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A FINITENESS CRITERION FOR
ORTHOMODULAR LATTICES

GUNTER BRUNS

The main result of this paper is the following:

THEOREM. Every finitely generated orthomodular lattice L with finitely many
maximal Boolean subalgebras (blocks) is finite.

If L has one block only, our theorem reduces to the well-known fact that
every finitely generated Boolean algebra is finite. On the other hand, it is
known that a finitely generated orthomodular lattice without any further
restrictions can be infinite. In fact, in [2] we constructed an orthomodular
lattice which is generated by a three-element set with two comparable ele-
ments, has infinitely many blocks and contains an infinite chain.

As preliminaries of our main result, we obtain two more theorems, which may
be of some independent interest. The first one gives an orthomodular analogue
of the well-known direct factorization of finite-dimensional complemented
modular lattices, see e.g. [1, p. 93, Theorem 10]. The second theorem, of which
our main result is an immediate corollary, describes in detail the generating
process of an orthomodular lattice with finitely many blocks.

My thanks go to G. Kalmbach for many helpful discussions in the early
stages of this paper and to H. Mandel for help, the exact nature of which I
would not like to specify.

1. Basic definitions and results. The notions and facts of this section are
standard and well known, see for example [1, p. 55 f.f.; 3; 4].

An ortholattice is an algebra (L; VvV, A,’, 0, 1), where (L; V, A) is a lattice
with lower bound 0 and upper bound 1 and x — «’ is an orthocomplementation,
that is an anti-monotone complementation of period 2. An orthomodular lattice
(abbreviated: OML) is an ortholattice satisfying the orthomodular law:

ifa £bthena VvV ( AND) = 0.

If ¢ is an element of an OML L, define ¢® = ¢ and a! = «'. If 4 is a finite
subset of L the commutator c(4) of A4 is defined by c(4) = Aac2A Vea a2@.
If A = {x,y} we write ¢(x, y) instead of ¢({x, y}). If 4 and B are finite subsets
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of Land A C B then ¢(4) £ ¢(B). The elements ¢, b € L commute, in sym-
bols: aCb, if and only if ¢(a, b) = 0. This is in particular the case if ¢ and
are comparable. The relation C is symmetric and the set C(a) of all elements of
L commuting with the element « is a subalgebra of L. If one of the elements
a, b, c commutes with the other two then the distributive law « V (b A ¢) =
(¢ V b) A (a V ¢) and its dual hold. The center C(L) of L is the set of all
clements of L which commute with every element of L. Clearly {0, 1} € C(L).
C(L) is said to be trivial if and only if C(L) = {0, 1}. L is (directly) irreducible
if and only if C(L) is trivial and 0 £ 1. A block of L is a maximal Boolean sub-
algebra of L. Every set of pairwise commuting elements is contained in a block
and the blocks are exactly the maximal sets of pairwise commuting elements of
L. C(L) is the intersection of all blocks of L.

If @ € L then the interval [0, a] = {x € L|0 < x £ a} becomes an OML if
if we define the orthocomplement x* of an element x € [0, ¢] by x* = a A ¥'.
The map x — a A x is a homomorphism of L onto [0, «] if and only if @ €
C(L). In this case the map x — (¢ A x,a’ A x) is an isomorphism between L
and the direct product [0, a] X [0, ¢’]. If L1, L, are OMLs then the blocks of
the product Ly X L, are exactly the direct products of the blocks of L; and
the blocks of L. If, in particular, L; and L, are not Boolean, then L; and L,
have fewer blocks than L; X L,.

2. Some preliminary results. Throughout the rest of this paper we assume
that L is an OM L with finitely many blocks, that ¥ is the set of all blocks of L
and that Q is the set of all 8 C U satisfying N B € U (A — B). Here we define
the intersection of the empty subset of ¥ to be L and the union of the empty
subset of A to be {0, 1}, so that ¥ € Qif and only if C(L) is not trivial. Note
that every 8 € Qis not empty and that @ is empty if and only if L is a Boolean
algebra with at most two elements. We define the rank r(B) of a set B € Q
to be n (= 1) if and only if for every sequence B = B, C B C ... C Bi in
Q(C proper inclusion), 2 < 7 holds and there exists such a sequence with
k= n.

@CNIfBeQanda € (NB) — (U A —B)) then Cla) = U B; in particu-
lar \UJ B is a subalgebra of L. T'he blocks of this subalgebra are exactly the elements B.

Proof. Clearly U 8 € C(a). If b € C(a) then there exists B € I witha, b €
B.Sincea & U (A — B) it follows B € B and hence b € U B, proving C(a) =
U B. Clearly every B € 8B is a block of U 8. If there was a block in U 8 notin
B, such a block would be BN U B for some BC A —B. Butif BN U B was
a block of U B, then, sincea ¢ B there would exist b € 5 M U Bwitha ¢ b and
it would follow that b ¢ C(e¢) and b € U B, contradicting C(a) = (U 9B.

(22) C(L) = N{U BB € Q}.

Proof. If x € C(L) then x € B for every B € ¥; hence, since every 8 € Q
is non-empty, x € U B for every B¢ Qand x € N {U B|B € Q}. Assume con-
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versely that x ¢ C(L). Then there exists y ¢ L with x € y. Define 8 =
{B € Ux ¢ B,yc B}.Clearlyy € N B.Buty € U (A — B) would imply the
existence of a set B € ¥ with x, y € B, contradicting x ¢ y. We thus have
BeQandx ¢ UYB,iexd N{UBIB € Q.

(2.3) Let A be a finite subset of L containing, for every B € Q, an element of the
set (NB) — (U (A —B)). Then for every a € 24, V,ca x2® € C(L) and hence
c(4) € C(L).

Proof. For every a € A, either a = Viea 2@ ora’ < Vs 2@ and hence
a C Ve x2@ It follows from (2.1) and (2.2) that Ve, x2® € N {C(a)]a € A}
=N{UBIB € =CAL).

(24) If Aisa setasin (23), 4 € X C L and X finite then c(4) = ¢(X).

Proof (by induction on the number |X — 4| of elements of X — A4). If
|X — A| = 0 there is nothing to prove. If [X — 4| = 1, pickb € X — 4 and
define ¥ = X — {b}. By (2.3), Vyer 9%® € C(L) holds for every g € 2%,
It follows that

cX) = A ((b vV yﬂ<1/)) A (b’ vV yﬂ(y)))

ge2Y yEY VEY
= A ((b ADY VYV y"‘”’) = ¢(V),
pe2Y veYy

which gives the claim by inductive hypothesis.
(2.5) If A s a set as in (2.3) then [0, ¢’ (4)] is a Boolean algebra.

Proof. Assume x, y € [0, ¢/(4)] and let ¢(x, y) be the commutator of {x, y}
in [0, ¢/ (4)]. We have to show that¢(x, y) = 0. Butby (2.4): ¢(x,y) = c(x,v)
A (A) £c(AVY{x,9) ANd(4) =c(4 YU lx,9}) A4V {x,y}) =0,
which implies ¢é(x, y) = 0.

(2.6) If A 1s a set as in (2.3) then the OML [0, c(A)] has no non-trivial Boolean
factor.

Proof. 1f [0, d] is a Boolean factor of [0, ¢(4)] and if ¢(4 A d) is the com-
mutator of {a A dla € A} in [0, d] then we have by the general finite distribu-
tive law in Boolean algebras 0 = ¢(4 A d) = ¢(4) A d = d, i.e. the factor
[0, d] is trivial.

From (2.3), (2.5), (2.6) and the earlier remark that a non-trivial factor of
an OML without Boolean factor has less blocks than L, the following theorem
may be proved easily by induction.

THEOREM 1. Every OML L with finitely many blocks is isomorphic to a direct
product By X L1 X Ly X ... X L, (n =2 0) where B, is a Boolean algebra and
Ly, Lo, ..., L, are irreducible OMLs with at least two blocks each.
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CoROLLARY. T'here exists a finite sequence c, . . . , ¢, of central elements of L
satisfying:

1. [0, co) € C(L);

2.¢; A Viic; =0 (i=0,1,...,n);

3. every a € C(L) 1s of the form a = ao V a1 V ...V a,, where ay = ¢o and
a;=0o0ra; =cifori=1,2,...,n.

Proof. If L >~ByX Ly X ...X L, is a direct factorization of L as in
Theorem 1, then the elements of L corresponding to the elements (1, 0,0, ...,0),
0,1,0,...,0),...,(0,0,...,1) of the product obviously form a sequence

with the desired property.

We call a sequence ¢y, . . ., ¢, with the properties described in the corollary
a central basis of L.

3. The fundamental lemma. Let L be irreducible and let X be a generating
set of L containing the elements of a central basis of each subalgebra \J B with
B € Q. Define recursively for every n=1 a set X, and for every B € Q with r(B) =
n, a set Sy as follows (T4 1is the subalgebra generated by A):

Xi=X and Sg=TXNUSDYB) i r(B) =1,and
X, =X UU (Selr@®) <n}, So=TX,NUDB) ifr(B) =n=2.
Then N B C Sy holds for all B € Q.

Proof (by induction on 7(8)). Assume 7 = 1, that the claim is true for all
E<n(l £k)andlet®B € Q have rank =.

1) P CY S Aandb € N Y then b € Sy.

Define 8" = {B € Ab € B}. If B”" = Athendb c C(L) =1{0, 1} C Sg. If
B’ # A then B’ € Q, r(B"') <= and it follows by inductive hypothesis that
beSeyy "MUBCX,NU B C Sy

Define now an element g € L to be good if and only if it satisfies the following
two conditions: -

(Gl)Ifa € Sganda V g € N B thena V g € Sy,

(G2) fa € Sganda A g € N B thena A g € Sg.

(2) Every g € Sg is good.
This is an immediate consequence of the definition.
8) Everyge L — U 9B is good.

If «a Vge N B in this case then ¢ V g € Bforsome B € A — B and the
claim of (G1) follows from (1). The condition (G2) follows dually.

(4) Every g € X is good.
If g€ U B then g € Sg and the claim follows from (2). If g€ \U B the claim
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follows from (3).
(5) If g1, g2 are good then g = g, V g, satisfies (G1).

IfaVvge N B for some B’ D B the claim follows from (1). We may thus
assume thataV g € (N B) — (UA —B)).Sincea V gandaV g; (1 = 1,2)
are comparable it follows that e V g, € U8 (¢ = 1, 2). Letco, ¢1, . . ., ¢, be
a central basis of (U B belonging to X andleta V g = a9y V a1 V ... V a,
be a representation of ¢ V g as in condition 3 of the corollary. Since a V g,
aV g € UDB it follows from the corollary that ¢« V ¢ V g, € N B
(z =1, 2) and, since g, gq are good, that ¢ V ¢/’ V g, € Sg (4 = 1, 2) and
hence a V ¢’ V g € Sg. Since ¢y V a1 V ... V a, € Sg it follows from this
that (e Ve Vg A (coVar V...V a) € Sg.But (aV e V g) A (co V
@GV ...Va)=aVgVd NlcocVaV...Va))=aVgV (A
(a1 V...V a,)) = a V g, which proves (5).

(6) If g1, g» are good then g = g; V g, satisfies (G2).

By (1) we may again assume that a A ¢ ¢ U (A — B). Let ¢, ¢1, ..., ¢,
again be a central basis of |U B belonging to X. Since by (3) every g€ L —
U B is good we may assume that g € \U B and hence thatco’ V g€ N B. We
claim thatcy V g € Sg. lf ¢’ V ¢ € Bforsome B ¢ ¥ — B the claim follows
from (1). If ¢y’ vV g¢ U (A — B) we obtain ¢y’ V g; € M B and, since the g,
are good, that ¢’ V g; € Sg and hence ¢/ V g € Sg. It follows from this that
coNaANg=coN ([aANg)Ve)=coN ((aVeid)A (cd Vg)) € Sy Let
againa A g = ao V a1 V ... V a, be a representation of ¢ A g as in the
corollary. We then obtain (co A a A g) V (¢x V ... V a,) € Ss, which, since
(coNaANg)V(aV...Va)=aNANgA (Va V...Va,) =aA g,
implies (6).

By definition the set of all good elements is closed under orthocomplementa-
tion. Since it contains X by (4) and is a subalgebra by (5) and (6) it follows
that it is equal to L and hence that every element of L is good. To prove the
claim, assume now that g € M B. Then 0 V g = g€ N B, hence, since 0 € Sy
and g is good, g = 0 V g € Sg, which proves the lemma.

4. Proof of the main theorem. As an immediate consequence of the
fundamental lemma we obtain the following:

THEOREM 2. Under the assumptions of the fundamental lemma
L =U {Sg|B € }.
(Here we define \J {Sg|B € @} = {0,1} fQ = 0.)

Proof. Clearly the right hand side of the equation is contained in the left.
Assumenowa € L. Ifa € C(L) thena = Oora = 1 and ais trivially contained
in the right hand side. If « € L — C(L) then the set B = {B € Ala € B} be-
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longs to @ and « € N Y. It follows from the fundamental lemma that ¢ € Sy
and hence that « belongs to the right hand side.

Proof of the main theorem. We use induction on the number m of blocks of L.
If m = 1 the claim reduces to the well-known fact that a finitely generated
Boolean algebra is finite. Assume then thatm = 2andlet L ~ By X L; X . ..
X L, be a representation of L as in Theorem 1. If n = 2 then each of Ly, ...,
L, has less blocks than L and the claim follows by inductive hypothesis. Hence
we may restrict ourselves to the case that L is irreducible. Let in this case X be
a finite generating set of L. We may assume without loss of generality that X
contains the elements of a central basis of each of the subalgebras U 8 with
B € Q. By (2.1) the blocks of U B are exactly the elements of 8. By the remarks
preceding (2.1) the irreducibility of L implies that U B hasfewer blocks than L.
Since Sy is a subalgebra of U 3 it has at most as many blocks as U 8, hence
also fewer blocks than L. Since by definition the Sg are finitely generated they
are, by inductive hypothesis, finite. It follows from Theorem 2 that L is finite,
which completes the proof.

REFERENCES

1. G. Birkholt, Lattice theory, Amer. Math. Soc. Coll. Publ. XXV (Amer. Math. Soc., Provi-
dence, 1967).

2. G. Bruns and G. Kalmbach, Some remarks on free orthomodular lattices, Proc. Univ. Houston
Lattice Theory Conf., Houston (1973), 397-408.

3. D. J. Foulis, 4 note on orthomodular lattices, Portugal. Math. 21 (1962), 65-72.

4. 5. S. Holland, 4 Raedon-Nikodym theorem for dimension lattices, Trans. Amer. Math. Soc. 108
(1963), 66-87.

McMaster University,
Hamilton, Ontario

https://doi.org/10.4153/CJM-1978-028-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-028-4

