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ALMOST AUTOMORPHIC INTEGRALS OF 
ALMOST AUTOMORPHIC FUNCTIONS 

BY 

M. ZAKI 

Introduction. Bochner has introduced the idea of almost automorphy in various 
contexts (see for example [1] and [2]). We shall use the following definition: 

A measurable real valued function / of a real variable will be called almost 
automorphic if from every given infinite sequence of real numbers {a^}^=1 we can 
extract a subsequence {an} such that 

(i) limn_>œ/(Y-faw)=g(f) exists for every real t but no kind of uniformity of 
convergence is stipulated; 

(ii) l i m ^ ^ g(t—a.n)=h(t) exists for every t; 

(iii) h(t)=f(t) for every t. 

REMARK, fit) is bounded. Otherwise we would have a sequence {fin} such that 
lim^oo | / ( ^ J | = oo. But from almost automorphy of / there should be a subse
quence of {/?n}, say {/%}, such that limn_* ,„/(/%) exists which will be a contradic
tion of l i m ^ ^ |/Gffn)| = oo. Hence when/(f) is almost automorphic 

(1) sup | /(0I = M < oo. 
— 00 <t < 00 

It is easy to verify that 

(2) sup \g(t)\ < sup | /(0I = M < oo. 
— oo<£<oo —oo<t<oo 

In this note we prove the following result, which, to the best of our knowledge, 
is new. 

THEOREM 1. Let f(t) be a real valued almost automorphic function. Then the 
primitive 

(3) F(x) = J[V(0 dt 

is almost automorphic if and only if it is bounded on the real line. 

Proof. I. Let {o^} be any given sequence of real numbers. Since/(/) is almost 
automorphic and 

(4) |F(x)| < M < oo for - o o < x < o o 
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we can choose a subsequence {an} such that 

(i) lim f(t+<x,n) = g(t) for every tin R; 
n-+oo 

(5) (ii) lim g(t - <x„) = f(t) for every t in R ; 
n-*oo 

(iii) limF(an) = Cx exists. 
n-*oo 

Consider 

(6) / = P/O+O *• 
Jo 

Put t+<xn=a. Then 

fi*) da 
(Xn 

= F(x+*n)-F(xn). 
Hence 

(7) F(*+«„) = *K) +J[7('+«») dt. 

Since sup_00<(<00 | / ( 0 K ° ° and limn_ 0Bf(t+x„)=g(t) for every / it follows from 
Lebesgue's theorem that 

lim p7(*+«») dt = f " g(t) dt. 
n->oo JO J o 

Therefore l im^^FCx+oO exists for every real x and is equal to Cx+$*g(t) dt. 
Let us call it v(x). That is 

l i m F O + a J = v(x) 

(8) ""* rx 

= C1+\ g(t)dt. 
Jo 

Therefore, as in (6) and (7) 

(9) t;(x-aw) = t ; ( - a j + j g ( f - a j dt. 

Now r(x)=limw^00F(x+aw) for every x and sup_00<a;< ̂  |F(x)| = M < oo. Therefore 

I v(x) | < lim | F(x+an) | for each x 
n-+oo 

< M. 

Hence 

(10) sup \v(x)\ < M. 
— 00 < 0 5 < 00 
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Therefore, without loss of any kind we may assume that 

(11) lim v(—aw) exists and is equal to C2. 
n-+ao 

(If {v(—(x.n)} is not convergent, then by (10) some subsequence {v(—ftn)} of 
{v(—aw)} is convergent. The corresponding statements (5) (i)-(iii) remain valid 
with {aw} replaced by {/?„}, and so we can repeat the preceding arguments with 
{fin} in place of {aw}, and with the same g, Cl9 v as before.) Moreover g(t) is 
bounded over R. Hence {g(t—0)^=i is a uniformly bounded sequence of functions 
which converges everywhere to/( f ) . Applying Lebesque's theorem once again we 
get 

J *x Çx 

g(t—0Ln) dt = f(t) dt for any x. 
o Jo 

Therefore, from (9) and (11) 
lim v(x—aw) exists for every x 

and 

(12) 
lim v(x-*n) = C2+ f(t) dt 

Jo w-*oo 

= W(x) say. 

II. If we could show that C2 is zero, it would be established that F(x) is almost 
automorphic. We have, in fact, shown that 

lim lim F(x+an—aw) = W(x) exists for each x. 
ra-+oo n-»oo 

Denote this operation of taking double limits by se. That is 

(13) s/F(x) = W(x). 

Since W(x)=limn^aov(x—oin), by the same argument it follows from (10) 

\W(x)\<M for - o o < x < o o . 
That is 

\<^F(.X)\ < M f° r every x. 
Now 

s/F(x) = W(x) 

= c2+ f 7(o dt 
Jo 

= C2+F(x). 
Applying A / again to the two sides above (since it has a meaning) we get 

se se F (x) = séC2+séF(x) 

= C2+C2+F(x) 

= 2C2+F(x). 
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In general, for any positive integer n 

(14) s/nF(x) = nC2+F(x). 

On the other hand starting with W(x) in place of F(x) we find that 

\s#W(x)\ < M for every x. 

|«s/2F(x)| < M, or in general, 

\^nF{x)\ < M. 
Hence from (14) 

|nCa | < \s/nF(x)\ + \F(x)\ 

<2M. 

If C2 is not zero then the left-hand side in (15) becomes larger and larger as n 
increases which will contradict (15). Hence C2 must be zero and we have W(x)= 
F(x) which proves that F(x) is almost automorphic when the primitive is bounded. 
If F{x)=$lf{t)dt is almost automorphic then it is certainly bounded; and this 
completes the proof of the theorem. 

ACKNOWLEDGMENT. My thanks are due to Professor S. Zaidman for suggesting the problem 
and some useful discussions during the preparation of this note. 
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