
SOLUTIONS 

P 1 2 1 . We wi l l say of two s e t s A, B in a t opo log i ca l 
s p a c e , tha t B i s " p e r i p h e r a l " to A, if: 

(a) the c l o s u r e of A con ta in s B , and 

(b) the c l o s u r e of B h a s no p o i n t s i n c o m m o n wi th A . 

It i s e a s i l y s e e n tha t th i s r e l a t i o n i s t r a n s i t i v e . F i n d , 
i n a Hausdorf f s p a c e , a co l l ec t ion of s e t s which i s l i n e a r l y 
o r d e r e d by " p e r i p h e r a l " and h a s the o r d e r - t y p e of the r e a l s . 

M. S h i m r a t , Y o r k U n i v e r s i t y 

Solut ion by C . J . Knight , The U n i v e r s i t y of Sheffield 

The p r o b l e m posed a s k s for a co l l ec t i on of s u b s e t s of a 
Hausdorff s p a c e , o r d e r e d by fB i s p e r i p h e r a l to A1 in the 
o r d e r type of the r e a l s . In fact , s u c h a co l l e c t i on can be 
exhibi ted in any g iven p a r t i a l o r d e r i n g . 

_ W e r e c a l l tha t B i s said to be p e r i p h e r a l to A if 
B C A and B M A = 0 . Th i s r e l a t i o n i s c l e a r l y t r a n s i t i v e , 
and, p r o v i d e d we exc lude the empty se t , i r r e f l e x i v e . 

THEOREM L e t < be a t r a n s i t i v e i r r e f l e x i v e r e l a t i o n 
on the se t E . Then t h e r e e x i s t s a c o m p a c t Hausdorf f s p a c e X 
and a f ami ly {A 11 € E} of d i s t i n c t s u b s e t s of X, such tha t 

A i s p e r i p h e r a l to A if and only if t < r . 
t r 

P roof : L e t X be the C a r t e s i a n p r o d u c t of c o p i e s of 
[0 ,1] , one for e a c h m e m b e r e of E . We w r i t e the m e m b e r s 
of X a s func t ions , so tha t if x € X then x(e) e [0, l ] for 
e a c h e i n E . If a and b a r e m e m b e r s of E, we w r i t e 
a<: b when e i t h e r a < b o r a = b . 

F o r e a c h t in E, le t A = {x € X | x ( e ) < 1 if e <: t, 

and x(e) = 1 o t h e r w i s e } . 

D i s t i n c t e l e m e n t s t give d i s t i n c t s e t s A . F o r , if 

t 4 t t h e n one a t l e a s t of t < t and t < t i s f a l s e . 
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Suppose that t^ t is false, and let z(e) = /2 if e ^ t and 

z(e) = 1 otherwise; then z e A \ A . 
\ 

Clearly, 

A = {x e x | x ( e ) = 1 whenever it is false that e^: t} . 

Suppose now that t < r, that x e A and that it is false 

that e^: r . Then it is certainly false that e ^: t, so we have 
x(e) = 1, and so x € A . 

r __ 
Thus A C A . Moreover, if y e A . then y(r) = 1, and if 

t ~ r _ t 
y € A then y(r) < 1, and thus A O A = 0. So we have 

r t r ~ 
proved that if t < r then A is per iphera l to A • 

Suppose, on the other hand, that A is per iphera l to A , 
1/ r 

and let w(e) = /2 whenever e^£ t, and w(e) = 1 otherwise . 
Then w e A , and hence w e A . However, since w(t) 4 1, 

t r 
this implies that t^: r . But t and r cannot be equal, since 
then A could not be per ipheral to A • Thus t < r . This 

t r 
completes the proof of the theorem. 

The space X constructed is not metr izable unless E is 
countable. This fact suggests the following problem: 

Which par t ia l order - types can be realised by the relat ion 
B1 is per iphera l to A1 between some of the subsets of a 
me t r i c space? In par t icular , is the order- type of R real isable 
in this way? 

Also solved by A. C. Thompson, J . Washenberger, and 
the p ropose r . 

P 122. Suppose G is a topological group, K a compact 
set and V a neighbourhood of the identity in G. Is there a 
positive integer N depending on K and V such that K 
contains no more than N non overlapping t rans la tes of V? 

J . B . Willcer, University of Toronto 
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Solut ion by M . E d e l s t e i n , Da lhous i e U n i v e r s i t y 

Le t U be an open ne ighbourhood of the iden t i ty with 

U " 1 = U and UUCV. If y € G and x, z e y U then z e x V. 
Hence if {y. U: i = 1, 2, . . . , M} c o v e r s K each t r a n s l a t e 

xV, x e K, m u s t con ta in s o m e y. U. Thus we can take N = M . 

Also solved by H . B . Secord , J . E . M a r s d e n , R. l i t i s 
and the p r o p o s e r . 

1 2 i i 
P 123. Le t u , u , . . . be s e q u e n c e s , u = ( u ) , 

nJ 

such that , for e a c h i, 2 | u | < oo if and only if p > 1. 

( E x a m p l e : { - } , { ^ } , { - ) ; . . . ) . 
V P X n ; x n log n ; ' l n log n log log n 1 , j 

Show tha t t h e r e e x i s t s a s equence x s u c h tha t S x u i s 
n n n 

c o n v e r g e n t for e a c h i, and x -* 0, but Z) x = oo foi 
n n n n 

a l l p > 1. 

A. Wilansky, Leh igh U n i v e r s i t y 

Solut ion by B . L . D . T h o r p , York U n i v e r s i t y 

F o r each p o s i t i v e i n t e g e r m le t 

S = ( y = ( y ) : S u y c o n v e r g e s ) . 
m w nJ n n n J 

Then, for each m , S i s an F K s p a c e [ l ; L e m m a 1, p . 227] 
m 

oo 
's an and | P C S (p = 1, 2, . . . ) . The s e t S = c H ^ S i 

m ^ ' 0 m = l m 

F K s p a c e [ 1 ; T h e o r e m 3, p . 205] and U £n c S. Since 
ne w 

U In i s not an F K s p a c e [ 1 ; C o r . 6, p . 2 0 5 ] , S \ U i*1 

ne w 

6 0 8 
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is non-empty and any element of this set satisfies the required 
condition. 
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Also solved by the proposer . 
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