H0(G′,Γ ⊗ IG/H) = 0.

In order to show (iii), we first prove that

(iii′) H0(G′,Γ ⊗ ZG/H) = 0 for any G′ ⊆ G.

By definition, Ψ(X) = Φp(Xmn′pc−1
), and so Γ ⊗ ZG/H = Z[σ]/(Ψ(σ)) =

Z[σ]/(Φp(σmn′pc−1
)) ∼= Z[ζp] + Z[ζp]σ + Z[ζp]σ2 + · · · + Z[ζp]σmn′pc−1(p−1)−1,

where σmn′pc−1
= ζp. From this it follows that [Γ ⊗ ZG/H]N0 = 0, where

N0 = 〈σmn′pc−1 〉.
Assume first that N0 ⊆ G′. Then [Γ ⊗ ZG/H]G

′
= 0, so that H0(G′,Γ ⊗

ZG/H) = 0. Next assume that G′ ⊆ N . From the exact sequence

0 → ZG/〈σmn′pc−1
, τ 〉 → ZG/H → Γ ⊗ ZG/H → 0,

we obtain the following exact sequence:

→ H0(G′,ZG/H) → H0(G′,Γ ⊗ ZG/H) → H1(G′,ZG/〈σmn′pc−1
, τ 〉) →

Since ZG/H ∼= ZN as N -lattices, H0(G′,ZG/H) = 0, and since ZG/

〈σmn′pc−1
, τ 〉 is a permutation, H1(G′,ZG/〈σmn′pc−1

, τ 〉) = 0. Thus, we have
H0(G′,Γ ⊗ ZG/H) = 0. Further, assume that G′ = H = 〈τ 〉 (or one of its
conjugates). Then, we have NG′ (−(ζp +ζ2

p + · · · +ζ
(p−1)/2
p )u) = u for any u ∈

[Γ ⊗ ZG/H]G
′
, which implies that H0(G′,Γ ⊗ ZG/H) = 0. In the other cases,

we may assume that G′ = 〈σm′n′′pc
, τ 〉, where m′ | m, n′ ′ | n′ and m′ < m or

n′ ′ < n. Set N ′ = 〈σm′n′′pc 〉. Then we have [Γ ⊗ ZG/H]N
′
= (1 + μm′

+ · · · +
(μm′

)m/m′ −1)(1 + νn′′
+ · · · + (νn′′

)n′/n′′ −1)Γ ⊗ ZG/H , and therefore [Γ ⊗
ZG/H]G

′
= (1 + μm′

+ · · · + (μm′
)m/m′ −1)(1 + νn′′

+ · · · + (νn′′
)n′/n′′ −1)[Γ ⊗

ZG/H]H = NG′ (Γ ⊗ ZG/H), which implies that H0(G′,Γ ⊗ ZG/H) = 0.
This concludes the proof of (iii′).

From (iii′) and the exact sequence

0 → Γ ⊗ IG/H → Γ ⊗ ZG/H → Z/pZ → 0,

we obtain an exact sequence

H−1(G′,Γ ⊗ ZG/H) θ−→ H−1(G′,Z/pZ) → H0(G′,Γ ⊗ IG/H) → 0
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for any G′ ⊆ G. The above map θ : H−1(G′,Γ ⊗ ZG/H) → H−1(G′,Z/pZ) is
surjective. In fact, we have H−1(G′,Z/pZ) = 0,Z/pZ when p � |G′ |, p | |G′ |,
respectively. For the case where p | |G′ |, N0 = 〈σmn′pc−1 〉 ⊆ G′ and NN0(Γ ⊗
ZG/H) = (1 + ζp + ζ2

p + · · · + ζp−1
p )Γ ⊗ ZG/H = 0, and therefore KerNG′ =

KerNN0 = Γ ⊗ ZG/H . Thus, θ is surjective; that is, H0(G′,Γ ⊗ IG/H) = 0,
which completes the proof of (iii).

By (i), (iii), and [EM2, (2.2)], [Γ ⊗ IG/H ]◦ is a quasi-permutation. Further,
by (ii) and [EM2, (2.2)], JG/H is a quasi-permutation if and only if JG/H is
so. Note that, for the case where n = p, G is cyclic of order 2m, and there-
fore JG/H is a quasi-permutation. Hence, by induction, we can show that
JG/H is a quasi-permutation. This completes the proof of the implication
(1) ⇒ (2).

Remark 3.4. The above proof of (3) ⇒ (1) was done in the same way as in
[CS1, (R4)]. The proof of (1) ⇒ (2) was done by making some modifications
on that in [EM2, (2.3)].

§4. Symmetric groups and alternating groups

In this section, we consider the problem for Sn (resp., An), the symmetric
(resp., alternating) group on n letters. We also assume that the subgroup
Sn−1 (resp., An−1) of Sn (resp., An) is the stabilizer of one of the letters in
Sn (resp., An).

Let K/k be a non-Galois separable field extension of degree n, and let
L/k be the Galois closure of K/k. Let Tn = R

(1)
K/k(Gm) be the norm one

torus defined by K/k.
We give first the following.

Theorem 4.1. Assume that Gal(L/k) = Sn, n � 2, and that Gal(L/K) =
Sn−1. Then,

(1) Tn is retract rational over k if and only if n is a prime;
(2) Tn is (stably) rational over k if and only if n = 2,3.

Remark 4.2. The “if” part of Theorem 4.1(1) was first proved in [CS2].
It is well known that, for n = 2,3, Tn is rational over k. The “only if” part
of Theorem 4.1(2) was proved in [lB] for the case where n is a prime, and in
[CK] for the general case. Note that the “only if” parts of Theorem 4.1(1),
(2) were proved implicitly in [LL].

Theorem 4.1 can be restated as follows.

https://doi.org/10.1215/00277630-1260459 Published online by Cambridge University Press

https://doi.org/10.1215/00277630-1260459


104 S. ENDO

Theorem 4.3. Let Sn, n � 2 be the symmetric group on n letters. Then
we have that
(1) JSn/Sn−1

is quasi-invertible over Sn if and only if n is a prime;
(2) JSn/Sn−1

is a quasi-permutation over Sn if and only if n = 2,3.

Proof. The “if” part of (1) is only a corollary to Proposition 1.7 because
Sn−1 is a Hall subgroup of Sn if n is a prime. Suppose now that n is not a
prime.

First assume that there is an odd prime p | n, and set m = n/p � 2. Let P

be the elementary abelian p-subgroup of Sn generated by ρ1 = (1 2 · · · p),
ρ2 = (p + 1 p + 2 · · · 2p), . . . , ρm = ((m − 1)p + 1 (m − 1)p + 2 · · · mp),
and set further P1 = 〈ρ2, ρ3, . . . , ρm〉, P2 = 〈ρ1, ρ3, . . . , ρm〉, . . . , Pm = 〈ρ1, ρ2,

. . . , ρm−1〉. Regarding ZSn/Sn−1 as P -lattices, we have

ZSn/Sn−1
∼= ZP/P1 ⊕ ZP/P2 ⊕ · · · ⊕ ZP/Pm,

and therefore, by [E, Theorem 2(2)], JSn/Sn−1
is not quasi-invertible over P .

This implies that JSn/Sn−1
is not quasi-invertible over Sn.

Assume next that n = 2h, h � 2. Let P be the subgroup of Sn gener-
ated by (1 2)(3 4) · (5 6)(7 8) · · · (2h − 3 2h − 2)(2h − 1 2h) and (1 3)(2 4) ·
(5 7)(6 8) · · · (2h − 3 2h − 1)(2h − 2 2h). Then P is an elementary abelian
group of order 4, and, as is easily seen, ZSn/Sn−1

∼= [ZP ](2
h−2) as P -lattices.

Since JP is not quasi-invertible by Theorem 1.2(1), it follows from Corol-
lary 1.4 that JSn/Sn−1

is not quasi-invertible over Sn.
For assertion (2), the “if” part is well known, and so it suffices to prove

the “only if” part. However, for n a nonprime, this follows directly from
assertion (1). Hence it remains to prove this for n = p � 5 a prime. Let
σ = (1 2 · · · p), and let τ be a (p − 1) cycle on the letters 2,3, . . . , p acting
faithfully on 〈σ〉 by conjugation. Set G′ = 〈σ, τ 〉, and set H ′ = 〈τ 〉. Then
we have ZSp/Sp−1

∼= ZG′/H ′, and so JSp/Sp−1
∼= JG′/H′ as G′-lattices. Since

p − 1 � 4, it follows from Theorem 3.2 that JG′/H′ is not a quasi-permutation,
and so JSp/Sp−1

is not a quasi-permutation over Sp. Thus, the proof is com-
plete.

Note that Theorem 4.3(2) can be replaced by the following:
(2′) [JSn/Sn−1

](t) is a quasi-permutation for some t � 1 if and only if n = 2,3.
Next, we give the following.

Theorem 4.4. Assume that Gal(L/k) = An, n � 3 and that Gal(L/K) =
An−1. Then,
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(1) Tn is retract rational over k if and only if n is a prime;
(2) [Tn](t) is stably rational over k for some t � 1 if and only if n = 3,5.

This can also be reduced to the following.

Theorem 4.5. Let An, n � 3 be the alternating group on n letters. Then,
(1) JAn/An−1

is quasi-invertible if and only if n is a prime;
(2) [JAn/An−1

](t) is a quasi-permutation for some t � 1 if and only if n =
3,5.

Proof. The “if” part of (1) is only a corollary to Proposition 1.7 because
An−1 is a Hall subgroup of An if n is a prime. In the case where n is not
a prime, the assertions can be proved by the same way as in Theorem 4.3.
Thus, the proof of (1) is complete. In order to show (2), we may assume
that n = p � 3 is a prime. The (p − 1) cycle τ in the proof of Theorem 4.3(2)
is not contained in Ap. Therefore, we must use G′ ′ = 〈σ, τ2〉 and H ′ ′ = 〈τ2〉
instead of G′ and H ′, respectively, in the proof of Theorem 4.3. Then, by
Theorem 3.2, we see that [JG′′/H′′ ](t) is a quasi-permutation for some t � 1
if and only if p = 3,5. Since ZAp/Ap−1

∼= ZG′ ′/H ′ ′ and JAp/Ap−1
∼= JG′′/H′′

as G′ ′-lattices, this also shows that [JAp/Ap−1
](t) is not a quasi-permutation

over Ap for any t � 1 when p � 7. On the other hand, JA3/A2
is a quasi-

permutation because A3 is cyclic of order 3. Further, according to [D, (3.3)],
[JA5/A4

](t) is a quasi-permutation for some t � 1. This completes the proof
of (2).

Remark 4.6. It is an open problem whether JA5/A4
is a quasi-permutation.

This is an interesting problem because we do not know any example of the
norm one torus defined by non-Galois separable extension K/k which is
stably rational over k except those in Theorem 3.1.
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