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A CLASS OF PROJECTIVE STONE ALGEBRAS

Ivo DUNTSCH

We prove that a regular double Stone algebra is projective in the
category of Stone algebras if and only if its centre is a
projective Boolean algebra and its dense set is countably
generated as a filter. It follows that every countable regular

double Stone algebra is projective as a Stone algebra.

0. Introduction

In his book [5] Gratzer lists as problem 53: Describe the projective
Stone algebras. The finite case has been solved first by Balbes and
Gratzer [1]; more characterizations have been given by the author [4].
Already for the countable case no worthwhile description is known. Any
projective Stone algebra'has to be a double Stone algebra (ef. [4]), so it
seems quite natural to ask which classes of double Stone algebras are
projective in the category of all Stone algebras, and in this paper we

shall answer this question for the regular double Stone algebras.

1. Preliminaries

A Stone algebra (L, +, *, *, 0, 1) is a pseudocomplemented
distributive lattice with O and 1 , such that for all =z € L ,
x* + x** = 1 . We shall identify in the sequel any structure with its

underlying set. BL = {z* | x € L} is called the centre of L ; it is the
set of complemented elements of L and, as a subalgebra of L , it is a

Boolean algebra. DL ={x €L | xz* = 0} is called the set of dense
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elements of [ ; it is a filter in L . L 1is called a double Stone
algebra, if it is also dually pseudocomplemented, that is, for every
element x of L there is an " in L » such that for all y € L ,
x+y =1 if and only if x <y , and if furthermore x *z @ =0 . We

refer the reader to [5] for the basic facts on Stone algebras.

A double Stone algebra is called regular, if for all x, y € L ,

x* = y* and z = y+ imply x =y .

LEMMA 1.1 (varlet [8]). Let L be a double Stone algebra. Then

the following statements are equivalent:
(1) L 1is regular;
(2) xex' < y+y* for all x, y €L ;
(3) every chain of prime ideals of L has at most two elements.

For a regular L , set FL = {x++ | x € DL} ; then FL is a filter

in BL , and the map d : FL d DL vhich assigns to each element a of FL

++
the unique element x of DL satisfying x* = a , is a lattice

isomorphism. In [7], Katrindk has shown that every regular double Stone
algebra L can be constructed from a Boolean algebra B and a (not

necessarily proper) filter in B .

A Stone algebra homomorphism is a lattice homomorphism which also

reserves *, 0 , and 1
3 b

LEMMA 1.2 (Chen and Gratzer [3]). Let L and M be Stone

algebras, and suppose fi : BL + B

'y 18 a Boolean homomorphism, and that

f2 : DL + D, is a lattice homomorphism preserving 1 . Then there is a
Stone algebra homomorphism f : L ~M , such that fIBL = fl and

leL = f, if and only if for all a € B x €D, with a <z, we have

L’ L
fi(a) < fé(x) . In this case, the extension f of fi and fé over [
is unique. Furthermore, f 4s onto (one-to-one) if and only if fi and

f2 are onto (one-to-one).

If L is a double Stone algebra, Lemma 1.2 obviously implies

LEMMA 1.3. Let L, M, fi, fé be defined as in Lemmna 1.2, and let L
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be a.double Stone algebra. Then there is an extension of fi and fé

over L if and only if for all x €D, , fi(x++) = flz) .

+
(Note that the extension does not necessarily preserve J)

2. Representations in free Stone algebras

This section consists of a series of - mostly - technical lemmas which
are crucially needed in the proof of the main theorem. Let o be a non-

zero cardinal; for every 7 < a let Fi be the free Stone algebra

generated by some element aiO .

THEOREM 2.1 (Balbes and Horn [2]). Let F be the free product of
{Fi | © <a} in the category of distributive lattices with 0 and 1 .

Then F 1is the free Stone algebra on the free generators {aio | < <a}.

For the remainder of the paper let Fa be the free Stone algebra on

. L < . L < .= a?
the free generators {azO I 7 a} For 1 a , let a;y = azy and

a.,=a** . For r € {0, 1, 2} , set A" = {a.r | 2 < a} , and let

io 70 T

0

a=2a%0atua®,

Theorem 2.1 implies that for every x € Fa - {0, 1} there are non-

empty finite subsets Tl’ vy Tm , S .., S of A , such that

1’ r

(1) for all < =m , sup T, #1 and z = sup T, + oo tsup T

(2) for a112 j =r , inf Sj #0 and x = inf Sl + ... + inf Sr .

The sets used in the representation of an x € Fa are always assumed to be
finite nonempty subsets of 4

For TC A, let T=Tu {aio | a., € T} . Let Ba be the centre

72
of Fa and Da be the set of its dense elements. The proof of the
following two lemmas can be found in Katrindk [6].

LEMMA 2.2, Let T be a nonempty finite subset of 4 .

(1) sup P =1 <if and only if there is an i < o , such that
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fa1. el e,

(2) sup T ¢ D, if and only if there is an 1 < o , such that

N
=31

{azgr ag}
(3) inf T =0 <if and only if there is an i < o , such that
{aio, ail} cT.
LEMMA 2.3, Let =z, y € Fa , & = sup Tl e ... * sup Tm s
sup Wl * ... * sup Wb , such that sup Wﬁ #1 forall j<p . Then

Y

x =y if and only if for every J =p one of the following conditions
hold:

(1) there is an i =m such that T, g;ﬁz ;

(2) forall i =m, Ti-ﬁj¢¢,and

l—Wﬁ) LR sup(Tm—wg) =0.

sup[T
In the same paper, Katrindk has also shown that Ba is the free

Boolean algebra freely generated by {ai2 | 7 < a} .

The following construction of a normal representation of an

x € Fa - {0, 1} 1is an application of Gratzer ([5], Section 12), to our
situation.

Suppose & € Fa - {0, 1} ; +then there are nonempty finite subsets
Sl’ vy Sr of 4 , such that

(1) forall i<a, j=<r, |Sj n {aio, a aig}l <1,

(2) x = inf Sl + ... + inf Sr .

Note that inf SJ. #0 for all Jj <r by Lemma 2.2 (3).

Let J = {S

[EEREED Sr} and

cWJ) ={f|Ff:d~+UJ, fTSi) € Si for every i =< r}

C(J) 1is the set of choice functions on J . For every f € C(J) let
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+
f (J) be the following subset of 4

(1) a., € f*(J) if and only if a.

71 71 € f(J) ’

+ ) ) )
(2) a;, ¢ f (J) if and only if a, € FflJ)

(3) a, ¢ F() if and only if a . € £(J) and a, § F(I) .

+
i << =
Since a;, = a;, > ve have sup f{J) = sup f (J)

Let Cr(J) be the following subset of C(J)

f € CP(J) if and only if f € C(J) and sup f+(J) is a minimal
element of the set sup{g+(J) | g € c(a)} .
Then =z = inf{sup f*(J) | £ € Cr(J)} . This representation of « is

called normal; the normal representation of x 1is unique up to
+ +
commutativity; furthermore, if f, g € Cr(J) and sup f (J) = sup g (J) ,

+

then £ (J) = g (J)

LEMMA 2.4. Let x,y € Fy - {0, 1} ; suppose

x = sup Tl * ... ° sup Ih is the normal representation, and
Yy = sup Wl * ... * sup Wb 18 a representation, such that sup w3 #1 for

all j=p. Then x =y <if and only if for every j <p there is an
i Sm, such that T, is a subset of W} .

Proof. First note that for nonempty finite subsets W, T of 4
satisfying sup W # 1, sup T < sup ¥ if and only if T S_W .  This

obviously implies sufficiency.

Now let Sl’ vee, S be nonempty finite subsets of 4 , such that

r

x = inf Sl + ... +inf 5, and for all t<a, J=r , we have

|sj n {aio, a;, ai2}[ 1. Let J = {sl, s 5,1, and C,(J) and
f*(J) be defined as above. Then {Tl’ vy Tm} = {f*(J) | ¢ CP(J)} .

Let j =p ; since x = sup W} , we have inf Si < sup W3 for every
i =r , thus, Si n W} # # by Lemma 2.3. Hence, there is an f € C(J) ,
such that f(J) is a subset of W} , and therefore sup f&(J) < sup h} .
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By definition of Cr(J) , there is a g € Cr(J) satisfying

sup g+(J) < sup f+(J) . Let g+(J) = Ti ; then Ti is a subset of W}

In order to prove the main theorem, we have to take a closer look at

the normal representation of an x € E& - {O, 1} . For a nonempty finite

subset T of A define

T*={aillaiO€Torai2€T} U {aiglailET} ,
and
(1) = {i <a | a, €7}
0
If ©x€F - {0, 1} , x = sup T, * ... * sup T is the normal
. 0 0 0
representation, set X (x) = X (Tl) Uu...uvKk (Z;J .

Clearly, (sup T)* = inf T# , and Ko(x) =@ , ir zx € B, .

The proof of the following lemma is a straightforward application of
the construction of the normal representation from an arbitrary

representation and is left to the reader.

LEMMA 2.5. Let =z = sup S ¢ ... v sup 5, be an arbitrary

representation. Then () is a subset of KO(Sl) U...uU KO(SP)

LEMMA 2.6. Let x be such that x + x* #1 . Then

KO (za*) = x%(z)

Proof. Let x = sup Tl * ... * sup Tm R
x + x* = sup Wl * ... *® sup Wb be the normal representations. Suppose
4o ¢ Tl U ... u Tm . We have
* = . . ; * : *
r +x sup Tl ve sup qﬂ + inf Tl + ... + inf Tm .

so, using distributivity, we can compute a representation

x + x* = sup Sl e ... * sup Sr , where each S. is a subset of

0] .
* % ; * ; <
Tl U ... u7T u Tl U ... uT* . Since Tj n A is empty for any g =m ,
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a is not an element of Sl v ... U Sr , hence, k 1is not an element of

k0
O/ s .

K (x+x*) by the preceding lemma.

The reverse inclusion is proved similarly, using x = (x+x?*) + x** .

The proof of the following lemma is an easy application of the two

preceding lemmas and is omitted.

LEMMA 2.7. Let x = sup Tl * ... * sup Tﬁ be the normal

representation, and suppose there is a k < m , such that

x+x*=sup T, * ... * sup Ty * x* . Then Ko(x) is a subset of

3. Projectivity of regular double Stone algebras

Recall that a Stone algebra is projective if and only if it is a
retract of a free Stone algebra. For the basic facts on projective Stone

algebras see Balbes and Gratzer [1].

Let L be a Stone algebra and F a filter in L ; a subset S of
F is called a set of generators for F , if for every x € F there are

Yo -0 Vg € S satisfying Yy e T Yy < zx .

Now we can prove the main theorem.

THEOREM 3.1. Let L be a regular double Stone algebra. Then L 1is

projective in the category of all Stone algebras if and only if BL is a

projective Boolean algebra and D, has at most a countable set of

L

generators.
Proof. Let L ©be projective; then [ is a retract of some Fa , SO
suppose without loss of generality that L 1is a subalgebra of Fa , and

that f : Fa -+ L 1is a retraction.

Since BL is a retract of [ , and since a Boolean algebra is
projective if and only if it is projective in the category of Stone

algebras (cf. Balbes and Gr3tzer [1]), B, has to be a projective Boolean

algebra.

https://doi.org/10.1017/50004972700007498 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007498

140 {vo Dintsch

Also, BL is a subalgebra of Ba , the centre of Fa . For x €L

+
let x be the dual pseudocomplement of x in L ; this does not have to

+
be the dual pseudocomplement of & in Fa , but since x is an element

of B

+
, and L 1is a subalgebra of F_ , we have 7 = 2% and
L o

" = xrr
Now we shall show that DL has a set of generators which is at most
countable.

Let Da be the filter of dense elements of Fa ; by Lemma 2.2 (2),

. . L < i
{a10+atl | 1 a} is a set of generators for Da

Let I={i<al flagg*ta;) #1} ;5 then {fla;g*ay,) | €1}

, +
. €7 i . = . . . . . 5
generates DL For every 1< define x; f(azo+a11) f(a10+azl) ;
* = . i i .Sz, *
then xi + xi fTaiO+aLl) , and, since L is regular, xt xJ + xJ for
all Z, J €I {(ef. Lemma 1.1 (2)).
If x = sup Tl * ... ° sup Zh is the normal representation, then m

is called the rank of &« , and we write rk(x) =m.

Let M %be a nonempty subset of I , and let m, k be natural
numbers, such that 1 =k =m . M is called an (m, k)-set, if for every

i €M, rk(xi) = m and there are finite nonempty subsets Tl, N Tk of

A , such that, up to commutativity,

—_— . . - i L - i
x, = sup Tl e sup Ik sup Tk+l ... sup Tm

is the normal representation of xi

M is called an (m, O)-set if rk(xi] =m for all © €M .

Note that an (m, k)-set is also an (m, r)-set for every »r <k , and

that for an (m, m)-set M we have I{xi | 2 em =1 .

Next, as an intermediate step, we want to prove the following
PROPOSITION. Let M be an (m, k)-set. Then U{Ko(xi] | 2 em} is

finite or M is the union of finitely many (m, k+l)-sets.
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Proof. For every 1 € M let

z z
x, = sup Tl - sup Tk sup Tk+1 e sup Ih

be the normal representation; if 0 < k <m , set

0,set p=1,; if k =m , set

p = sup Tl c ... *sup T, ; if k

X .

p 7

If, for every © € M , KOin) is a subset of KO(Tl) U ... u Ko(Tk),
then U{Ko(xi) | 7 ¢ M} is a finite set. Note that this is the case, if

k=m.
So suppose there is an & € M such that Ko(xs) is not a subset of

KO[Tl) U... U Ko(Tk) . Then p % x, + T

Assume the contrary; then p # 1 and

+x*=p+ax_ +xr=2x_ + ot
p s~ P s s s s’

so, by Lemma 2.7, Ko(xs) is a subset of KO[T ) U... U KO(Tk) s 8

contradiction.
Let z, + x; = sup Sl * ... * sup Sr be the normal representation,

and suppose without loss of generality that p $ sup S1 ; then Jk é_gi

for every © =k .,

Let J € M, then, by regularity of L and by definition of ¥ ,

= . . . < * < . :
xj p sup Ti+l v Zi =z, + zg, = sup Sl . Since the representation
of xj is normal, there is a q(j) € {k+1, ..., m} , such that Ig(j) is
a subset of gi . For every gq € {k+1, ..., m} and every subset P of
- . . 7z
S t M P) = € = o=
L o le (g, P) {1 M| q(i) = q and Tq(z) P} .

Since gi has only finitely many subsets, the set

{m(q, P) | q € {k+1, ..., m}, P E.gi} is also finite. If < € M , then
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. . 7
1 € M[q(z), Tq(i)) , S0 we have

M =U{Mq, P) | q € {k+1,

s

m},PESl} .

Bvery nonempty M(q, P) 1is an (m, k+l)-set, since, for % € M(q, P) ,

TZ(i) = P ., This proves the proposition.

For every m<w , set I = {z € I | rk(xi) =m} . We want to show
0 . . .
that U{X (xz) | < € I is a finite set.
Assume on the contrary that there is an m < W , such that

U{Ko(xi) | 7 € Im} is infinite.

Set Ig = Im 5 IZ is an (m, 0)-set, which, by our assumption and

the proposition, can be partitioned into finitely many (m, 1)-sets. Then
there is an (m, 1)-set I,],.,EIg » such that U{Ko(xi) | 7 ¢ Ir]r-l} is

infinite. We repeat the argument m times, and we arrive at an (m, m)-

set ljr: _C_IZ‘l which satisfies that U{Ko(xi) | 7 € Imm} is infinite.
This is a contradiction, since I,m" is an {(m, m)-set, and therefore
7 m

Thus, for every m < w , U{Ko(xi] | 7 ¢ Im} is finite, and therefore

=1.

U{Ko(xi) | © € I} is at most countable.

By Lemma 2.6, U{Ko(xi+x;,f) | 7 € I} is also at most countable.
For every 7 € I an element y; of Da is defined as follows. Let

T, + x; = sup Sl * ... * sup Sr be the normal representation; for every

J sr , set

S('? € S. and a

= {ako | ao €55 x € Sj} u {akl | Q€ Sj and ay, € Sj}

Then Sj is a subset of Sj , and sup Sj is an element of DOL . Now let
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y; = sup Sf * ... * sup Si . Then

(1) y; =z, +z} , hence f(yi) s flagwe}) = x; +xf

(2) Ko(yi) is a subset of Ko(xi+x;]

Recall that {xi+x£ | 2 € I} is a set of generators of D; , hence
{f(yi) | 2 € I} is also a set of generators for DL . (2) implies that

{yi | © € I} is countable, hence {f(yi) | © € I} is, at most, a

countable generating set for DL .
For the converse, let L be a regular double Stone algebra such that

BL is a projective Boolean algebra and that DL has, at most, a countable

++ .
set of generators. Let G = {x | x € DL} ; then G is a filter in

BL . Since L 1is regular, the map d : G+ DL which assigns to every

element a of G the unique element x of DL which satisfies

++

x =a , is a lattice isomorphism.
Let {mi I 7 < m} be a set of generators for G , and suppose without
loss of generality that < < J implies m, > mj . So, for every a € G,

there is a natural number % and an element b of B, , such that b = mz

and a = m, + b .

Let F be a free Stone algebra, f : F > L an onto Stone algebra
homomorphism, and set fi = fIBF . fé = f]DF . Since f is onto, so are

fi and fé .

BL is a projective Boolean algebra, thus there is a Boolean
homomorphism g, ¢ BL > BF satisfying fi o gl = id BL .

For every 7 < w , let u, = gl[mi) . If 2z is an element of DF

which satisfies f(z) = d(”’i] , then

f(3+ui) = flz) + f(ui) = d(mi) +m. = d(m)
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Thus, for every % < w , we can choose an x, € DF , such that

f(xz) = d(mi) , and u, <z,

We now define inductively
A I R )
Then, for all Z < w ,
(1) y; € Dp: Yo = %, € Dy by definition; if Y € Dy , then,
since Tr41 € DF and D, is a filter,

F
vy * (@ ruf) € Dps

(2) nyi) = d[mi] : f(yo) = f{xo) = d(mo) . suppose
f(yk} = d(mk) ; then
Flygey) = Fluy) « (Pl )47 ()
< dlm) - (dlmy, ) om)
- dln) - aln,) + o) -
= d(mk+l) + d(mk) . mi » since d@wk+l) = d(mk) R
= d(mk+l] + d(mk) . mz » since m, € B ,
= d(mk+l) + d(mk) . d(mk)+ , since d(mk)+ = mz ,
= d(mk+l) , since L is regular (ef. Lemma 1.1 (2));
(3) u; < Yy, Yo = %o > Ug by definition; suppose U, < Yy 5
then
ey = U " My T U B ) S w(mea ) = v, s

1 <
since u, =y, , and u; € BF .
Note that (4) implies that for <, j € w, 7 < j , we have Y; tu, =y
Now we define g, : DL - DF as follows: let x € DL ; there is a
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J <w and an element b of B , such that =z = d(mj+b) ; since [ is
regular, x = d(mj] + b . Define gg(x) =y + gl(b) .
g, is well defined
Let d(mj+b) = d[mi+c] ; then, since L is regular,
m; +b = m, + ¢ ; hence u; + gl(b) =up gl(c) . Suppose without loss
of generality <2 =J ; then
.+ b) = y.+ u. + b) v
y; +9(P) =y, + u;+ g () vy (3)
= yJ ug 4 gl(c)
= yi + gl(c) by (4).
Thus 9, is well defined.
g, is a lattice homomorphism
Suppose &x, y € DL , x= d(mj+b) s Y = dOﬂi+c) ,and 7 < j . Then

g (a+y) = ge(dﬁmj+b)+dﬁni+c]]
=g,(d [mj+b+mi+c))
= g, (d(mi+b+c))
=y, + g, (b+e)
=y; vy +g(b) + g (o)

= gg(x) +9,(y)

golzey) = ge(d(mj+b)°d(mi+c))
- o, (a((r20) - (n2¢)))
= geﬁibwj+mi-b+b'c]) , since m, = m,
=y;tug e gl(b) + gl(b) . gl(c)
=y + (yj+ui) © g,(b) + gl(b) . gl(c)
Sy ty e g,(p) + gl(b) * g,(e) vy (1)
= (y;49,(®)) * (y;%g,(e))

= ge(x) . g2(y)
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Clearly g2(l) =1, so 92 is a lattice homomorphism preserving unit.

g,» 9, can be extended to a Sﬁone algebra homomorphism g : L > F

Let z = d(mi+b) €D, ; then

g (&) = g (m4b) = u. +g () =y, + g (b) = gylx)

so, by Lemma 2.4 there is a (unique) extension g : L > F of gy 9y -

feg=idL

Thus

Suppose without loss of generality x = d0wi+b) €D then

L3

Flg(@) = flyz+a,(®)) = £ly,) + £lg,®) = £ly,) + £(g,(0))

d(mi) +b = d(mi+b) =x .

L 1is a retract of F and therefore projective.
Any countable Boolean algebra is projective, and we get

COROLLARY 3.2. If L <s a countable regular double Stone algebra,

then L 1is projeciive in the category of Stone algebras.

[n

[2]

£3]

£41

[5]

£é61
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