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In her paper [3], Osofsky exhibited an example of a ring R containing
16 elements which (i) is equal to its left complete ring of quotients, (ii) is not
self-injective and (iii) whose injective hull HR = H(RR) allows a ring structure
extending the .R-module structure of HR. In the present note, we offer a general
method of constructing such rings; in particular, given a non-trivial split Frobenius
algebra A and a natural n ^ 2, a certain ring of n x n matrices over A provides
such an example. Here, taking for A the semi-direct extension of Z/2Z by itself
and n = 2, one gets the example of Osofsky. Thus, our approach answers
her question on finding a non-computational method for proving the existence of
such rings.

Throughout the present note, A denotes a ring with unity 1. Given an A-
module M, denote by Rad M the intersection of all maximal submodules of M.
Dually, if M has minimal submodules, SocM denotes their union. Also, write
Top M =• M /Rad M. The radical Rad A of the ring A will be denoted consistently
by W and the factor A /Wby Q. By a split ring A we shall understand a ring which
is a semi-direct extension (Q, W) of W by Q; in this case, we shall consider Q to be
embedded as a subring in A. Thus A = Q® W as additive groups and ( ^ . w j
(#2>W2) = (<7i42>(hw2 + wi<i2 + wtw2). For example, it is well-known that every
finite dimensional algebra over an algebraically closed field is a split ring.

We recall that a Frobenius algebra A is a finite dimensional algebra over a
field F which is self-injective; and that, given a decomposition A = ©f=1 Aei

into indecomposable left ideals, there exists a permutation n of {1,2,•••,s} such
that Soc Ae^ Top Aen(iy

Given a ring R and an .R-module M, the injective hull of M will be denoted
by HM, the injective hull of RR by HR. The double centralizer of HR is called the
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left complete ring of quotients of R (cf. [2]). An essential extension M of the ring
R, i.e. a left .R-module M containing RR as an essential submodule, is said to
allow a ring structure, if M can be made into a ring in such a way that the ring
multiplication extends the given .R-module multiplication.

Let A = U © V be a semi-direct extension of the two-sided ideal V by the
subring U of A. In what follows, we shall consider, for a given n ^ 2, a subring R
of the ring An of all nx n matrices over A. The subring R = R(U © V, ri) = UI+T,
where / denotes the n x n identity matrix and

T= {(ay) e An| ay = 0 for j ^ 2, fll! e F}.

LEMMA 1. Lef A = (7 © F be a semi-direct extension of V by U such that,
for every non-zero ueU, Vu ^ 0. Then An {considered as a left R-module) is an
essential extension of the ring R = R(U®V,ri).

PROOF. Throughout the proof, the matrix Jkl = {x{j)eAn is defined by xkl= 1
and Xy = 0 otherwise.

Take 0 # (au) e An. If ai} # 0 for i ^ 2, then Ju e R and

is a non-zero matrix with bu — 0 for all i ^ 2. Let feu = u + v with u e U and
i; e F. If u — 0, then (btJ) e R and the proof is done. If u # 0, then there is v' e V
such that v'u # 0, and thus v'Jlx eK and

Lemma 1 follows.

REMARK. Observe that the preceding simple lemma provides a wide variety
of rings with essential extensions which allow a ring structure.

LEMMA 2. Let A be a split ring which is left artinian and whose left socle
contains simple left modules of all possible types. Then R = R(Q © W, n) is its
left complete ring of quotients.

PROOF. Let M s R consist of all matrices (a o )e / l n with alt = 0 and au = 0
for i 2: 2. Obviously, M is a two-sided ideal of R and can be considered as a left
,4-module AM; in this way, the left ideals of R contained in M are just the sub-
modules of AM. Therefore every composition series of AM is also a composition
series of RM, and since R jM and A are isomorphic rings, R is left artinian.

Furthermore, if {fi,f2,•••,/,} is an orthogonal set of primitive idempotents
in A whose sum is 1 and if

fi = et + W; w i t h eteQ, wte W for i = l,2,---,s,
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then {el,e2,-",es} is a n orthogonal set of primitive idempotents whose sum is 1
contained in Q. Thus

{EltE2,-,E,}, where E^eJ, j = l,2,---,s,

is an orthogonal set of primitive idempotents in R whose sum is leR.
Now, put

one can see immediately that P £ SocRR. Since

e,SocAA # 0 if and only if Et P # 0,

we conclude, in view of our hypothesis on the left socle of A, that the left socle
of R contains simple left modules of all types. As a consequence, RR has no
proper rational extension and since the left complete ring of quotients of R is
the maximal rational extension of KR, Lemma 2 follows.

REMARK. Observe that the method of the proof of Lemma 2 enables to prove
the assertion under the weaker assumption that the ring A is right perfect.

The main result of our note reads as follows.

THEOREM. Let A be a two-sided indecomposable split Frobenius algebra
with non-zero radical. Then R = R(Q@W,ri) coincides with its left complete
ring of quotients and An is its left injective hull. Thus, the injective hull of R
allows a ring structure.

PROOF. Let A be finite dimensional over the field F. Since A is a split
Frobenius algebra, Lemma 2 yields immediately that JR coincides with its left
complete ring of quotients. Furthermore, in a Frobenius algebra the left and right
socles are equal and thus every element ueR such that uW= 0 belongs necessarily
to Soc A. Also, if {e1, e2, • • •, es] £ Q is an orthogonal set of primitive idempotents
whose sum is 1 eA, Wet ^ 0 for all i; for, otherwise, the direct sum of all Aet

such that Wet = 0 is a proper two-sided direct summand of A. Consequently,

s s

Soc,4 = © Soc/le,£ ® Ra&Ae^W.
i - l 1=1

In view of this inclusion, we can apply Lemma 1 and obtain that An is an essential
extension of RR.

Now, writing Et = ej, we have

(ql + t)Et = qej. + tet for every q e Q and t e T.

Thus, if n is a permutation of {1,2, •••,«} such that
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we deduce that Soc RE{ is a direct sum of n copies of Top REn(iy For,

SocRE, = {(a.j) e An \ au e Soc Aet and au = 0 for i ^ 2}

is of length n and, obviously, no simple submodule of REj is annihilated by En(iy
Hence

s s n

HR= © J(SocR£;) = © © H (Top/?£„(,)).
i = 1 i = l J = 1

Now, since
H (Top REn(i)) s

(cf. [1]), we calculate

= ndimfR,

because K is a permutation and thus ©f=1 £n(i) R = R. Furthermore, by the
definition of R

dimf R — ndimFA,
and consequently,

dimFHR = ndimFi? = n2dimr^4 = dimF(An),

as required.

The proof of Theorem is completed.

EXAMPLE. For every field F, the split extension A = (F,F) of F by itself (with
themultiplication(/1,/2)(/1',/2)=(/1/i,/1/2'H-/2/i')) is a Frobenius algebra which
satisfies the assumptions of the Theorem. Thus, in this way, we get rings whose
injective hulls allow a ring structure. If we take F = Z/2Z and n — 2, we obtain
the example of Osofsky [3]. Here, the radical of A = (Z/2Z, Z/2Z) is given
by W={0,co}, whereas Q = {0,s} with 0 = (0,0), to = (0,1) and e = (1,0).
Since only right modules are considered in [3], the corresponding ring is given by

qeQ, weW, aeA

It can be checked easily that the elements

0\ /O O\ (co 0
Xy

/0 0\
= \ c o OJ

generate R additively, and that they satisfy the equalities

0 = x2 = y2 = (xy)2 = yx = x(xy) = y(xy) = (xy)x = (xy)y.
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Also, the remaining generators of the right injective hull of R given in [3] can be
identified with the following elements of A2

m = ( o o ) ' W = \ 0 OJ' " = ( o O)' ( o a , }

REMARK. The local ring R = (F © F, 2) of the proceeding example can be
easily shown to have the property that both its left and right injective hulls are
isomorphic to F2 (and that both the left and right injective hulls allow a ring
structure). In fact, more generally, if A is a commutative two-sided indecomposable
split Frobenius algebra with non-zero radical W such that W2 = 0, then the
right injective hull of R(Q © W,2) is isomorphic to A2. This follows immediately
from the fact that, as a consequence of our assumptions, A is a local ring and
there is an anti-automorphism <S> of R defined by

,q + w q'+ w'\ /q + q'<p w<f>-1 + w'\

\ 0 q r~ \ 0 q )

with q, q' eQ, w,w' eW and an isomorphism

The assumptions of the above assertions are rather natural due to the follow-
ing result: //, under the assumptions of Theorem, the right injective hull H(RR)
of R = R(Q © W, n) is isomorphic to An, then n = 2 and W2 = 0. For,

SocRR = {(au)eAn\ a n = 0 and au = 0 for i" ^ 2}

and, following the notation of the proof of Theorem, one can see easily that Soc RR

is the direct sum of (n — 1)- d(e(A) copies of Top£,.R (1 ^ i: ̂  s); here,
denotes the (right) length of etA. Therefore,

dimF H(RR) = £ (n-l)5M)-dim, (*£„<,,)
* = 1

5

= S (n-l^/O-ndmvG^))
i = l

and thus, since dimf (An) = n2 dimF^4,

s

n(n — 1) Z d(eiA)dimF(Aen(i)) = n2dimFA.
> = i

Using the fact that d(etA) ^ 2 for all 1 ̂  i <Zs, one gets that

2(n — l)dimfyl ^ ndimFA,

https://doi.org/10.1017/S1446788700013860 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700013860


12 V. Dlab and C. M. Ringel [6]

and thus n g 2. Consequently, n = 2 and hence d(etA) — 2 for all 1 ̂  i ^ s, i.e.
W2 = 0, as required.

We recall that the subring B of the ring A is called a left order in A, if every
element of A can be written in the form b~1b' with elements b and b' from B.

COROLLARY. Let A be a two-sided indecompsable split Frobenius algebra
with non-zero radical. Let B be a left order of A such that B = U © V (as additive
groups) with U £ Q and V^W. Then the ring R = R(Q © W, n) is the left complete
ring of quotients of S = R(V © V, ri) and An is the left injective hull of S. Thus,
the injective hull of S allows a ring structure.

PROOF. First, we show that S is a left order in R. Given (ay) e R, we can find
elements bj and b eB such that

b~1bJ = atJ for 1 g jf ^ n.

Let b = u + v and £>! = Mj + v± with u, ux e U and r, i>t e V. Furthermore, we
can write

b~1 = q + w with qeQ and weW.

One can see easily that q is the inverse of u in .4. Consequently, the matrix
ql + wJtl eRis the inverse of the matrix ul + vJlt eS. Also, the equality b~1b1

= atl together with the fact that a u = ajj + w' (2 ^j :g n), for some w'e W,
implies

qUi + (qvt + WMi + wvt) — (q + w)(ux + v,) = au + w',

and thus qux = a^. Therefore, setting

B = uj + t with t = (bu) e T, where bll = b— uu and 6jj =bj for 2 g j g n,

and since both matrices u/ + vJn and B belong to S, S is a left order in i?, as
required.

Now, it is well-known that, for a left order S in R, SR is a rational extension
of SS and that every rational extension of SS containing R is also a rational ex-
tension of RR. Therefore, according to Theorem, SR is the maximal rational
extension of SS, i.e R is the left complete ring of quotients of S. And, since An is
obviously the injective hull of SS, our proof is completed.

EXAMPLE. The split extension B = (Z,Z) of 1 by itself is a left order in
•4 = (Q ,Q) which satisfies the assumptions of Corollary.

The authors are indebted to Dr. N. Lang for calling their attention to the
problem.
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