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GENERATORS FOR THE BOUNDED AUTOMORPHISMS
OF INFINITE-RANK FREE NILPOTENT GROUPS

R.G. BurNs AND LI1AN P1

To B.H. Neumann on his eightieth birthday

It is shown that the natural geuneralisations of the elementary Nielsen transformations of
a free group to the infinite-rank case, furnish generators for the subgroup of “bounded”
automorphisms of any relatively free nilpotent group of infinite rank. This settles the
nilpotent analogue of a question of D. Solitar concerning the “bounded” automorphisms
of absolutely free groups of infinite rank.

1. INTRODUCTION

In the search for a simple set of generators of the automorphism group of a free
group F on an infinite set {z; | ¢ € I} of free generators, the following natural gen-
eralisations of the elementary Nielsen transformations (see for example {7]) suggest

themselves:

(i) automorphisms permuting the z;;
(ii) automorphisms inverting any subset of the z;’s and leaving the remainder
fixed;
(iii) automorphisms of the following form: given any partition I = I [J I, set
z; > z; z;, for each i, € I; and any choice of i3 € I and =;; — =,
for all i; € I,. (Thus each z; is post-multliplied by some z;,, where i,
may vary with 4;.)
It will be convenient to consider also automorphisms of the following type, though
generated by those of types (ii) and (iii):
(iv) asin (iii) except that now pre- as well as post-multiplication is permitted,
+1 +1

-1 . .
and by any z,, ,12€ I, as well as z;, ; thus z;, — =z; T, or T i .

We call automorphisms of these four types generalised elementary Nielsen trans-
formations (briefly, GENTs).

However, the automorphisms of types (i), (ii), (iii) (and so also (iv)) do not generate
the {ull automorphisin group of F, since clearly any automorphism ¢ which is a finite
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product of these will be (freely) bounded in the sense that the lengths of the words z;¢

! are bounded: there is an N such that |z;p|, |a:,~<p‘1| < N forall iel.

and z;0~
Since the bounded automorphisms forin a subgroup of Aut F, it is natural to ask the

{following

Question. (Solitar) Is the group of all automorphisms of I' that are bounded relative
to the given basis {z; |z € I}, generated by the GENTs?

R. Cohen [4] has shown that if ¢ is bounded by N < 3, then ¢ is a product
of finitely many GENTs. The quesiion remaining unsettled for larger NV, it becomes
natural to consider its analogue for relatively free groups F/V all of whose automor-
phisms are induced by automorphisms of F'. This is known to be the case when F/V
is nilpotent (see [1]), and it is in this context that we give an affirmative answer.

To formulate our result a few preliminaries are needed. With F| as above, abso- -
lutely free with infinite free basis {z; | ¢ € I}, let V be a characteristic subgroup of
F containing ve41(F), the (¢ + 1)st term of the lower central series of F. (By [2] V
must then in fact be fully invariant in F.) It is well known (see for example [5]) that

every element of F/V may be written in the form

my _ ma2 my ny N2 T 7
(1) (z,-l ztwy el ey ...cj')t,
where k,l > 0, the m, are non-zero integers, the n, are positive integers, i;,%2,...,%%

are distinct elements of I, and the c¢;, are distinct left-normed cominutators in the
z;, whose weights satisfy wtc;, < wtej, < ... < wtej; < ¢. We shall say that an
automorphism 6 of F/V is (nilpotently) bounded if there is an integer N = N(8) such
that for every i € I there are expressions for (z;V )0 and (z;V)8~! of the form (1)
satisfying

fmi|+ ...+ |mp] + 7+ ...+ < N.

QOur main result is as follows:

THEOREM 1.1. Every bounded automorphism 8 of F/V is induced by an auto-
morphism of F which is a finite product of GENTs of type (iv).

We shall in the sequel use the word genetic to refer to automorphisms of F ex-
pressible as finite products of GENTs of type (iv).

Remark 1. It is not difficult to see that every bounded automorphism of F induces
a bounded automorphism of F/V. On the other hand by our theorem every bounded
automorphism of F/V lifts to a genetic automorphism of F. Hence we draw the

following conclusion, which may be of interest in conneclion with Solitar’s question:
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COROLLARY 1.2. Let ¢ be any bounded automorphism of the infinite-rank free
group F. Corresponding to each characteristic subgroup V of F such that F/V is
nilpotent, there are automorphisms ¥y and ny of F such that ¥y is genetic, ny
induces the identity automorphism of F/V , and ¢ = Yyqy.

Remark 2. The case where F/V is free abelian of countable rank has been established
by Macedonska-Nosalska [6]. Our proof in the abelian situation (more general than in
[6] since we allow finite exponent and make no countability requirement of I'}is obtained

by modifying mildly an argument of Swan appearing in [3].

Remark 3. Automorphisms of F resembling those of type (iv) except thal we al-
low @, — 2z; z7, or z} z; , that is pre- or post-multiplication of the z;, 11 € I1, by
arbitrary powers of the z;, , are clearly unbounded precisely if the exponents n are un-
bounded. A more complex, though standard, example of an unbounded automorphism
of F (or F/V)is the following one:

T L1, To 2122, T3 > T2L3,y ...

We do not consider here the question as to how the automorphisms of types (i), (ii),
(iii) (and (iv)) might be supplemented to obtain a full generating set for Aul (F/V)
(although in the case I'/V abelian, Theorem 2.2 below provides one answer).

2. THE ABELIAN CASE

Let F' be as above, {ree on the infinite set {z; | i € I}, and write A = F/[F, F],
the free abelianisation of F', and A,, for F/V where here V is generated by [F,F]
together with all mth powers of elements of I (m > 1); thus A,, is the free abelian
group of exponent m and rank |/|. Our aim is to prove.the abelian case of Theorem

1.1, namely:

THEOREM 2.1. (Compare Macedonska-Nosalska [6].) Every bounded automor-
phism of A or A,, is induced by an automorphism of F which is a finite product of
GENTs of type (iv), that is, genetic.

(Note that in this, the abelian situation, the distinction between pre- and post-
multiplication becomes immaterial.)

This theorem is a direct consequence of a result essentially due to Swan. To for-
mulate this result we need the following concept. Let {y; |7 € I} be a free basis for A
(or 4,,), and for § C I denote by (S) the subgroup generated by the y;,i € §. We
shall say that an automorphism 8 of A (or A,,)is 2 x 2 block-unitriangular relative to
the given basis if there is a partition I = I, || I such that |I;| = |I| = ||, and with
respect to the direct decomposition

Aor Ap) = (1) ® (I2),
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8 has the block matrix form

3) o= (5 7).

where the 1’s denote the identity maps on (I;) and (I;). (We are assuming the
convention that the vectors on which 6 acts are written as row-vectors to the left of
the matrix (3).)

THEOREM 2.2. (Swan; see [3, Section 2|) Every (bounded) automorphism ¢ of A
(or Ay, ) is a product of < 22 (bounded) 2 x 2 block-unitriangular automorphisms all
relative to a fixed basis {y; |1 € I}.

Theorem 2.1 follows readily from this since an automorphism of the form (3) where
the column-sums of the absolute values of the entries of the (infinite) matrix g are
bounded, by N say, is the product of < N GENTs of type (iv). (Note incidentally
that in the more general situation where the columns of g have bounded numbers of
non-zero entries, # is a finite product of automorphisms of the type mentioned at the
beginning of Remark 3 above.)

Proor oF THEOREM 2.2: This largely follows Swan’s proof in [3]. We give the
proof for A only, in the “bounded” situation. The proofs for A,,, and of the “un-
bounded” versions, differ insignificantly from this one.

(a) Consider first the case that our bounded automorphism ¢ fixes all y; with
t; in some subset I; C I of the same cardinality as I. Clearly, we may suppose that
I, = I — I, also has cardinality |I|, by reducing I appropriately, if necessary. Then

A= (L) e (),

and relalive to this decomposition we may write ¢ in the block-matrix form

({1 0
Y= Lok’
with the understanding, as always, that elements of A are to be written as row-vectors to
the left of such matrices. Since ¢ is bounded relative to the given basis, the maps h and
k, regarded as infinite matrices relative to the bases {y;, | i1 € I} and {y;, | %2 € I},

are column-bounded in the sense, already noted, that the column-sums of the absolute

values of their entries are bounded. Similarly, since
» 1 0
Tkt k)
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the same holds for k~! (and k~'h). Since

N EERIERO!

~
and the last matrix in this equation has the form (3) and is bounded, it suffices to show

that bounded aulowmorphisins of the form

10
= (o 1)
are finite products of bounded automorphisms of the form (3).
For such automorphisms the result now follows by using “tricks of Whitehead

and Eilenberg” ([3]): Partition I; into countably many subsets Ey,[E,..., each of
cardinality |I|. Relative to the direct decomposition

A= (L)O(E) @ (L) ®...,
we may write the automorphism ¥ as
ko1010...=(kok  0ko..)o(lokork 0ke...),
\\

where the actions of the various k’s on the corresponding (E;)’s are similar to the
action of k on (I2). The desired conclusion then follows from

e N e [ [ [

(It follows that v is expressible as a product of < 8 (bounded) automorphisms of the
form (3), so that by (4) ¢ is a product of < 9 such automorphisms.)

(b) Now let ¢ be an arbitrary bounded automorphism of A relative to the basis
{y: | i € 1}. Well-order I so that it is order-isomorphic to the least ordinal of cardinality
{1|. Analogously to [3, Section 2] we write I as the union of an ascending chain

p=LCHhCLCJC...

of initial segments, defined by transfinite induction as follows: Assuming I,_; defined,
choose J._, to be the smallest initial segment of I such that

<Ir—1) U ((Ir—l)‘P) g (Jr—l)a

and consider
p: (Ir—l) &b (I_ Ir—l> - (Jr—l) © (I - Jr—l)-
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Let i, be the least element of I — J,._;, and write

(5) ¢ Yyi,) = by + a,, where b, € (I,_1), a, € (I - I._,).
Then
(6) w(ar) = ¢r + yi,, where ¢, = p(—b,) € (Jr-1),

and since ¢, +y;, is a member of a free basis for A which includes the y; with j € J,._1,
it follows that a, is a mewmnber of a free basis for A including the y; with 1 € I,._;.
Writing a, = Y ay;, , define I, to be the shortest initial segment of the well-ordered
set I, containing i, (and therefore J,_;}, all those i; for which a; # 0, and the least
element k, exceeding both i, and these ;. Then a, is a member of a free basis for
(I = (Ir—1 U {k:})).

Thhis defines I, when r is not a limit ordinal. If 7 is a limit ordinal, set I, = (J I;.

i<r

Writing H, = (I, — I,_;) for non-limit ordinals 7 > 1, we have A = @, H, where
the sum is over all non-limit ordinals 0 < r < |I|, and where for each such r, the element
a, defined as above is a member of a free basis for (I, —(I,—1 U {k,})) = H] say. Hence
for each such » we have H, = H! ®(yx,) with a, a free generator of H, so that there is
an automorphism g, of H, of the form u, @1 relative to this decomposition, satisfying
Yior = Yi ph = ar (and yx,pr = yi, ). Since Y |a,| is bounded (over all r) the u.
may moreover be chosen so that the automorphism g = @, u, is bounded. Thus with
respect to the direct decomposition A = (I — K) @ (K), where K is the set of all k,,
the automorphism p of A has the form p' @ 1, and so by the conclusion of part (a) is
a product of < 4 bounded automorphisms of the form (3).

Consider next the map v given by

Yi for ¢ # any i,
yiv =

¢ty fori=i,.

Since ¢, € (J._1), while i, > j for all j € J._;, this defines an automorphism v of
A, bounded in view of (5} and (6). Since v fixes the yy, , il fixes |I| elements of the
basis {y; | 2 € I'}, and so by part (a) of the proof v is a product of £ 9 bounded 2 x 2

1

block-unitriangular automorphisms relative to that basis. Since y; ppr~! = y;_, the

same is true of upv=!. Hence ¢ is a product of < 9+9+4 = 22 such automorphisms,
as claimed. 1]

3. THE NILPOTENT CASE

llaving disposed of the case ¢ = 1 of Theorem 1.1, we proceed to the proof of the

full result, using induction on ¢, and basing our argument essentially on Section 3 of [1].
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Thus suppose ¢ > 1 and that the conclusion of Theorem 1.1 holds for smaller classes.
Let §' be the automorphism induced by 6 on F/v.(F)V. By the inductive hypothesis
8' can be lifted to a genetic automorphism p; of F. Denoting by 8, the automorphism
of F/V induced by p,, we consider the automorphism 8; = 88, of F/V . Since p, is
certainly (freely) bounded, 8, is bounded, and therefore so is 8,. (It is easy to show,
by induction on the class, that the product of {wo bounded automorphisms is again
bounded.) Since 6, lifts to a genelic automorphisin of F, it suffices to show that 6,
can be so lifted. Since 0, induces the identity map on F/y.(F)V, the image under 6,
of each free generator z;V of F/V may be pul in the form

(7) (z:V)02 = (zicincia...ciN)V,

where each ¢; y, A =1,2,..., N, is either trivial or a left-normed commutator of weight
¢ in the z;, j € I, and N is the bound on ;. Since 4, = agl)og” .. .0§,N) , where 09)
is defined by

(2:V)0Y = (zicia)V, i € 1,

it suffices to consider automorphismns ¢ of F/V of the form
(8) (z:V)e = (zilzi,, 2igy. - -2 )V, 1€ L.

Before proceeding further with the general inductive step, we need to consider
separately, as in [1, Section 3], the case ¢ = 2. By the above we may in this case

suppose
9) (z:V)p = (zilzsy, 25 )V, 1 €1,
where now we are assuming V > y3(F).

Consider any fixed ¢ in (9) for which 4 # 4. If 4y = i, then zifz; 24| =

zifzi, 2] = 13"12.'2,'2 , while if i, =1, then

zi(zi, 2]V = zi[z;,, 2]V = z;[::i,:c;]]V = (:z:.'l m;zi‘ll)V.
Hence if either ¢3 = © or i3 = i, then the automorphism #; of F/V induced by the
automorphism 7 of I conjugating z; by :c‘-:l or by z;, , as the case may be, and leaving
fixed all z;, j # ¢, satisfies:
(10) (z:iV)em = 2:V;  (2;V)em = (2;V)p, j # 1.

If i) # i #13, let 9 be the automorphism of F sending z; to z;{z; ,z,]~" and fixing
all zj, j #i. The automorphism 7, of F/V induced by this n will again satisfy (10).
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Since in every case 7 is a product of £ 8 elementary Nielsen transformations of F, we
see that individual (z;V )y of the form (9) may be transformed to z;V by applying a
free automorphism which is a product of < 8 elementary Nielsen transformations.

The question remains as to how such transformations can be effected simultaneously
for all (z;V )y by means of a single genelic automorphism of F'. To answer this question
we reformulate it in terms of graph theory. Consider the directed graph I" whose vertices
are just the elements (z;V)p, ¢ € I, and whose directed edges are delined as follows:
For v; = (z;V)y as in (9) where i; # iz, introduce an edge leading from v; to v;
if ¢ # 4,, and also from v; to v;, if i # i;. Now in transforming (z;V)p to z;V
in the manner described above, one execules a succession of (at most 4) pre- and/or
post-multiplications of v; = (z;V )¢ by viill and/or v.fl (both if 21 # ¢ #1;). (This is
the effect of following ¢ by #; in (10).) We encode this operation in I' by colouring
the < 2 edges beginning at v; with a single colour. Now in using v;, and/or v;, to
reduce v; we are prohibited from simultaneously carrying out an analogous reduction
of v;, and/or v;,, but this is the only restriction on carrying out a set of such reducing
operations simultaneously. In terms of I' this translates into the following criterion: A
partial edge-colouring of T' by a single colour (say red) corresponds to the application of
an automorphism of F/V induced by a genetic automorphisin of F' which on certain v;
acts like 77, (see (10)), precisely if the < 2 edges out of these v; are coloured red, and no
others, and no directed path of length 2 is coloured red. It follows that all (z:V)p # z;V
can be reduced by means of a finite product of such genetic automorphisins if and only
il I' can be edge-coloured with f{initely many colours in such a way that the < 2 edges
beginning at each vertex receive the same colour, and no directed path of length 2 is
monochromatic.

That I' can be so coloured is the case ¢ = 2 of the following simple combinatorial

leinma, whose proof we relegate to the end of the paper.

LeEMMA 3.1. Let T' be a (possibly infinite) directed graph without loops each of
whose vertices is the initial vertex of < ¢ edges. Then the edges of I' can be coloured
with < 3c colours in such a way that no directed path of length 2 is monochromatic,
and furthermore so that all edges with a common initial vertex are coloured with the

same colour.

We now sketch the inductive step in the proof of Theorem 1.1, from ¢ — 1(> 2) to
c. We shall need the following lemma (valid for all ¢ > 2).

LEMMA 3.2. Let F,freeon {z; |i € I}, I infinite, and V > ~y.41(F) be as before,
and let p,p1,...,p. be (not necessarily distinct) elements of I. The automorphisin w
of F/V defined by:

(zpV)m = (zpl@py s Tpay- -1 Zp )V (V)T =2V, i # p,
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can be lifted to an automorphism of F which is a product of < 8 GENT:s of type (iv)
each of which fixes those of z,,,...,z,  different from z,.

Remark. Note for later use that, assuming this lemma true, then given any infinite
subset S C I containing p,p1,...,Pc, ® may in fact be lifted to an automorphism of
F of the form f x1 relative to the free decomposition F = (§) *(I —S), where f is an
automorphism of the free group (S) which is a finite product of GENTs of type (iv) as
in the lemina.

PROOF OF LEMMA 3.1: We adapt the basic idea of [1, Section 3]. The case ¢ =2
having been deall with above, we suppose ¢ > 2 and that the statement of the lemma
is true with ¢ — 1 in place of c. We may assume also that p; # p, since otherwise the
lemma is trivial. We define a sequence of elements ¢;,¢3,... of I, and a sequence of
automorphisms m, &, m3, §2,... of F, as follows: Partition I — {p,p1,...,pc} into
countably many infinite subsets Q1,Q2,..., write P, = @,U{p,p1,...,pc}, and choose
q1 € @;. By the inductive hypothesis the automorphism of F/v.(F)V defined by:

(11) Zp(Y(F)V) = 2p[gy 1 2pg,s -, 2p JVe(F)V;  2i(7(F)V) fixed for i # p,

can be lifted to an automorphism m; of F' of the form ={ * 1 relative to the free
decomposition F = (P;) * (I — P;) (see the above remark) such that =] is a product of
< 8°~! GENTs of type (iv) each fixing those of z,,,...,z,, different from z,. Define

€ by:

(12) Tq & = Zg [zm’z?z]; T =2y, 1 7& q1-

A direct calculation shows that, working now modulo V, the automorphism
méim 7 = 77, €] induces the automorphism of F/V given by:

zpV o 2Ty, Zpss -+, BV
1V’ lfpl #p¢p21

(13) zq, Vo "’qx[”pav‘”qu"’rv---:zpca”pzlva ifp1 =p,

Zq

Tg,[Zg, s Tpg s Tpas-- 1 Tpes Ty |V, i p2 =p;

z;V — z;V, ifi#p, q.

i py # p # p2, then [m, ¢7'] induces 7 and we have the desired conclusion. Oth-
erwise define P, = (Q2U {q1,p1,..-,Pc}) — {p}, choose g, € Q2, and let 7, be an
automorphism of I' (guaranteed by the inductive hypothesis) of the form =} * 1 rel-
ative to the free decomposition (P,) * (I — P;) such that «} is a product of < 8°7!
GENTs of type (iv) each fixing those of zp,,...,z,, different from z,, which induces
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the automorphism of F/v.(F)V given by (compare (11)):

TgsrTper- s Tpes Ly (F)V, ifp =
Z‘ql(’)’c(F)V) — { 291[ 922 Tpg P sz]—l'Y( ) ' P1=Dp
Zg) (Tgzs Tpyr -+ -1 Zper Zpy ) T V(F)V, il p2 = p;
zi(Y(F)V) > zi(y(F)V) for i # ¢;.

(14)

Define £ by (compare (12)):

Tg,(Zpsr 2], H 1 =p,
Zqq £ = .
Tqy [301 ’ 2:,,3], if p2 =p;

:l:,’é'z =; for 1 ;é qz.

(15)

Then the free automorphism [r; !, &' induces the automorphism of F/V defined by
(compare (13)):

gV { Zgy [TparTar s Tpgs - ”’rcv“’pz]—IV, if pr =p,
"’41[""417"’1’3’%4"'"”Pcv“’m]_lva ifpr =p;

(16) 2,V { zqz[‘”q:,zmv-~-"”pc7‘”p:,"’p3]_lv ifpr =p,
:qu[:l:q,,:cm,._,,a:pc,:cm,wm]V, if p2 = p;

z;Ve 2,V for i # qq, ¢2.

From this and (13) we see that the product [v;?, é7'][7; 7, €;7!] induces the au-
tomorphism of F/V defined by (compare (13)):

z Vo zplep , 2pgy - ey |V
-1 . _
Tgy[Taz1Tper- 3 Tper Tpgs Tpy) TV, i p1 = p,
zg,V >

Tgy[TgssTpys- s TperTpy 1 TpglV, if po =p;

z;V - z;V for : £ p,qs.

One continues (inductively) in this way, choosing ¢, € Q,, writing P, =
(@nY {gn-1,pP1,---,p:}) — {p}, and using the inductive hypothesis to obtain =,, in
the form w) * 1 relative to the free decomposition F = (P,) * (I — P,), as a product
of < 87! GENT:s of type (iv) each involving only the z; with i € P, and fixing those
of zp.,...,%p, dilferent fromn z,, and inducing an automorphism of F//v.(I')V moving
only z4._, (7(F)V) (analogously to (14)). The automorphism ¢, is defined, analo-
gously to (15), to move only z,, , by post-mulliplying it by a commutator [z;,, z;,]
where one of iy, jn is gn~1 and the other is one of py,...,p.. Since ¢, ¢ {ps,...,Pc}
and the subsels of {z; | i € I} involved in the GENTs composing the automorphisms
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Tn, Tntk, k = 2, intersect in a subset of {p1,...,pc} — {p} (contained as they are in
Pn, Pnii ), the automorphisms my, &, 73,&2,. .. ultimately obtained have the following

properties:

(=4
(a) the automorphism = is induced by the infinite product [] [r;!, €;°
n=1

(which makes sense since each =z; is fixed by almost every m,, £);

(B) the commutators [r;!, ¢;'] induce pairwise commuting automorphisms
of F/V;

(v) forevery n=1,2,..., and every k > 2, the automorphisms 7, €, both
commute with Tpyx, €ntr;

(8) each of the infinite products

+1 4141 41 41 41
Ty Wy My .., Ty Wy Tg ...

is expressible as a product of < 8°~! GEN'Ts of type (iv), and each of
1 gkl pt1 1441 p£1
TG, T

is expressible as a product of < 4 GENTs of type (iv).

Writing #,, E,., for the induced automorphisms of F'/V , we obtain from (a), (3)
and () that

m= w0 A AL GGG o[RS T,

and it then follows from (§) that = is induced by a product of < 4(8°~! +4) < &
GENTSs of type (iv), completing the proof of the lemma. 0
We are now in a position to complete the proof of Theorem 1.1 in the case ¢ > 2.

We have already observed that by induction it suffices to consider automorphisms ¢ of
F/V of the form (8):

(z:V)p = zifziy, 2igy. .-y zi |V, 1 € L

Let I =1, ]] I, where |I1] = |I| = |I2|, and define ¢; to agree with ¢ on (I;) and fix
the elements of {I;), and vice versa for ;. Then ¢ = @;1¢9,, so that it suffices to show
that ¢, is genetic.

Let J denote the subset of indices j € I for which (z;V)p; # z;V. Partition I
into |J| infinite subsets 4;, j € J, and write Bj = A; U {j,j1,72,...,jc}. For each
J € J consider the automorphism ¢; of F/V agreeing with ¢; on z;V and fixing all
z;V with ¢ # j:

(2iV)j = zjlej 1 zjpy- . h 2]V (2:iV)ej =2V fori# j.
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Then by Lemma 3.2 (and the remark following it) each ¢; is induced by an automor-
phism f; of F of the form f]#1 relative to the free decomposition F = (B;)*(I — B;),
where f} is expressible as a product of < 8 GENTs of type (iv) each fixing those of
Zj,..-, ;. different from z;.

We now introduce a directed graph I'; analogous to that exploited in the case
¢ = 2. The vertices v; of I'y are the (z;V)p, i € I, and each v;, j € J, is joined
by an edge directed to every v; with i € B; — {j}. Much as before we encode the
automorphism ¢; in I'y as a colouring of all the edges emanating from v; with the same
colour (red, say); a partial edge-colouring of Iy with the colour red then corresponds
to a genetic automorphism executing various of the ¢; simultaneously, if all edges out
of each vertex are red (or else none is coloured) and no directed path of length 2 is
red. Hence ¢, is geuetic if I'y can be coloured with finitely many colours so that all
edges out of each vertex receive the same colour and no directed path of length 2 is
monochromatic. Now each vertex v, with s € I, has no edges leading out of it (since
z,V is fixed by ;) and precisely one edge terminating at it (namely that from v; to
v, if 8 € A;); call this edge e,. If an edge-colouring of T'; is such that all edges out of
each vertex receive the same colour and there is a monochromatic (red, say) directed
path of length 2 of which e, is one of the edges, then v; must be the midpoint of
that path. Denote by e the first edge of that directed path. Since ¢; does not fix
z;V there is another edge €' out of v; (terminating in one of vj,,...,v;. ), and by the
condition on our edge-colouring this edge will also be red. Hence the pair e, e' makes
up a directed red path of length 2 no vertex of which is a v, with s € I;. The upshot
is that in deciding whether or not an edge-colouring of I’y of the desired sort is possible
we may delete all vertices v, with s € I3, together with the edges terminating at them.
The resulting graph I' then has < c edges emanating from each vertex, and Lemma
3.1 now applies. 0

4. PROOF OF LEMMA 3.1

We first show, by induction on ¢, that I' can be coloured with < 3¢ colours in such
a way thatl no directed path of length 2 is monochromatic. In the case ¢ = 1 it is easy
to see that each connected component of I' is either a tree directed downwards towards
its root, or else consists of a single directed closed path without repeated edges, possibly
with “downwards - directed” trees atlached to it by their roots. It is not difficult to see
that such a graph can be coloured in the desired way using < 3 colours.

Suppose now that ¢ > 1. For each vertex v with > 0 edges leading out of it, choose
exactly one of these edges e, , and let A denote the (directed) subgraph consisting of all
the edges e, together with their initial and terminal vertices. Then by the case ¢ =1,
A can be coloured appropriately with < 3 colours, and by the inductive hypothesis
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the complementary subgraph @ consisting of the edges outside A together with their
initial and terminal vertices, can be colvured with € 3(c — 1) colours appropriately.
Hence T itself can be coloured in the desired way using < 3(¢ — 1) + 3 = 3¢ colours.
1t remains to show that there is such an edge-colouring of I' with the additional
property that edges with a comnmon initial vertex have the same colour. Perform the
following operation on I': for each vertex v, identify with a single directed edge all edges
emanating [rom v (and identify their terminal vertices with a single vertex), doing this
simultaneously for all vertices. The resulting directed graph T' again has the property
that each vertex is initial for < c edges, so that, by the first part of the proof, T can
be edge-coloured with < 3¢ colours with no directed path of length 2 monochromatic.
If we now colour the edges of the original graph I' so that the natural identiflication

map E(I'} — E(f‘) between the edge-scts of I and T is colour-preserving, then this

edge-colouring has both desired properties. a0
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